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PREFACE 


This book on Modern Abstract Algebra.has been written for 
the use of the students of Honours and Post-graduate classes of 
Indian Universities. 


The subject matter has been discussed in such a simple way 
that the students will find no difficulty to understand it. The book 
contains a large number of fully worked out examples. The stu- 
dents should first try to understand the theorems and then they 
should try to solve the problems independently. Definitions should 
be read again and again. 


Suggestions for the improvement of the book will be grate- 
fully received. 


PREFACE TO THE NINETEENTH EDITION 
In this edition the book has been thoroughly revised. Sugges- 


tions for further improvement of the book will be gratefully 
received, 


—The Author 
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Some Basic Set Theoretic 
Concepts 


§ 1. Mathem: tical Logic. We express our ideas by means 
of sentences. Jn mathematics we are concemed only with those 
sentences which can he judged to be either true or false but not 
both. Such sentences are called statements. 

The following are statements : . 

(i) New Delhi is the capital of India (being true). 

(ii) 8 is greater than 12 (being false), 

The following are not statements : 

({) How are you? 

(i?) The tiar says, ‘“‘L always tell a Ire”. 

We shall use the Ictters p, g, r, s etc. to denote arbitrary state- 
ments. We assign to the statement p the letter 7 when p is true 
and the letter F when it is false. Both F and T are called the truth 
values of p. 

Some symbols and notations. The following symbols are very 
helpful to express our ideas in a compact form: 

(i) The symbol ¥. It is used to stand for ’*For all’ or “For 
every’. It is called the universal quantifier. 

For example. ¥ real number x, we | ave x? > 0. 

(ii) The symbol 3. It is used to stand for ‘‘There exists.”’ It 
is Called the existential quantifier. 

(iii) The symbol!. I[t is used to stand for ‘‘such that’. 
Sometimes such that is also denoted by : or by st. 

(ivy) The symbol Y . When two or more statements are joined 
by the word “‘or’’, the compound statement so formed is called a 
disjunction. The symbol V represents the connective “‘or’. Thus 
the statement p V q is read as‘porg’. Thestatement p V q is 
true if either p or g or both pand q are true. If both p and q are 
false, the statement p V q is false 

(v) The symbol A . When two or more statements are joined 
by the word ‘‘and’’, the compound statement so formed is called 
a conjuction. The symbol used for conjunction is A . Thus the 
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statement p A q is read as ‘p and gq’. The statement p A q is true 
if and only if both p and g are true. In other words p A q is false 
if p is false cr q is false or both are false. 


(vi) The symbol >. If p ard g are two statements such that 
the truth of p implies that of g, we write 

P > gq (one way implication). 

It is read as ‘p implies q’. For example, x=4 > x?=16 

We sha]Jl assume that the statemeut p > q is false only when 
p is true and gq is false. In other words a true statement can imply 
only a true statement while a false statement can imply a true 
statement or a false statement. 

(vii) The symbol =. It is used to stand for ‘implies and is 
implied by’ or if and only if. Sometimes iffis also used to stand 
for ‘if and only if’. Uf the truth of the statement p implies that of 
g and also the truth of qg implies that of p we write 


p <> q (both way implication). 

For example, x+-2=-9 = x=7. 

The statement p = gis true only when pandqare either 
both true or both false. It is false when one of the statements js 
true and the other is false. 

(vjii) Negation of a Statement. Asscciated with each state- 
ment is another statement called its negation. The negation of a 
statement p is denoted by ‘—p’ or ‘~p’. For example, if p is the 
statement ‘‘x is 3°’, then ~ p is the statement ‘‘x is not 3.”” 

The negation of a true statement 1s false and the negation of a 
false statement Is true. 

Tautologies. A statement is called a tautology if it is always 
true. We shall give below some examples of tautologies. 

Example 1. The statement (:p A q) > p is a tautology. 

We shall prepare the truth table for the statement (p A g)>p. 


p q pA@q pA q=>p 
T T T | T 
T | F F | T 
F T F T 
F F | F | T 
| 


RTE pega peace CNA pare —— ee 


We observe that the statement (p A g)= p has its truth value 
Tfor all its entries in the truth table. Thus it is always true. 
mance it is a tautology. 


ed 
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Example 2. The statement ~(p \ q) < (~p V ~@) is @ tau- 
tology. 
Truth table for ~(p A q) @ (~p V ~ @) 


p | q pagina | ~p | ~q |~pV ~@ 
T T T F F +s F | 
T F F T F T T 
F T F T T F T 
F | F F | T Pz. T\|T T 


eel 


Since the corresponding entries under the columns ~(p A 4) 
and ~p V ~ gare identical, therefore the statements ~(p A q)> 
(~p V ~q)and(~p V ~q) > ~ (p A q) are both tautologies. 
Hence the statement ~(p A q)<>(-~p V ~ gq) is a tautology. 

TautoJogies are very helpful tous whenever we are to deduce 
some new statement from some given statements. If the statement 
p->q is a tautology we can safely conclude the truth of g from the 
truth of p. We shall now give a list of some important tautologies. 


(i) PV pp; p A pp. (Idempotent laws) 
(ii) p A q=>p;(p A Q)=4¥q. (Laws of simplification) 
(iii) p> (p V g3 a> (p V 4). (Laws of addition) 


(iv) (p V g(a V P)s (P A 9)<>(¢ A p) (Commutative laws) 
(vy) ~(p A g)(~p V ~4)3 


wip V qj<(~p A ~@); (De-Morgan’s laws) 
(vi) PA(qAr\e(p Ag) A 

PV (aVr)(P V QV (Associative laws) 

(vii) pN (QVrm(pDPAQV OAD: 
PV (aQAr\(p V q) A (PV it (Distributive laws) 
(viii) p<>~(~p). (Law of double negation) 
(ix) p V~p. (Law of the exclusive middle) 
(x) (p>q)(~q>-~p). (Law of the contrapositive) 

(xi) pA (A r)@(p Ag) A (PA 2). 
§2. A set. Members of a set. (Meerat 1977) 


The concept of set is fundamental in ‘all branches of mathe- 
matics. A set is any well-defined class or collection of objects. 
By a well defined collection we mean that there exists a rule with 
the help of which it is possible to tell whether a given 
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object belongs or does not belong to the given collection. The 
objects in sets may be anything, numbers, people, mountains, 
rivers etc. The objects constituting the set are called elements or 
members of the set. 
The fol!owing are some of tire exaniples of sets : 
(i) The numbers 2, 4, 6 and 1. 
(ii) The countries India, Burma and Afghanistan. 
(4i7) The rivers in India. 
(iv) The set of all triangies in a plane. 
(v) The numbers 1, 3. 3, 7,--- 
We shall denote the sets Ly canrital letters A, B, C, X, Y, Z, 
ctc., and their elements by small letters a, 6, ¢, d, 4, y, 2 ete. 
If an cbject x is a member of a set A, then we write 
x € A, 
which may be read as ‘‘x helongs to A” or ‘‘x is an element of 
the set A”. If, on the other hand, an object x is not a member of 
aset A, then we write 
x &€ A, 
which can also be read as ‘‘x is not an clement of the set A”. 
It is a common practice in mathematics to put a vertical line 
or ‘‘/’? through a symbol to indicate the opposite or negative 
of that symbol. 
A set may be described by actually listing the objects belong- 
ing to it For example, let the elements of the set A be a, e, 7, 9, 
us then we write A={a, e, i, o, u}. Here the elements are separa- 
ted by commas and are enclosed in brackets { }. We shall always 
use these brackets only. This is called the tabular form of the set. 
A set may also be specified by stating properties which its 
elements must satisfy. We use some letter, say x, to represent an 
arbitrary element of the set. The set is then described as follows : 
A={x: P (x)} and we say that A is the set consisting of the 
elements x such that x satisfies the property P(x). The symbol 
‘*:”’ is read ‘‘such that”. Thus the set A consisting of the elements 
a, é, i, o, u may be written in this notation as follows : 
A={x:x isa vowel in the English alphabet}. This way of 
describing a set is called the,set builder form of a set. 
Finite and Infinite Sets. A set is said to be finite if it consists 
of a specific number of different clements, i.z., if in counting the 
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different members of the set the counting process can come to an 
end. Otherwise a set is infinite, 

Example 1. Let A be the set of the days of the week. Then 
A is finite. 

E,ample 2. Let B={1, 3, 5, 7, ...}. Then B is infinite. 

§3. Some Sets of Numbers. Although in much of our study 
of sets we shall not be concerned with the type of elements, sets 
of numbers will naturally appear in most of the examples and 
problems. We shall now give a ltst of important sets of numbers 
along with the symbols we shall often use to denote them. 

(i) The set N={1, 2, 3, 4, 5, ...} of all natural numbers. The 
naturai numbers are also called counting numbers, The number 0 
is not an element of the set of natural numbers. 

(ii) The set I={..., --3, —2, —1, 0,1, 2, 3, ...} of all integers. 
The integers are also called whole numbsrs. 

(ii) The set L.=-{1, 2, 3, 4, ...} of all positive integers. The 
number 0 is neither positive nor negative. 

(iv) The set Q={x : x=p/g, where p and q are integers and 
G£0} of all rational sumbers. 

(vy) The set Qo of ail non-zero rational numbers. 

(vi) The set R of all real numbers i.e., 

R={x : x=@-Dybebs...bn--+}, 
where a € I and 6's are any of 0, I, 2, 3, .... 9; 1 can be as large 
as we please and Can go upto infinity. Here every real number has 
been expressed in the form of decimals with ten as base, 

(vii) The set C of all complex numbers, f.e., C={x : x=a+ ib, 
where a and & are real numbers and i=4+/(—1)}. 

§ 4. Equality of Sets. Definition, Two sets A and B ure said 
to be equal iff every element of A is an element of B and also every 
element of Bis an element of A. We write ‘‘A=B” if the sets A 
and B are equal and ‘“‘AB’’ if the sets A and B are not equal. 

Symbolically, A=Bifx € A@xeE B. 

The statement given in the definition of the equality of two 
sets is also known as the axiom of extension. 

Example 1. Let A={1, 2, 3, 4} and B={2, J, 3, 4}. 

Then by the axiom of extension, A=8 since cach element cf 
A belongs to B and each element of B belongs to A. Here we see 
that a change in the order in which the elements of a set are tabu- 
lated is immaterial. | 


— 


6 Modern Algebra 


Example 2. Let A={2, 3, 4} and B=({3, 2, 2, 3, 4}. 

Then A=B since each element of A is in B and each element 
of Bis in A. Here we see that a set does not change if one or more 
of its elements are repeated. It is for this reason that while 
describing a set we do not repeat any element. Sometimes we even 
define a set as ‘‘A well-defined class or collection of distinct objects’’. 

Example 3. Let A={1, 2, 3} and B={I, 2, 4, 3, 5}. 

Then AB, since 4 € Bbut 4 € A. 

Example 4 Let A={a}. Then a¥{a}. Here a is an element 
of the set A. There is a basic difference between an element @ and 
the set {a}. 

§ 5. Nall Set. The set which contains no elements at all is 
called the null set. This set is sometimes also called the empty set 
or the void set. It is denoted by the symbol @. 

A set which has at least one element is called a non-empty set. 

Singleton. A set consisting of a single element is called a 
singleton. Thus {a} is a singleton. 

Example 1. Let A={x : x?-+-1=0 and x is real}. 

Since there is no real number which satisfies the equation 
x?-++1—0, therefore the set A is empty. 

Example 2. Let A={x:xisa straight line passing through 
three distinct points on a circle}. Then A is tbe null set. 

Example 3. Let A={0}. Then the set 4 is not null as it 
contains one element, i.e., 0. Here A is a singleton. Similarly {@} 
is not a null set. It is also a singleton. 

The null] set @ is unique i.e., there exists only one set contain- 
ing no elements. Therefore the word ‘the’ is used Lefore an empty 
set. 

§ 6. Subsets of a set. (Meerut 1976] 

If A, & are Sets such that every element of A is also an element 
of B, then Ais said to be a subset of 8. In other words, Aisa 
subset of B if x E A>x EB For example, if B={x, y, z, 2} 
and A=={x, y}, then A is a subsetof 2. Similarly C={x} and 
D={x, y, t}, are also subsets of 8. In particular, B itself is also 
a subset of B. 

When A is a subset of B, we denote this relationship by writing 

ACB, 
which is read as ‘4 is a subset of B, or ‘A is contained in R’, 
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If A © B, then B is called a super set of A and we write 
BD A, 
which is read as ‘Bis a superset of A’ or ‘B contains A’. 
If A is not a subset of B, we write 
A ¢ B, 
which is read as ‘A is not a subset of B’. 

Similarly B 2 A is read as ‘B is not a super-set of A’. 

Proper subsets of a set. From the definition of a subset, it 
is obvious that every set is a subset of itself, i.e... ACG A. If Ais 
any set tlien A is called an improper subset of A. We call Ba pro- 
per subset of 4 if first, B is a subset of A and, secondly, if B is not 
equal to A. Briefly, B is a proper subset of A, if B C A and BA. 

If B is a proper subset of A, we shall write B C_ A. 

When we write 8 C A, then both the possibilities that B is 
a proper subset of A and B=4, are included in it. Some authors, 
however, denote ‘B is a subset of A’ by BC A. Thus in our 
notation B C A and in their notation B C A will have the same 
meaning. 

If we are to prove that 4A & B, then we should prove that 
there exists at least one element x such that x € A but x € B. 
Thus the set A={], 2,6} is not a subset of B={I, 2, 3, 4, 5}, 
since 6 € A but 6 € B. 

Disjoint sets. If two sets A and B have no elements in common, 
l.e., ifno element of A is in B and no element of Bis in A, then we 
say that A and B are disjoint, or mutually exclusive: The sets 
A={i, 3, 7,8! and B={2, 4, 7, 11} are not disjoint, since the ele- 
ment 7 1s common to both A and B. On the other hand, the sets 
C={a, b, c} and D={x, y, >} are disjoint, since they have no ele- 
ments in common. ; 

We shall now give some theorems on subsets. 

Theorem 1. /f A is any set, then @ C A, i.e., the empty set 
is a subset of every set. 

Proof. Let us assume that @ & A. Then, by our definition 
of a subset J at least one element x such that x € @ but x € A. 
But ¥ x, x ¢ @ since @ is the null set. Therefore 3 no element 
x such that x€ @ and x ¢ A. Thus our assumption that 
@ F Ais wrong. Hence we must have @ C A. 

Theorem 2. If A and B are sets, then A=B iff AC B and 
BEA. | 
Proof. If A=B, then by the Axiom of Extension every ele- 
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ment of 4 is an element of B and every element of B is an element 
of A. Hence A C Band BC A. 

Conversely, if A © Band BC A, then every element ofA is 
an element of B and every element of B is an element of A. Hence, 
by the axiom of extension, A=B. 

Theorem 3 Jf A isa subset of Band Bisa subset of C, then 
A isa subset of C, thatis[{A C B, BC C] => ACC. 

Proof. Let x be an arbitrary element of the set A. Since 
A CG B, therefore x © 4 > x € B, But BCC (by the hypothesis). 
Therefore xE B>xEC. ThuxE€A>xEC. Hence by 
our definition of a subset A C C. 

§ 7, Class of sets or family of sets. If the elements of a set 
are sets themselves, then such a set js said to be a ‘class of sets’ or 
a ‘family of sets’. In order to avoid confusion we will sometimes 
use script letters A, B, C etc. to denote families of sets since capi- 
tal letters denote their elements. 

Example. The set A={Q, {a}, {b}, {a, b}} is a class of sets. 
Its members are @, {a}, {b}, {a, b} which are sets themselves. 

Important. It shovld be noted that © connects an element 
anda set, while C connects two sets. Thus if 4={r, s, t}, then 
re A,{r} © Aare correct statements, while r © A and{r} € A 
are incorrect statements. 

§8. Powerset. If S is any set, then the family of all the 
subsets of S is called the poner set of S. 

The power set of S is denoted by P (S). Symbolically, 
P(S)={T : T € S}. Obviously @ andS are both elements of 
P(S). 

Example. Let S={a, 5, c}, then 

P(S)={, {a}, {b}, tc}, {a, 5}, {a, c}, (5, c}, {a, 5, c}}. 
Theorem. Jf a finite set S has n elements, then the power set 

of S has 2" elements. 

Proof. Let us form all the subsets of the set S. There are *C, 
sub-sets consisting of r elements where r=0, 1, 2,..., n. 

Since the set S has n elements, therefore no sub-set of § can 
have more than e!ements. Hence the total number of sub-sets 
of S i.e., the total number of elements in P(S) 

we Cyt Cat. Cr+... Pl a(1+ 1 = 2", 

Thus the power set of S has 2" elements. This is perhaps the 

motivation for the name power set. 
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§ 9. Universal Set, In any application of set theory, all the 
sets under consideration will likely be sub-sets of a fixed set. We 
call this set the universal set or universe of discourse and denote it 
by the capital letter U. Thus a non-empty set of which all the sets 
under consideration are subsets is called the universal set. 


Example 1. All people in the world constitute the universal 
set in any study of human population. 


Example 2. In plane geometry, the universal set consists of 
all the points in the plane. 


§ 10. Venn-Euler Diagrams. We often use pictures in mathe- 
matics to help in our thinking. We consider a pictorial represen- 
tation of sets also. These pictures consist of rectangles and closed 
curves usually circles. These combinations of rectangles and circles 
are Called Venn-Euler diagrams or simp!y, Venn-diagrams. 


In Venn diagrams a _ universal set U is represented by a large 
rectangle and its sub-sets are represented by circular areas drawn 
within the rectangle. If aset Bisa subset of A, the circle repre- 
senting B is drawn inside the circle representing A. If the sets A 
and B are equal, then the same circle represents both A and B. 
If the sets A and Bare disjoint, then the circles representing A 
and B are drawn in such a way that they have oo common area. 
If the sets A and B are not disjoint, the circles representing A and 


B are drawn in such a way that they have some area common to 
both. 


When we represent « universal set U by arectangle, we write 
‘U” in one corner of that rectangle. Similarly we write ‘A’ within 
the circle representing the set A. 


§ 11. Union of Sets. Definition. (Meerut 1976) 

Let A and B be two sets. The union of A and B is the set of all 
elements which are in set Aorin B. We denote the union of A 
and B by 

AUB 

which is usually read as *‘A union B’’. 

Symbolically, AUB={x:xE€ AorxEé 8B}. 

It should be noted here that we take standard mathematical 
usage of ‘‘or’’, When we say that x € Aorx € B we do not 
exclude the possibility that x is a member of both A and B. 
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Example 1. Let A={a, b, c, d} and B={f, 5, d, g}. 
Then 4 U B={a, b, Cc, d, f, g}. 
Example 2. If A={1, 2, 3,5, 6, 8} and B={0, 2, 4, 7, 9}, 


then AUB={0, 1, 23 3, 4, 55 6, 7, 8, 9}. 
Example 3. If A={a, b, c, d} and B={a, b}, i.c.. BE A 
then AU B={a, b, c, d}= A. 


Example 4. If A is the set of all male students in a college 
and B is the set of all the students in that college, then 
AU B=B. 
Example 5. If A={1, 3, 5, ...} and B={2, 4, 6, ...}, then 
AW Be={l1, 2, 3, 4, 5, 6, ow}. 
In the adjoining Venn diagram the 
union of two sets A and B is shown 
with shaded area, 


§ 12. Intersection of Sets. 
Definition. (Meerut 1976) 


Let A and B be two sets. The intersection of A and B is the set 
of all elements which are both in Aand B. We denote the inter- 
section of A and B by 

At\B 
which is usually read as ‘‘A intersection B”. Symbolically, 
A 1) B={x:x € Aand x € B} 
or Af) B={x:x € A,x€ By}. 


It should be noted here that the comma has the same meaning 
as ‘‘and’’. 


Example 1. Let A={a, b, c, d} and B={f. b, d, 2} 

Then AN B={b, d}. 

Example 2. Let A=({l1, 3, 7, 8} and B={2, 4, 9, II}. 

Then 4 () B=Q, since the sets A and B are disjoint. 

Important. Jt can be easily seen that two sets A and B are 
disjoint if and only if A i B=@. 

Example 3. If A={1, 2, 4, 6, 8} and pee 4,8}te, BC A, 
then A 1) B=(2, 4, 3=B. 

Example 4. If 4 is the set of the students of a college reading 
chemistry and Bis the set of the students of the same college 
reading mathematics, then A () B isthe set of the students reading 
mathematics and chemistry both. 

Example 5. If oo. 0< x < 3} and B={x:1< x < 5}, 

en At\ B={x:1< x <j 3}. 
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In the following Venn diagram, the intersection of two sets 
A and B is shown with shaded area : 


A (\ B shaded. 


§ 13. Difference of two Sets. (Meerut 1977). The difference of 
two sets A and B in that order is the set of elements which belong to 
A but which do not belong to B. 

We denote the difference of A and B by 

A~ Bor A—B 
which is read as ‘“‘A difference B” or ‘“‘A minus B’’. Symbolically, 
A—B={x:x € Aand x ¢ B}. A—B is alsocalled the complement 
of B with respect to A. 

Example. Let A={a, b, c, d} and B={ f, 6, d,g}. Then 

A—B=({a, c} and B—A={ f, g}. Obviously A—B+B—A. 

U 

In the adjoining Venn diagram, 


area corresponding to A—# has been 
shaded by horizontal lines and the 


dotted area represents B— A. 


Complement of a set relative to the universal set. (Meerut 77) 


The complement of a set A with respect to the universal set U is. 
the difference of the universal set U and A. We denote the comple- 
ment of A -with respect to U by aA’ or by A*. 

Thus 4’=U—A={x:x € Uand x € A} 
or simply, A’={x : x & A} if the universal set is understood. 

Obviously (A' =A, O'oU,7 U'=Z. 

Example. Let the set of natural numbers N={1, 2, 3, 4,...} be 
the universal set and let A={1, 3, 5, 7,...}. Then 

| A’={2, 4, 6, 8,...}. 
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Symmetric difference of two sets. 

Definition. Suppose A and B are two sets. Then the set 
(A—B) U (B—A) is called the symmetric difference of the sets A 
and B and is denoted by AAB. 


§ 14. Index Set. Often a non-empty set, say 7, has the pro- 
petty, that to each t€ T there corresponds a set C;. For example, 
if T={a, b, c, d}, then the four corresponding sets are Cz, Co, Ce 
Ca. If T={1, 2, 3, .... nm}, then the 7 corresponding sets are Cy, C2, 
«+, Cy. Wesay that each t€ T indexes the sets C; and when T 
is used in this sense we cal! 7'an index set. 

Let A be the collection of sets such that to each member t of 
T there corresponds a member A, of A. Then A is called an in- 
dexed family of sets and 7 is called an index set. Symbolically, 
we write A={A,:t € T}. 

§ 15. Arbitrary Union of Sets. Let Tbe an index set and 
Suppose that ¥ ¢t © 7, C,, is a set. The union of the sets Cy, to 
be denoted by 


U CC, 
1eET 
is the set of all elements that are in C,; for some t € T. Symboli- 
cally U Cy={x:x € C; for somet € 7}. 
‘eT 


Example. Let the index set T={a, b, c, d} and let C,={1, 2}, 
Co={1, 2, 3, 4}, C= (3, 4, 5}, Ca={I, 3, 5, 7}. 
Then U C,={I, 2, 3, 4, 5, 7}. 
teT 


If T={1, 2, 3,..., 2},we may write the union of the sets C; as 
follows : 


U Cym{x : x € Ci, for at least one i}. 


Incase the index set Tisa singleton, say T={a}, then we 
agree that U CQe=C,. 
(ET 


§16. Arbitrary intersection of sets. Let J be an index set 
and suppose that ¥ tf € 7, C; is aset. The intersection of the 
sets C;, to be denoted by 


N C; 
1ET 


is the set of all elements which are in C, for each ¢ € 7, 
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Symbolically 1 C;={x: x © C, for each t € T}. 
teT 


Example. If T={a, 5, c, d} and Ca~{1, 2, 3}, Cu={2, 3, 4, 5}, 
Ce=(2, 3, 5, 7}, Ca={1, 2, 3, 5}, then M C;=={2, 3}. 
‘ET 


If T={1, 2, 3,...,.2}, we may write the intersection of the sets 
C; as follows : 


(V Cis {x > x © C; for all i’s}. 


In case the index set 7 isa singleton, say T={a}, then we 
agree that M C,;=C,. 
1eET 
§ 17. Laws of Algebra of Sets. Jf A, B and C are any sets, 
then 
(i) AU B=BU A and 
Af) B=B(\A 
(ji) AU(BU C)=(A U B)UC and 
AN(BN C)=(A4N BNC. 
HY) : : ae Idempotent laws. 
(iv) AN (BU C)=(ANB)U(ANC) and 
AU (B 1) C)=(AUB)N(4UC). 
{v) A—(BU C)=(A—B) N (A—C) and : 
r oa q Aye U Wee. \De-Morgan s laws, 
(vi) If A and Bare subsets of a universal set U, then 
(4 U B)'=A’ (\ B’ and} Another form of De-Morgan’s 
(A 1 B)’=A’ U B’. t laws. 
We shall prove sOme of these laws. The others may be proved 
similarly. 
1. To prove that 4d UU B=B UA. 
Proof. We have x©AUBSxEA or x E B 
@xEBorxe A. 
[Refer that p V q<>q V p is a tautology] 


} Commutative laws. 


I Associative laws, 


bpistributive laws. 


#xE BUA. 
Consequently, AUBCBU A and BUAC AUB. 
Hence AU B=BUA. 


2. To prove that A(1\(BNC)=(AN BNC. 
Proof. We have xG© AN(BNC) 
@x€ Aand xE(BNC) 
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<>xE A and (xE B and xEC) 
<>(xE A and xE€ B) and xEC 
[Refer that pA (qAr)(pAq) Ar is a tautology] 
@xEAN Band xEC 
#xE(AN BNC. 
Consequently, AN (BNC) € (AN B)NC and 
(ANB)NC © AN(BNC). 
Hence AM(BNOC)=(ANB)NC. 
3. To prove that 4 (BUC)=(ANB)U(ANC) i.e., the inter- 
section of sets distributes over the union of sets. 
[Dibrugarh 1967; Madras 74] 
Proof. We have xE Af)\(BUC) 
<>x€ A and xE (BUC) 
<exE A and (xeEB or xEC) 
<>(xE A and x€ B) or (XGA and xEC) 
[Refer that p A (¢Vr)<>(pAq) V (pAr) is a tautology] 
@xE AKVBor xEG ANC 
<>xE (ANB) U (ANC). 
Consequently A 9 (B U C) C (4 N B) U (A NC) and also 
(AN B) U(A NC) € ANBUC). 
Hence AN1)(BUC)=(ANB)U(ANC). 
4. To prove that A-~(BUC)=(A— B)N(A—C). 
[Punjab 1976] 
Proof. We have x€ A—(BLIC) 
@~ xGAandx ¢ BUC 
< x€A and ~(xEB or xEC) 
<> xEA and (xB and x€C) 
[Refer that ~ (pV q)<>~p/ ~q is a tautology] 
<> (xE A and x¢B) and (xEA and xEC) 
[Refer that pA(qAr)<>(pAgq)A(pAr) is a tautology] 
<> x€(A—B) and xE(A—C) 
«> xE(A—B) 1 (A—C). 
Hence A—(BUC)=(A—B)M(A—C). 
5. To prove that if 4 and B are subsets of a universal set U, 
then (AUB)' =A' NB’. {Kolhapur 1973] 
Proof. We have ) 
xE(AUB)’<ox~EAUBeox€ A and x€ B 
| <xE A’ and xGB’ <@ xEa’NB’. 
Hence (AU B)’=A'N)B'. 
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§18. Cartesian Product of two Sets. Let A and.B be two 
given sets. Let a@A and bE B. Then (a, b) denotes what we 
may call an ordered pair. The object a is called first co-ordinate 
of the ordered pair (a, 5) and the object 5 is called its second 
co-ordinate. 

If (a, b)'and (c, d) are two ordered pairs, then (a, b)=(c, d) iff 
a=cand b=<d, Thus the ordered pairs (2, 5) and (2, 5) are equal 
while the ordered pairs (2, 5) and (5, 2) are different. Here we 
must note the distinction between the set {2, 5} and the ordered 
pair (2, 5). We have {5, 2}={2, 5}, but (2, 5)A(S, 2). 

Definition. If A and B are sets, the set of all distinct ordered 
pairs whose first coordinate is an element of A and whose second 
coordinate is an element of Bis called the cartesian product of A 
and B (in that order) and is denoted by AX B. Symbolically, 

AXB={(ua, b): aE A ard bEB}. 

Example. Let A=={a, b, c} and B={p, q}. 

Then Ax Be{(a, p), (a, g), (b, Pp)» (5, 9); (¢, P)s (c, Q}- 

Also Bx A={(p, a), (Ps 5), (p, ©), (9, 4), (9, 5), (gs ©)}- 

We observe that the sets 4x B and BX A are not equal. Henee 
in general, A X BBX A. 

If set A has n elements and B has m elements, then the product 
set AX B has nm elements. 

If either A or B is a null-set, then we agree that AX B=Z. 
If either A or Bis infinite and the other is not empty, then AxB 
is infinite. 

Product set in General. We may generalise the definition of 
the product of sets. Let 41, 42,-.., de be m given scts, The set of 
ordered n-tuples (a1, G2,...5 Ge) Where 2; E Ay, dg& Ag, -s-ooey anE An 
is called the cartesian product of Ay, Ae,.-., 4, and is denoted by 

Ay X AgX AgX Ag X 0s X Ane 
Solved Examples 

Fx.1. Jf A and B are any sets, then prove that 

(i) AC AU Band BC AUB. 

Gi) AC Ba AU B=B. (iii) A—BCA. 

(iv) (A—B)U A=A. (vy) (A—B) N B=. 

Solution. (i) Let x be any arbitrary element of the set A. 

Then xE A > xEA orxEB 

[Refer that p » pVq is a tautology] 
=m xE AUB. | 

Therefore A © A U B. 
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Similarly, we can prove that BC AUB. 
(ii) Suppose ACB, then to prove that AUB=B. 
We have xG€@ AU B2>xE A or xEB 
>xE Bor xEeB 
[°° ACB, therefore xE A> xE 3B) 


=>xEB. [°° por pp] 
Consequently AU BCB. 
But BCAUB. [see part (i) of this Ex.] 
Hence ACB» AUB=B. 


(iii) Let x be an arbitrary element of the set A—B. Then 
xE A-B>xE€ A and x~B 
>XxE A, [Refer that pA qp isa tautology] 
Consequently A—BCA. 
(iv) By part (iii) of this Ex. we have 4—BCA. 
Therefore by part (ii) of this Ex., we have (A—B) U A=A4. 
(v) We have xE (A—B)NB 
=> xGA—BandxEB 
=> (xE A and x¢ B) and xe B 
=> xE A and (x€éB and xvE B) 
>xEBandxEBsB 
[. pAq > qis a tautology] 
But there is no element x which Satisfies both x@ B and x€ B. 


Therefore there is no element in (A—B)QNB, 


i.é., 


(A -B)N B=. 
Ex. 2. If A and Bare sets, then prove that 
A—B, A(\B8 and B-- A are pairwise disjoint. 
[Gorakhpur 1970] 
Solution. First we shall prove that A—B and ANMB are 


disjoint i.e., (A—B)K(ANB)=Z. We have 
xE(A B)NM(ANB)> xE(A—B) and xE(A, 8B) 


=> (xEA and xg 8B) and (xGA and xE B). 
But there is no element x which satisfies both x €B and xE B. 


Therefore there is no element in the set (4 —B)Q(AN 8B) i.e., 


L.€., 


(A—B) N (ANB)=Z. 
Now we shall prove that B--4 and A()B ate disjoint 
(B—A) MAN B=. 
We have xE€ (B— A) M(AN B) 
=> x€(B—A) and xe(AN 8) 
= (xE Band x€ A) and (vE A and xEB). 
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But there is no element x such that x ¢ A and x € A. Thete- 
fore there is no element in the set 
(B—A)(MANB) f.e., (B—A)N(ANB)=Z. 
Finally we shall prove that 
(A—B)N(8 ~A)= 2. 
We have xe (A—B)(1\(B—A) 
> x € A—BandxEB-A 
=> (xEA and x€B) and (xE Band x€ A). 

But there is no element x which satisfies both x¢ B and xE B 
or which satisfies both xE A and x GA. Therefore (A—B)(B—A) 
has no element i.e., (A — B)N(B—A)=@Z. 

Ex. 3. Prove that (A—B)\U(B —A)=(AUB)—(A M8). 

Solution. We have x€(A-—B)U(B--A) 


<> x €(A—B) or xE (B—A) 
<> (xEA and xEB) or (xEB and x€E A) 
= [(xE A and x~B) or xE PF] and [((xE A and xE B) or x€ A] 
<> [xE B or (NEA and x€ B)] and [xGA or (xEA and v¢ B)) 
<> [((xEB or xEA) and (rE B or x B)] and 
[XGA or xE A) and (xG~A or x €EB)] 
<= [AEA or VE B) and (xEB or x€B)] 
and [((xG@A or xG A) av: (xGA or x€¢B)] 
<> xE AUB and xGANB «+ xG(AUB)—(ANB). 
Hence (A - B)US(B—A)=(AUB) - (ANB). 
Ex. 4. Prove that AQ (B—C)=(AN B)--(ANC). 
Solution. We have xE AN(B- -C) 
= xGA and x¥ER-C 
> xEA and (YEB and EC) 
=> (vEA and xEB) and 1¢C 
> xEG ANB and xEC 
a» xE ANB and xGANC 
[. x€éC > xEANC]) 
=> xXE(ANB)--(ANC). 
vs AN (B--C)C(ANB)- (ANC). A) 
Again 1,E(AN &)—- (ANC) 
> vEANB and yEANC 
> (yEA and yEB) and yEANC 
sz (ved and EB) ands EC 
[Vv vEA and s~ANCSYEC] 


aw 
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‘> yeA and (yEB and yEC) 

> yEA and ye (B-C) 

=> ye AN(B-C). 
2. (ANB)—(ANC)EAN(B—C). -+-(2) 
From (1) and (2), we get (411 B)—(ANC)=AN(B—C). 
Ex. 5. If AAB=(A—B)U(B- A), show that 

AN(BAC)=(ANB) A(ANC). (Banaras 1968) 

Solution. We have Af\(BAC) 

=A(}f{(B—C)U(C—B)] 


=[AN(B—C)JU[AN(C — 8)] (Distributive Law) 
=[(ANB)—(ANC)UMLANC)—(ANB)) (See Ex. 4) 
=(A(\B)A(ANC) [by def. of Al]. 


Ex. 6. If A, Band C are sets, prove that 
AX(BOC)=(AX B)NM(AXC). 
Solution. Let (x, y) be an arbitrary element of the set 
Ax (BNC) 
Then (x, y)E AX (BNC) 
<> xEA and yEBNC 
<> xGA and (vEB and yEC) 
<> (xEA and yEB) and (xEA and yEC) 
[Refer that pA (qAr)e(pAQ)A(PAr) is a tautology] 
<> (x, y)E (AX B) and (x, y)\E(AXC) 
<> (x, y)\E(AXB)N(AXC). 
Hence Ax(BNC)=(AX B)MAXC). 
Exercises 
1. If A and B are any sets, prove that 
(i) ANBCA and AN BCB. (ii) AC BS ANB=A. 
(iii) AN (AU B)=AU(ANB)=A. 
2. If Aand Bare subsets of a set X, then prove that 


AC Bex—BCX—A. (Meerut 1973) 
3. If A, BandC are any sets, prove that 
(i) AU(BNC)=(AUB)N(AUC) (Madras 1974) 


(ii) AN(B—C)=(ANB)—C. 

4, Prove that 
(i) AAB=(AUB)—(41B), (ii) A—B=A (APB), 
where /\ stands for symmetric difference. 
Prove that AGB and CC D»2(AxC)C(Bx D). 
Prove that AX (BUC)=(AX B)U(AXC). 
If A={}, 2, 3, 4, 5, é, 7, 8, 9}, B={2, 3; 4, 5}, 

C=({2, 4, 6, 8} and D={4, 5, 6, 7}, 
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find (1) BUC, (i1) BND, (tit) verify that (BUC)U(AU D)=A. 
(Kolhapur 1973) 

8. Which of the following statements are true ? Give reasons 
to support your answer. 

(i) {O}=@, where @ denotes the null set. 

(ii) {s, r,t, rs={r. t, s}. 

(iii) If AG B, then BUA=A. 

(iv) If AG 3, then AN (A—B)=Z. 

(v) ANB=@Z implies either A=OM or B=. 

Answers 

7. (i) BUC={2 3, 4, 5, 6, 8}, (ii) BND={4, 5}. 

8. (i) false, (ii) truc, (iii) not true, (iv) true, (v) not true. 

§ 19.. Functions or Mappings. Let A and B be any two non- 
empty sets. Let 4={a, 5, c} and B={x, y, z, t}. Suppose by some 
rule or other, we assign to each element of 4 a unique element of 
B. Let a be associated to x, b be associated to y and c be associa- 
ted to x. The set {(a, x), (b, y), (c, x)} of such assignments is called 
a function from A to B. If we denote this set by /, then we write 

f:A-~B 

which. is read as ‘‘f isa function of A to B or ‘‘f is a mapping 
from A to B”’. 

Function. Definition. (Kolhapur 1973) 


Let A and B be two given sets. Suppose there exists a corres- 
pondence, denoted by f, which associates to each meinber of A a unique 
member of B. Then f is called a function or a mapping from A to B. 
The mapping f of A to B is denoted by 


Sf: AB or by ree 

Range and Domain of a function. Suppose f is a function 
from A to B. The set A is called the domain of the function /, and 
B is called the codomain of f. The element y€8 which the 
mapping f associates to an element x€ A is denoted by / (x) and 
is called the f-image of x or the value of the function f fur x. The 
element x may be referred to as the pre-image of f(x). Each 
element of A has a unique image and each element of B need not 
appear as the image of an element in A. There can be more than 
one elements of 4 which have the same image in B. We define the 
range of fto consist of those elements in B which appear as the 
image of at least one element in A. Hence, we often speak of 
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the range of a function as the image of its domain. We denote the 
range of f: A>B by f(A). Thus f(A)= (f(x) : xE A}. Obviously 
T (ACB. 

Image of asubsct. Definition, Let f hea function of A to B. 
Let X he any subset of A. Then the set Y={y : ve Band y=f (x) 
for some x&X} is called the image of X under f and \e \ rite 

{(N)=Y. (Mecrut 1970) 

Functions as sets of ordered pairs. If A and 8B are any two 
non-empty sets, then «a function / from A to B isa subset fof 4.° 8 
satisfying the following conditions : 

(i) ¥ ace JA, (a, hE ffor some bEB; 

(i) (a, hE fand (a, DYE {> hb=h’, 

The first condition ensures that we have a rule which assigns 
to each element aE A some clernent bE B. Thus each element in A 
will have image. The second condition guarantees that the image 
is unique. Accordingly f is a function from A to B. 

Example 1. Let A={a, bh. c} and B-={\. 3. 2}. Then 

f={(a, x), (6, ¥). (a, 2), fc, 23} 
is not a function from A to B. The reason is that two elements, x 
and cE B# are assigned to the same clement aE A. 

Example 2. Let A={1. 2, 3} and B=={1, 2, 3, 4, 5, 6}. Let f 
assign to cach member in .4 its square. Then fis not a function 
from Ato Bsince no member of B is assigned to the element 3€ A. 

Fxample 3. Let A={a, b,¢, d} and B={a, b,c} Then 
{-{la, b), (b, ©), (ec, ¢), (d, ’)} is a function from 4 to B, since to 
each element € A we have assigned a unique elemept of B. Here 
fla=4, fib)ec. flO=c, and f(d)=b. The domain of f is the set 
A and the range of fr.e.. /t4)> tb, ch. 

Transformations or operators. {f ihe domain and co-domain 
ota function fare both the same set, say f: A->d, then fis often 
called an Operater or Transfersuation on A. 

Pyvaliry of two functiens  Difinition. Two functions f and g 
of Ao -B are said to he eqgts if! (vj. BX) # AE A and we write 
foo Pertwo unequal mappines frets 4 to By there must exist at 
leant one clement w& A such that flv) eau) 

Diagrammatic tepresentats nef a function, Sometimes a func- 
Ee iaida to 6 ptesuted bh odd bas will be obvious from the 
Terre AR ay repel. 
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Let 4={a, , ¢, dj and B={t, x, y, z}. Let f: A->B be defined 
by the correspondence f(a)=1, f(b) =x, f(c)=z and f (d) =). 

We represent the two sets A and B 
by the interiors of two circles. The 
function f: AB is represented by means 
Of a collection of arrows joining the 
points which represent th: elements of A to points representing the 


corresponding elements of B. By the definition of function, it is 
obvious that 


(f) every point in A is joined to some point in B by an arrow; 
({/) a point in A cannot be jointed to two or riore distinct 
poinsinB; 
(if) two or more points in A may be joined to the same point 
in B; 
(iy) there may be some points in B which are not joined to 
any point in 4. 
§ 20. Types of Functions. 


‘Into’ or ‘Onto’ Mappings. (Indore 1970; Mecrut 77) 

Lf the mapping f: AB is such that there ix at least one element 
in B which is not the f-image of any element in A, then we say thatf 
is @ mapping of A ‘into’ B. In this case the range of / is a proper 
subset of the co-domain of f i.e , f(4)C B. Thus in ‘into’ mappings 
at least one element of the co-domain B ts left uncovered by the /f- 
images of the domain A. 


If the mapping f : AB is such that each element in B is the f- 
image of at least one element in A, then we say that f is a napping of 
A ‘onto’ B, In this case the range of fis equal to the co-domain of 
fi.e., f(A)=8. Thus in ‘onto’? mappings the co-domain B is cou- 
pletely covered by the f-images of the demain A, Vf f is a mapping of 
A onto &, we write 

ie A -- -> B, 

Remark. It should be noted that in common use whenever 
we say that fis a mapping of .4 into B, we usually include in it the 
possibility that the mapping f may be onto B also. 

‘One one’ or ‘Many-one’ mappings. A mapping f: AB is 
said to be one-one or one-to-one (abbreviated 1-1) if different eleracnts 
in A have different f-images in B i.e, if 

f( weft’) > x=:x (x and X’'GA). 

In one-one mapnings an element in B has only one pre-image 

in A. If fis a one-one mapping of A to RB, we write 


Pe ee 2 
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A mapping f : A+B is said to be many-one if two (or more 
than two) distinct elements in A have the same f-image in B i.e. 
f (X)=f(x'), XAX’. 
In many-one mappings some elements in B have more than 
one pre-image in A. 
One-one onto Mappings. If f: A—>B is 1-1 and onto B, then 
f is called a one-to-one correspondence between A and B. 


One-one onto mapping is sometimes also known as bijection, 
If f; AB is 1-1 and.onto B, we write 

onto 
J: A ares B. 

Two sets A and B are said to have the same number of ele- 
ments iff a one-to-one mapping of A onto B exists. Such sets are 
said to be cardinally equivalent. Cardinally equivalent sets are to 
have the same cardinal number or the same cardinality. 


Diagrammatic representation of different types of mappings. 
(Meerut 1970) 


1. The mapping f: AB in the 


adjoining diagram is many-one into. £ 
Two or more points in 4 are joined to 

the same point in B and there are a | 
some points in B which are not joined 

to any point in A. Many-one into 


2. The mapping 8: P->Q in the 
adjoining diagram 1s one-one into. 
Different points in P are joined to 
different points in Q and there are 
some points in Q which are not joined 
to any point in P. 

3. ~The mapping 4: S--T in the 
adjoining diagram is many-one onto. 
Each point in Tis joined to at Jeast one 
point in § and two or more points in 
S are joined to the same point in T. 

4. The mapping i: XY in the 
adjoining diagram is one-one onto. 
Different points in X are joined to diff- 
erent points in Y and no point in FY is 
left vacant. One-one onto 
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How to prove that a given function / is one-onc ? 

If we are given a function f and we are to prove that it is one- 
one, we can do so by showing that if f(x1)=f (xa) then x3=x,, 
where x, and xz are arbitrary elements of the domain of f. We can 
also prove it by showing that if xy4x2, then /(x)+/(x2). 

How to prove that a given function f: AB is onto ? 

To prove that f is onto, we show that ify € B, dx € A such 
that y=/(x), Then y © By EftA). Having chosen y 
urbitrarily, every element of B is anelement of f(A) and hence 
BC f(A). But f(A) C B. Therefore B=/(A) and the function / is 
onto B. 

Identity Mapping. Let A be any set. Let the function f: A>A 
be defined by the formula f (x)=x % x € A, that is, let each element 
of A be mapped on itself. Then fis called the identity function, or 
the identity transformation on A. We denote this function by J4. 
Thus if I4 denotes the identity mapping of a set A, we have 
Th (x)=x VW xX EA, 

Example. Let A={l, 2, 3, 4, 5}. Then f={(1, 1), (2, 2), 
(3, 3). (4, 4), (5, 5)} is an identity mapping of A. 

Identity mapping is always one-one and onto. 

Constant function. A function f': A+B is called a constant 
Junction if the same element b € Bis assigned to every clement in A. 
In other words, /:A->B is aconstant function if the range of f 
consists of only one element. 

Example. Let /: R—R be defined by the formula f(x)=5, 
Then / is a constant function since 5 is assigned to eveiy element. 

Restriction and extension of a function. 

If f:X—-Y and AC X, then the mapping g : A->Y defined 


by 
g(x)=f(x) ¥ XE A 


is called the restriction of f to A and is often denoted by f/A. 

Also f is called an extension of g. 

§ 21. Inverse image of 2n element. Let f be a function of A 
to Band let b € B. Then the inverse image of the element 5 under 
f denoted by /-} (b) 
consists of those elements in A which have 5 as their f-image. 
Symbolically, if f: A> B, then f-(b)={x : x € A and f(x)=5}, 

f7 is read as ‘‘f inverse’. f-* (6) is always a subset of A. 
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Example 1. Let A={a, b, c, d, e}, and B={x, )’, 2}. 

Let {: A->B be defined by 
S={(a, x), (b, x), (c, y), (d, x), (es y)}. 

Then f- (z) is the null set @, since no element of 4 has z as 
its f-image. 

f7 (y)={c, e} since both c and e have »y as their f-image. 

Also f— (x)={a, b, d}. 

Example 2. Let R be the set of real numbers and let f: RoR 
be defined by the formula f(,1)=x*. Then 7? (9)={3, —3}, since 
9 js the f-image of both 3 and —3 and there is no other real num- 
ber whose square is 9. Also we observe that f~* (—5)=@, since 
there is no real number whose square is -- 5. 

Inverse image of a subset. Let f:A—>Band kt C be a subset 
of Bi.e., C C B. Then the inverse image of C under f, denoted by 
f72(C), consists of those elements in A which are mapped into 
some element in C. Symbolically, 

f-2 (C)={x: x € A and f(x) € C}. 

f7 (C) is always a subset of A. In particular f~ [f (A)J=A, 
where f(A) is the range of the function f: A->B. Also f-? (B)=A. 

§ 22. Inverse function. Let {: A—B be a one-one onto mapping. 
Let 6 be any arbitrary element of B. Since the mapping f is onto 
B, therefore there will be at least one element in A, say a, such that 

b=f(a),b € Bae A. 

Since the mapping f is also one-one, therefore there will be 
only one element ain A such that b=f(a). Let us denote a by 
f71(5). Thus we see that if f: A—8B is one-one onto we can define 
a new correspondence, denoted by f-', which associates to each 
element in B a unique element in A, Accordingly f-? js a function 
of B to A. 

Hence, if f: A+B is one-one onto, then f-}: B>A. The 
mapping f~* is called the inverse mapping of the mapping f. 

Definition. Let f: A-B be a one-one onto mapping. Then 
the mapping, f~} : BA, which associates to each element b € B the 
element a © A, such that f (a)=b, is called the inverse mapping of 
the mapping f : A->R. 

Only one-one and Onto mappings possess inverse mappings. 
If the mapping f: A+B is not onto, the correspondence f- 
will not be a mapping from B to A. The reason is that in this case 
there will be some elements in 4 which will have no f-!-image in 
A. Againif f: 448 isnot one-one, even then the correspon- 
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dence f= will not be a mapping from B to A. The reason is that 
in this case some elements in B will be associated to more than 
one element in A. Thus in this case some elements in B will not 
have a unique f —1-image in A. 


Theorem 1. Let A and B be two sets. If fA->B is one-one 
onto, then f+; BA _ is also one-one onto. 


Proof. First, let us prove that the mapping f~ is one-one. 
Let y; and y, be any two elements of B. 

Suppose f7 (y,)=x,, and f~2(y2)=x, where x3, x2 € A. 
Then by the definition of the mapping f 4, f(x1)—=);, and 
Sf (x2)=y2. 


Now f 7 (1 =f 7 (2) > x1=%e 
=> f (x)= f (Xo) [‘. f is a mapping from A to B] 
> Vy= Ye. 


-. The mapping f~? is one-one. 

Now to prove that the mapping f-" is onto A. Let x be any 
arbitrary element of A. Since fis a mapping from 4 to B, there- 
fore there exists an elernent y © B such that y=/(x) or x=f— (y). 


Thus x is the f-?-image of the element yE B. Hence the mapping 
J — is also onto. 


Theorem 2. If {: .4>B be one-one and onto, then the inverse 
mapping of f is unique. 
Proof. Let {: A->B be one-one and onto, Let g: BA and 
h; B-A be two inverse mappings of A. To prove that g=h. 
Let b be any arbitrary element € B. Let g(b)=a, and 
h (b)=ag. Since g is an inverse mapping of /, therefore, 
8 (b)=a, > f (aq)=5b. Also since f isan inverse mapping of f, 
therefore h (-)=a, > f (a2)=b. But fis a one-one mapping. 
”. ff (a)=dand f (a)=b > ay=a, > g (b)=h(b). Hence g=h, 
§ 23. Intervals defined as Sets of Real Numbers. Some sets 
of real numbers occur very frequently. Consider the following 
sets of real numbers : 
A={x: xER and 2 < x < 7} 
B={x:x€Rand2 <x < 7} 
C={x:vaGR and2 < x ¢ 7} 
D={x:xER and 2 sy ¥ << 7}. 
Such sets are called intervals, 
The set A is a closed intervaland is denoted by A=[2, 7]. The 
set B is an open interval and is denoted by B=(2,7). The set C 
is an open closed interval and is denoted by C=(2, 7]. The set D 
is a closed open interval and is denoted by D=[2, 7). 
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Solved Examples 

Ex, 1. Decide whether or not the following are functions from 
A to Bwhere A={1, 2, 3, 4, 5} and B={a, b, c, d, e}. 

If they are functions, give the range of each. If they are not, 
tell, why ? 

(i) f={(1, a), (2, 5), (3, 5), (5, €)}. 

(ii) g={(1, e), (5, d), (3, a), (2, 5), (1, d), (4, 9)}- 

(iti) h={(5, a), (1, e), (4, b), (3, ¢), (2, d)}. 

Solution. (i) Since the element 4 € A is not associated to 
any element € B, therefore f is not a function from A to B. 

(ii) The element 1 € A is associated to two different elements 
eandd€B. Therefore g is not a function from 4 to B. 

(iii) Each element of A is associated to a unique element of 
B. Therefore h is a function from AB. The range off is the 
set of the /-images of all elements of A. So range of h=h (A) 
={a, e, b,c, d}=B. 

Ex.2. Let A={—2, —1, 0, 1,2}. Let the function f: A--R 
be defined by the formula f (x)=:x*+1. Find the range of f. 

Solution. The range of f consists of those elements of R 
which appear as f-images of different elements of A. So we calcu- 
late the f-image of each element of A. 

f(- 2)=(—2)4+1=5, f(-N=(— 1)?+1=2, 

f (0)=(0)?+1=1, f(D=()?+l=1+1=2, 

f (2)=(2)?-+1=4+1=5. 
fs on the range of fisthe set {5, 2, 1, 2, 5}, i.e., the set 

Ex, 3. Each of the following formulas defines a function from 
RtoR. Find the range of each function, 

(i) f(x)=x3, (it) g(x) =sin x, (iii) h(x)=2+1. 

Solution. (i) We know that every real number a has a real 
cube root ¢/(a). Theretore if a be any arbitrary element € R, 
then f(4/a)=(“/a)*=a i.e., YaER is the pre-image of aER. Since 
a is any arbitrary element € R, therefore the range of f is R. This 
function wil] be an onto function. 

(ii) The sine of any real number lies in the closed interval 
([—1, 1]. Also, all the numbers in this interval will be the sine of 
some real numbers. Hence the range of g is the Closed interval 
{[—1, 1]. This function will be an into function. 

(iii) If weadd 1 to the square of each real number, we get 
the set of numbers which are greater than or equal to 1. Let y be 
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any real number greater than or equal to I and let yesh (x)= x?+1. 
Then x=+4/(y—1) are also real numbers. 

Thus every real number which is greater than or equal to 1 is 
the h-image of some or other real number. Hence the range of h 
is the infinite interval [1, o). 

Ex. 4. Let Q be the set of rational numbers. Let f: Q—>Q be 
defined by f (x)=2x+3, (xEQ). Show that f is one-one onto. Also 
find a formula that defines the inverse function f -*. 

Solution. Let mandn be any two different elements in Q. 
Then mAn>2ZmfA~2n> 2m + 342n-+- 3H (m)Hf (n). 

Thus different elements in Q have different /-images in Q. 
Hence / is one-one. 

Let y be any arbitrary element inQ. If y=f(x)=2x+3, we 
have x=(y—3)/2 which is aiso a rational number. 


Thus (= i.e., any arbitrary elemert y in Q is the 


f-image of the element (y—3)/2E€Q. Hence f is onto. 

Since : Q-+Q is One-one onto, therefore fhas an inverse 
function f-~? : QQ. 

Let y be the image of x. under the function f. Then 
yp=f(x)=2x+3. Consequently, x will be the image of y under 
the inverse function f~! i.e., x=f~(y). Solving for x in terms of 
y in the equation Pe. we get x= (y—3)/2. 


Thus f-( y= 3 WE Q) is the formula defining the inverse 


function f-!: hee 

Note. In order to prove that the mapping f is one-one, we 
can also argue like this: Let manda be any two elements in Q. 
Then f (m) =f (2)>2m+3=2n+3>2m=2n>m=n. Therefore f is 
one-one. 

Ex. 5. Let X={x:x€R and --2/2<x<x/2} i.e, let 

X =[{— 2/2, x/2] and 
Y={y: »yERand —-l<y<l)i.e., let Y=[—1, 1]. 
Show that the function f : X-- Y defined by 
S (x)=sin x, (xEX), is one-one onto. 

Also give the inverse map f=? ; Y->X. 

Solution Let mandn be any two different real numbers 
lying in the closed interval [—7%/2, x/2]. We know that any two 
different real numbers lying in ne closed interval [—2/2, x/2] 
have not the same sine. 
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2. mén>sin mAsin nof (m)¥f (mn). Hence /f is one-one, 

Again if y is any arbitrary real number lying in the closed 
interval [—1, 1], da real number x lying in the clesed interval 
{—x/2, 7/2] such that sin x=y. 

Thus every element y in Y is the f-image of some element x in 
X. Hence f is onto. 

Thus f: X-Y is one-one onto, therefore fhas an inverse 
function f7-1: YX. 

Let » be the image of x under the function fi Then 
ye f(x) sin x. Consequently, x will be the image of y under the 
inverse function f- i.e., x=f-'"y). Solving for x in terms of y, 
in the equation y=-sin x, we get x=sin7! y, Thus f“(y)=sin™ y, 
(vE Y) is the formula defining the inverse function f~2 : YX. 

Ex. 6. Let C be the set of complex numbers. Prove that the 
map f: CR given by f(z)=| z |, ZEC is neither one-one nor cnto, 

Solution. Let z=x+iy be any complex number, where x, 
yER and f=4/(- 1). Then | z [=4/(x8+ 4). Also|z| is always 
a non-negative real number 7. e., | z | > O. 

If in be any negetive real number ER, then there exists no 
complex number EC such that | z |=. Thus m is not the f-image 
of any complex number EC. Hence / is not onto but is into, 

Also 273=2+7€EC and z2=2—/3EC. Then| 2+/3 |=¥V13 
and |2—i3|=/13. Tius zy542z2, although {z,| = |22| i.e, 
JS (z1)=f (z,). Thus we see that two different complex numbers 2; 
and z2@ C have the same /-image in R. Hence / is not one-one. 

Ex. 7. If S and Tare non-empty sets, prove that there exists 
a one-to-one correspondence between Sx T und Tx S. 

Solution. If a€S and bET, then the ordered pair (a, bESXT 
and the ordered pair (b, cJE TX S. Let f be a mapping from Sx T 
to 7x S$ defined by the formula 

f (a, b)=(b, a) ¥ (a, DVNESXT. 

Here f(a, 6) denotes the image under the mapping f of the 
element (a, bE Sx T. 

Obviously the mapping f is well-defined. 

fis one-one. Let (a, b), (c, d)ESXT. Then f (a, b)=f (c, d) 

=> (b, a)=(d, c) [by def. of f'] 

= b=d, a=c>(a, b)=(c, d)af is one-one. 

Jf is onto, Let (y, =) be any element of T» S. Then vE T. zES. 
Therefore (~-. )ESXT. We have /' (7. ¥) “(1% 7). 
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Thus (y, JE TXS=>4 (z, yYESXT such that f(z, y)=(y, 2). 

Therefore f is onto. 

Thus fis a one-one function from SX T onto Tx S. Therefore 
J gives a one-to-one correspondence between SX T and TxS. 

Ex. 8. Let R be the set of all real numbers. Using the fact 
that every cubic equation with real coefficients has a real root, show 
that x-x*—x defines a mapping of R ontoR. Is this a one-one 
mapping ? 

Solation. If x € R, then x®—x € R and is unique. Therefore 
x-»>x3— x defines a mapping of R to R. 

Let y be any arbitrary element € Ri.e., let y be any real 
number. Then x®—x-=y is a cubic equation with real coefficients. 
Jt will have at least one real root. Thus for any y € R there exists 


x-E R such that x?—x=y. Therefore x->x* —x defines a mapping 
of R onto R. 


Again 1>18—1 i.e., 10 and — J->(—1)*—(-- 1) i.e, —1-0. 
Thus the two elements 1 and —1 € Remap onto the same element 
0 ER. Hence the mapping is not one-one. 

§ 24. Product or Composite of mappings. 

Let f be a function of ¥ to Y and let g bea function of Y to 
Z. Here the domain of the function g is the co-domain of the 
function f. Let x be any arbitrary element in XY i.e., let x € X. 
Then the image of x under fi.e., f(x) is in Y. Since g : Y->Z and 
J(x) € Y, therefore we can find the image of /(x) under g i.e., we 
can find g | f(x)! which will be in Z. Also f(x) is unique and 
consequently g [ f(x)] is also unique. Thus we have a rule which 
asSigns to each element x © X a unique element g [ /(x)] EZ. In 
this way we havea function of X to Z. This new function is called 
the product function ot composite function of f and g and it is 
denoted by (g of) or (g/). 

Definition. Ler f: ¥—Y andg: Y>Z. 

Then the composite of the functions f and g denoted by (g of), 
is a mapping of X—>Z given by 

(g of): XZ such that 
(gof)(xs)=e[f(x)], + x EX. [Jabalpur 1970} 

Example 1. Let X¥={1, 2, 3, 4}, Y={a, b, c, d} and 

Z={l,m,n}. Let f:X~Y and g:Y-Z be defined by 
f={(1, a), (2, ), (3, 5), (4, a)} and g={(a, /), (B, A), (¢, mt), (dz, m)}. 
Then the composite mapping (g of) : XZ may be computed in 
the following manner : 

(gof) (=e [fl ]=¢ la=h (8 of) (Q=8 [ (QM-g8 (=m, 
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(g of) ()=gs [/B=s (=I, @ of) D=s [f (Dl=s@=l. 

Thus (g of): X¥->Z is given by 

go f={(1, 1), (0, m), (3, 2), (4, Dh. 
Example 2. : Let f: R->R be given by the formula 
of (x)=sin x, (x € R) 
andthe map g: R-R be given by the formula 
g (x)=x", (x € R) 

The composite map (go f): R->R is given by the formula 
(g © f) (x)=g [f (x) =g (sin x) =(sin x)*=sin? x, (x € R). 

Note. If f: A+4andg: A->A, then wecan find both the 
composite mappings g o f and fo g. But in general (g o f)4(f o 8). 
As in example 2, the composite map (fo g) : R>R is given by 
the formula ( fo g) (x)= [g (x)] —f (x*)=sin x?, (x € R). 

We see that (fog): R>Rand(gof):R-R ure defined 
by different formulas. 

§ 25. Some Properties of Composites of Mappings. 

Theorem 1. If f: X->Y be a one-one and onto mapping, then 

fofrasly and f°. o f=lyx, 
where Ix and Ly are the identity mappings of the sets X and ¥ res- 
pectively. (Allahabad 1980) 

Proof. We shall first prove that f-! o f=/y. 

Since f: XY and f~!: YX, therefore (fof) : XX. 

Let x be any aibitrary element © X and let f(x)=y, where 
v€/Y. Then by the definition of the mapping f~, f -* (y)= x. 

We have (fof) (=f [f(x]=f- =x. Thus the 
function f ~! o f, maps every element x & X onto itself. Therefore 
ftof=lx. 

Now we shall prove that fo f-=Iy. Since f-) : Y->X and 
Sf: XY, therefore (fo ff): YY. 

Let y be any arbitrary element €& Y and fet f=! (y)=x, where 
xEX. Thenf(x)=y 


_We have (fof) (=f [f7 ON=/t)=y. Thus the 
function f o f ~2 maps every element }' € Y onto itself. Therefore 


fof t=lTIy. 
Theorem 2. Iff:X-Y, then Iy o f=fandfo lx=f i.e., the 
product of cny function with the identity function is the function itself. 
Proof. Let x be any arbitrary element © X and let 
I (x)=), (x € X, ye Y). 
. Since f: X¥—Y and Jy : Y-+Y, therefore (Iy of): X-+Y. 
| Wehave (2; of) (xy)=ly (J (XN=/r O)=y. 
. [°. dy isthe identity mapping of Y] 
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Also F(x)=y. 

Thus ¥ xE X, (Ty of) (x)=f (x). Therefore Jy 0 f=. 

Again since ly : X¥->X and f: XY, therefore fo ly :X—>Y. 

We have ( fo Ix) (x) =f [Ix O=S ) 

[.° Jy is the identity mapping of X] 

Thus ¥ x € X, (fo Ix) (x)=f (x). Therefore fo /y=/. 

Theorem 3. Iff: X-+Y and g: Y->Z be two one-one onto 
maps, then go f': XZ is also one-one onto and 

(g of): Z>X=(f 0 g71):Z>X. (Punjab 1970) 

Proof. We shall prove that 

(i) g of is one-one, (ii) g o f is onto, (iii) (g of )=f-! o g-*. 

(i) Let x; and xz be any two elements in X¥. The mapping go f 
will be one-one if we show that the images of x, and x, under 
this mapping are equal only if x;=x—. We have 

(go f) (x=(8 Of) (x) > 8 [fCa)l=s [F (x2)] 

[by the definition of the composite mapping go f] 
=> f (x1)=f (xq) [°° f (x), f (x,) € Y and the mapping 
g: YZ is one-one] 
> xX4=x, [°. f is one-one] 
-. the mapping go /f is one-one. 

(ii} Let z be any arbitrary element of Z. Since g is an onto 
mapping of Y to Z, therefore 3 y € Y, such that g (y)=z. Again, 
since f is an onto mapping of X to Y, therefore 3 xG X, such that 
J(x)=y. Thus for every -€@ Z,3dx € X, such that z—g (y) 
=g[ f(x)J=(g of ) (x). Therefore g of is a mapping of X onto Z. 

Thus g 0 f is one-one onto and hence is inversible. 

(iii) Let z be any arbitrary element © Z, suc’ that z=g (y), 
(y € Y,2z € Z). Then y=g- (2). 

Also let y= f(x), (vy € Y¥,x € X). Then x=f-? (y). 

We have (g of) (x)=2 [Sf (x)]=8 Ly) =z. 

Since g of is one-one onto, 

. (gof) (x)=z > (g0f)? (z)=x. 

Also (fo g-*) (z)=f™ [g7* (=f (YY) =x. 

Thus ¥2€E Z,(gof)?(z)=(f~ 08”) (2). 

Hence the mappings (g o f )“2 and f ~2 o g™ are equal. 

Theorem 4. Associativity of Composites of Functions. 

Let f: AB, g: BC andh: CD, then 

(ho g)o f=ho (goof). (Jaipur 1970) 

Proof. It can be easily seen that both (4 0 g) o fandh o (g of) 

are mappings of A to C. These two mappings will be equal if they 
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assign the same image to each element x in the domain A, /e., if 
((4 0 g) of] (x)=[h o (g of )] (x). 
We have, by definition of composites of mappings, 
[(ho g) of} (x)=(h o ih [Lf (xl=h [8 (f (=e [(g of) (x)) 
=[h o (gof )] (x). 

Hence (h 0 g) o f=h o (g of). 

Theorem 5. Let j: X-~Y and g: YX. Then gis the inverse 
function of f i.e., g=f-, if the product function (g of): X->X is 
identity function on X and ( fo g): YY is the identity function on 
1. (Punjab 1970) 

Proof. In order to show that/ is invertible, we are to show 
that f is one-one and onto. 

(i) fis one-one. Let x1, x2 € X¥. Then 

f Gad=f (xa) > 8 [fOadl=s [Ff (xa) 
=> ig of) (x1)=(g of) (x2) 
> I (xy)=I (x2) [v gof=l] 
=> Xy=Xq- 

°. fis one-one. 

(ii) fis onto. Let y be any element of Y. Since g is a func- 
tion from Y to X, therefore g (y) € X. 

Let g(y)=x. Then 

g (you > f lg Oy=fQ) 
> (fog) (y=f (x) 
> ryvef [s fog=ll 
=> y=f (x). 

Thus yEY > 3xGX such that f(x)=y. Therefore f is onto, 
Since f is 1-1 onto, therefore f is invertible i.e., f ~ exists. 

(iii) Now we shall prove that f 27=g. We have 

fog=ls fo(fogj=frol 

> (fAof)ogef > loaf? > g=f 3 

Note. In a similar manner we can show that g is also invertt- 
ble and g'=/f, 

Exercises 

1. Define a ‘function’ giving examples, and distinguish bet- 
ween ‘onto’ and ‘into’ mappings. Give an example of a ‘one-to- 
one correspondence’ after defining it. 

. Let Rg denote the set of all non-zero real numbers. Prove that 
the map f': Ry->Ro given by f (\)=1/x, xE Ro is both one-one and 
onto. (Meerut 1977) — 

2. Explain what do you undeisand by the domain and the 
range ofa mapping. Obtain the domain and the range of the 
mapping 
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Sf: RR: f(x)=sin x 
where R is the set of real numbers. (Meerut 1976) 

3. If R is the set of all rea] numbers, show that ¢ : x>x*+ x? 
defines a mapping of R onto R. Is ¢ one-one ? Justify your answer. 

4. Show that the mapping f : R->R defined by 

ff (x)=cos x, ¥ xER 
is neither one-one nor onto. Modify the domain and co-domain 
of this mapping so that it may be both one-one and onto. 

5. Prove the following two results for a finite set S: 

(i) Iff maps S onto S then f is one-to-one. 

(ii) If fis a one-one mapping of § into itself, then f is onto. 

Prove, by example, that both (i) and (ii) are false if S 1s a set 
not having a finite number of elements. ' 

6. Prove that the mapping f: A->B is one-one onto if and 
only if there exists a mipping g: B->A such that gofand fog 
are the identity mappings on 4 and B respectively. 

7. Ifthe mapping {: R—R be given by f(x)=4x—1, and 
the mapping g : R>R be given by g(x)=x5-+ 2, then find formulae 
defining g o fand fo g (Kolhapur 1973) 

8. If fand g are two mappings from R to K given by 

f (x)=9P +3441, gf) a 2x3, 


then obtain formulae defining , o g and go g. (Meerut 1973) 

9. Give an exainple to show that composition of two func- 

tions is not in genera] commutative. (Meerut 1974) 
Answers 


2. Domain f=R, range f=the closed interval [—1, 1]. 

3. gis uot cne-one. We have ¢(0)=0, ¢(—1)=0. 

4, Take Y¥={x:x ER and —x/2 < x < 7/2} as the domain 
of fand Y={y: y © Rand --1 < y < l}as the co-domain of f. 

7. (gof) (x)=64x8—48x?4+12x+4+1, (f 0 g) X=4x° +7. 

8. (fog) x=4x*?— 6x41, (zg 0 g) x=4x—9. 

§ 26 Binary Operation. <A Dinary operation ‘‘o”’ on .a@ non- 
empty set Aisa mapping which associates with each ordered pair 
(a, ) of elements of A, a uniquely defined element cE A. Lhus 
“o” is a mapping of the product set 4x A to A. Symbolically, a 
mip o ; 4x A-+A, Is Called a binary operation on the set A. 

The o-jmage of the element (a, bE Ax Ads denoted by aah, 

Waser 4 is closed with respect to the composition o, then we 
Va that is a binary operation on the set 4. 
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Example 1. The composition of addition is a binary operation 
on the set of even natural numbers. The sum of two even natural 
numbers is also an even natural number. Thus the set of even 
natural numbers is closed under the composition of addit’on. On 
the other hand, addition is not a binary operation on the set of odd 
natural numbers, The sum of two odd natural numbers is an even 
natural number. Thus the sum of two odd natural numbers does 
not belong to the set of odd natural numbers. In this way the set 
of odd natural numbers is not closed under addition. 

Example 2. The set of natural numbers N is uot closed under 
subtraction. For example, 4€ N and 3 EN, but3—4 € N. 
Thus subtraction is not a binary operation on N. On the other 


hand, the students may verify that subtraction is a binary opera- 
tion on I. 


§ 27. Types of Binary Operations. 
Ccmmutative Operations. A binary operationo ona set A is 
called commutative if aob=b oa, for every a,b € A. 
Example. Addition and multiplication are commutative 
binary operations on the set of real numbers since 
a+b=b-+a and ab=ba, (for alia, b € R). 
Associative Operations. <A binary operationo on a set Ais 
called associative if (a o b) o c=a o (boc), (for every a,b, c € A). 
Example 1. Addition and multiplication are associative 
binary operations on N, since 
a+-(b-+c)=(a-+5)-+c¢ and a (bc)=(ab) c, (for every a, 0, cE N). 
Example 2. Let o be a binary operation on R defined by 
ao bea+2b for alla, b€ R. 
Then (ao b) oc=(a+2b) 0 c=a+ 2b4+2c, 
and ao(boc)=a 0 (b+2c)=a4-2 (b4-2c)=a+2b+4e. 
Thus (ao b) 0 cao (boc), for every a,b,c € R. 
Hence o is not an associative binary operation on R. 
Distributive Operations. Let A be a set on which two binary 
operations denoted by o and + are defined. The operation ¢ is said 
to be left distributive with respect too if 
a «(bo c)=(a* b) 0 (a #0), for alla, b,c € A ooe(1) 
and is said to be right distributive with respect to 0 if 
(b 0 c) ® a=(b # a) o (c # a), for alla, b,c € A. «+-(2) 
When both (1) and (2) hold, we say simply that * is distri- 
butive with respect to o. 
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If o is commutative, then (2) will hold if (1) holds and vice- 
versa 

Example. For the set R of all real numbers, multiplication 
(#=«) is distributive with respect to addition (o= +), since 

ae(b+c)=aeb+arcc and (b+c)ea=beatcea ¥ a,b,c ER. 

But addition is not distributive with respect to multiplication, 
Since a-+(bec)#(a+b)e(a+c), forevery a, b,c € R. 

Identity Element. Leto: Ax A—>A be a binary operation on 
a An élement e € A is called anidzntity element far the operation 
ol 

€ o d=do e=a, for everya E A. 

Example tf. Let Q he the set of all rational numbers. Then 
0 is an identity element for the binary operation of addition on Q 
since 0+-a=a+0=<a for every a E Q. 

Example 2. For the binary operat ion of addition on N, there ts 
no identity element, but 1 is an identity element with respect to 
multiplication. We have lea=ael=a, for every a € N. 

Inversibie elements for a binary operation with identity. 

An elzment a of a set A is said to be inversible fur a binary cpe- 
ration o with identity e if db E A such that 

ao b=e=bo a. 

Also then b is said to be an inverse of a and is denoted by a“, 

The inversible elements in A are also called the units in A 

The identity element is always inversible and is its own inverse, 
since eo e=eo0e=e. Thus e'=e. 

Example 1. The inverse with respect to addition, or additive 
inverse of x € Ris —x, since x-+-(—x)=(—x)+x=0, where 0 is 
the additive identity element of R. 

Example 2. For the operation of multiplication on Q, 1 is 
the icentity and every element other than 0 is inversible. 

Example 3. For the operation of multiplication on N, | is the 
identity and no element except 1 is inversible. 

Exercises 

1. Define a binary cperation. Show that the relation o given 
by ao b=@? js a binary operation on the set of natural numbers, 1s 
this binary operation associative ? (Kumayon 1978) 

Zz. Let S be a non-empty set and o be a binary operation on 
S defined by x o y=x; x, y © S. 

Determine whether o is commutative and associative, 

(Sambalpur 1977) 
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§ 28. Relation. Definition. Let A and B be two sets. A rela- 
tion from A to B is a subset of AX B. Symbolically, R is a relation 
from Ato Biff RC AXB. 


Example 1. Let P be a well-defined set of persons, say, P be 
the set of all persons living in a certain Jocality of Meerut. Then 
the statement “x is a son of y where x, y © P”’ determines a rela- 
tion in P. If we denote this relation by R, then R will be the set 
of all ordered pairs of people belonging to P in which the first 
co-ordinate is a son of the second co-ordinate. Obviously R will 
be a subset of PX P. It must be noted that the relation R is the 
set R and not the verbal phrase, ‘is a son of* 


Several other relations may be defined in the above set P. 
For example, the statements “‘x is a daughter of y”, ‘*x isthe father 


of py”, “x is the mother of y”, ‘x is the husband of y”’ all 
determine relations in P. 

Example 2. Let I be the set of all integers. The statement 
“'y is less than y where x, y € I’ determines a relation in I. If 
we denote this relation by R, then we may describe the set R in the 
set builder notation as R={(x, y): x EIy E€1,x < y}. 

Suppose R is a relation and (x, y) is an element of the relation 
R. If(x, y) € R, then sometimes we write xRy which is read as 
“y is R-related toy’. If (x,y) E R, then sometimes we write 
xRy which is read as “‘x is not R-related toy’. Let I be the set 
of all integers and let R={(x, y):xE Lye Ix < y}. Since 2 
is Jess than 3, therefore the ordered pair (2, 3) € R and we write 
2 R3. Onthe other hand4 is not less than 3 Therefore the 
ordered pair (4, 3) ¢ R and we write 4 K 3. 

§ 29. Domain and Range of a rclation. Let R be a relation 
from A to B,ie., let R be a subset of AX B. The domain D of the 
relation R is the set of all first elements of the ordered pairs which 
belong to R. Symbolically, , 

D={x:x € Aand (x, y) € R for'same y e B}. 
The range £ of the relation R is the set of alr second elements 
f the ordered pairs which belong to &. Symbolically, 
E=(y:y & Band (x, y) € R for some x & A}. 

Obviously D € Aand sé C B. 

Example. Let 4=={1, 2, 3, 4} and B={a, b, c}. 

Every subset of AXBis a relation from A to B So if 
R=((2, a), (4, a), (4, Ch, then thc domain of R is the set {2, 4} 
and the range of & is the set {a, e,. 
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§ 30. ‘Total number of distinct relations from a set A to a set B. 
Suppose the set A has m elements and the set B has 7 elements. 
Then the product set 4x B will have mn elements. Therefore the 
power set of Ax Bi.e., P(AX B) willhave 2™* elements. Thus A x B 
has 2™* different subsets. Now every subset of 4X B is a relation 


from A to B. Hence we shall have 2™* different relations from A 
to B, 


§ 31. Inverse Relation . Definition. Let R bea relation from 
Ato B. The inverse relation of R, denoted by R-}, is a relation 
Jrom B to A defined by 

R7A={(yxuiy € Bx € A, (x, y) © Rh. 

In other words, the inverse relation R=? consists of those 
ordered pairs which when reversed belong to R. Obviously vRy 
HT y Ay, Thus (x, vr) E R & (y, v) © RO 

Example. Let A={a, b, c}, B={1, 2, 3} and 

R={(a, 1), (a, 3), (6, 3), (c, 3)}. Then 
R7={(I, a), (3, a), (3, 5), (3, ©}. 

Theorem. Jf Risa relatien from A to B, then the domain of R 
is identical with the range of R= and the range of R ty identical with 
the domain of R=. 

Proof. Let y € domain of R=. Then y € B, anddx € A 
such that (y, x) € R™, 

Now (y, x) € R=! = (x, y) CER > VE Range of R. 

Thus + € domain of R-! > » E Range of R. 

..- domain of R™ € range of R. 

Similarly range of R C domain of R77}. 

Hence Domain of R7?=Range of R. 

Similarly we can prove that Domain of R= Range of R-!, 

Note. If R be arclation from A to B, then it can be easily 
proved that (R™)7=R, 

§ 32, Difference between Relations and Functions, 

Suppose A and B are two sets. Let f be a function from A to 
B. Then from our definition of function, / 1s a subset of Ax B in 
which each aG@A appears in one and only one ordered pair belong- 
ing tof. In other words f is a subset of 4x B satisfying the follow- 
ing two conditions : 

(i) for each a E A, (a, b) € f for some bE B, 

(1i) if (a, b) € fand (a, 6’) € f then b=)’. 

On the other hand every subset of AX 8B is a relation from A 
to B. Thus every function is a relation but every relation is nota 
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function, If R isa relation from A to B then domain of R may be 
a subset of A. But if fis a function from A to B, then domain of 
f is equal to A. In a relation from A to B an element of A may be 
related to more than one element in B. Also there may be some 
elements of A which may not be related to any element in B. But 
in a function from A to B each element of A must be associated to 
one and only one element of B. 

Example. Let 4={1, 2, 3, 4}, B={a, b, c}. 

Let R={(1, a), (2, a), (3, 5), (4, 6)}. 

Then R is a function from 4 to B. Obviously R is also a rela- 
tion from A to B But consider the subset S of Ax B given by 

S={(1, a), (2, 6), (1, ce), (3, a), (4, 5)}. 

Here Sisarelation from A to &. But § is not a function from 
Ato B. The obvious reason is that the element 1 € A is associa- 
ted to two different elements a and c € B. 

§ 33. Relations ina set. Let R be a relation from A to B. 
If B=-A, then we do not speak that R is a relation from A to A, 
but we say that R is a relation in A. Thus a relation in a set Aisa 
subset of the Cartesian product AX A. 

Identity relation in a set. (Gorakhpur 1970) 

Definition. Let A be a set. The relation I4 defined by 
I4={(x, y) 1 XEA, VE A, X=y} is called tke identity relation in A. 
Thus the identity relation in a set A is the set of the ordered pairs 
(x, y) of AXA for which x=y. If A={Il, 2, 3, 4, 5}, then 

Ia={(1, 1), (2, 2), (3, 3), (4, 4), (5, 5}. 

Universal relation in 2 set. Let A be any set and R be the set 
4X A. Then R is called the universal relation in A. 

Void relation ina set. Every subset of AXA isa relation in 
A. Since @ is alsoa subset of 4x4, therefore the null set @ is 
also a relation in A. This relation is called the void relation in A. 

§ 34. Properties of Relations in a Set. We often come across 
the following special types of relations in a set : 

1. Reflexive relations. Let R bea relation in a set Ai.e., let 
R bea subset of AXA Then R is called a reflexive relation if 

(a, aj\ER, ¥ aA. 

Thus R is reflexive if we have aRa, ¥ a€ A, 

A relation R in a set A is not reflexive if there is at least one 
element aG A, such that (a, a)€& R. 

Example 1. Let 4={I, 2, 3, 4}, Then 
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(if) The relation Ry={(1, 1), (2, 4),°3, 3), (4, 1), (4, 4)} in A 
is not reflexive since 2€ 4 and (2, 2) ER}. 

(ii) The relation R= {(1, 1), (1, 3), (2, 2), (3, 3), (4, 4), (3, 4)} 
in A is reflexive since (a, a) Re for every a€ A. 

Example 2. Let N be the set of all natural numbers. The 
relation R in N defined by ‘‘x is a divisor of y”’ is reflexive since 
each natural number is a divisor of itself. It should be noted that 
it is usual to write a| 5, aE N, b5EN to denote that a is a divisor 
of b. 

The relation in N defined by ‘“x < y’’ is not reflexive, since a 
is not less than a for any natural number a. 

But the relation in N defined by ‘‘x < y’’ is reflexive since 
a a for every aEN. 

2. Symmetric Relations. Let R be a relation ina set A, i.e, 
let R be a subset of AXA. Then Ris suid to be a symmetric rela- 
tion if (6, 6b) © R> (b,ayE R. 

Thus R is symnietric if we have bRa whenever we have aRb, 

A relation & in asct A is not symmetric if there exist two 
distinct elements a, b€ A, such that akb, but bRa. 


Example 1. Let Z be the set of all straight lines in a plane. 
The relation R in L defined by ‘‘x is perpendicular to y”’ is symme- 
tric, since if straight line a is perpendicular to straight line 6, then 
b is also perpendicular to a. Thus akb=bRa, The relation in L 
defined by ‘‘x is parallel to y”’ is also symmetric. 

Example 2. Let 4={1, 2, 3, 4} and R={(I, 2), (3, 4), (2, 1), 
(3, 3}}. Here we see that (3, 4 © R but (4, 3) € R. Therefore R 
is not symmetric. On the other hand, the relation Ry={(1, 1), (4, 1) 
(1, 4)} defined in A is symmetric. 


3. Anti-Symmetric relations. Let R bea relation ina set A 
i.e. let R be a subset of AX A. Then R is said tu be an anti-symme- 
tric relation if (a, b)E Rand\b, are R > a=b, 

Thus R is anti-symmetric if we have never both a@aRb and bRa 
except when a=). 

A relation R in a set A is not anti-symmetric if there exist ele- 
ments a@€ A, bE A, ab, such that aRb and bRa. 

Example. Let N be the set of all natural numbers. Let R be 
the relation in N defined by ‘‘x is a divisor of y”. Then & is anti- 


symmetric since a| b and b| a > a=b. If ab, we cannot have 
both a| 6 and b | a. 
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4. Transitive Relations. "et R be arelation ina set A, i.e., 
let R be a subset of AXA. Then R is said to be a transitive relation 
if (a, b) € Rand (b,c) E R = (4, ER. 

A relation R in a set A is not transitive if there exist elements 
a, b andcE€ A, not necessarily distinct, such that 

(a, b) € R, (b,c) E R but (a,c) E R. 

Example 1. Let Z be the set of all straight lines in a plane 
and R be the relation in Z defined by “‘x is perpendicular to y”. 
If straight line a is perpendicular to 4 and b is perpendicular to ¢, 
then a is parallel to c, j.e., a is not perpendicular toc. Thus aRb 
and bRc > aKe. Hence & is not transitive. 

Example 2. Let N be the set of all natural numbers and let 
R be the relation in N defined by ‘‘x is less than y”’. Since a<b and 
b<c @ a<c, therefore R is transitive. 

§ 35. Equivalence Relations. Definition. 

Let R bea relationinaset A. Then Ris an equivalence rela- 
tion in A iff 

(i) Ris reflexive, i.e, + a €& A, aRa, 

(ii) R is symmetric, i e., aRb > bRa. 

(ii?) R is transitive, i.e, aRb and bRce => aRc. 

The equivalence relation is usually denoted by the symbol~, 

Example 1. Let 4 be the set of all triangles in a plane. Let 
R be therelalion in A defined as xRy iff x is congruent to y, xE A, 
ye A. Here we observe that 

(i) xRx, for every x€ A, since every triangle is congruent to 
itself. Thus & is reflexive. 

(ii) xRy > yRx, since if triangle x is congruent to triangle y 
then y is congruent to x. Thus & is symmetric. 

(iii) xRy and yRz > xRz, since if triangle x is congruent to y, 
and triangle y is congruent to z, then triangle x is congruent to z. 
Thus R& is transitive. 

Since R is reflexive, symmetric and transitive, therefore R is 
an equivalence relation. 

Example 2. Let I be the set of all integers. Let us define a 
relation R& in I, such that xRy holds iff x—y is divisible by 5, xe I, 
yEl, ie. let R={(x, y): xEI, yEI, x—y is divisible by 5}. 

Here we have 

(i) For each xGI, x- x=0 and 0 is divisible by 5. Thus 
3 xE I, w2 have xRx. Therefore R is reflexive, 


Some Basic Set Theoretic Concepts 4] 


(ii) Suppose xRy; then x—y is divisible by 5 and hence 
(v—x)= —(x—y) is also divisible by 5. Thus xRy > yRx. There- 
fore R is symmetric. 

(iti) Suppose xRy and yRz; then (x—y) and (y—z) are both 
divisible by 5. Hence 5 is also a divisor of (x—y)-+(y—z2), i.e., 518 
also a divisor of (x—z). Thus xRy and yRzxRz. Therefore R is 
transitive. 


Since R is reflexive, symmetric and transitive, therefore R is an 
equivalence relation. 

Note. An integer a is said to be congruent to another integer 
b modulo a fixed positive integer m if a—b is divisible by mi.e., 
if J an integer k such that a—be=mk. Symbolically, we write 

a=b (mod m). 

Thus in the above example, we have proved that congruence 

modulo 5 is an equivalence relation in the set of all integers. 


§ 36. Equivalence Classes or Equivalence Sets. 


Let A be a non-empty set and let R be an equivalence relation in 
A. Further let a be an arbitrary element of A. The elements xE A 
satisfying xRa constitute a subset Ag of A, called an equivalence 
class of awith respect to R. We shall denote this equivalence class 
by A, or by [a] or by a. Thus symbolically, 

Ag or [a] or a={x : xE A and (x, a) ER i.e., xRa}. 

Example 1. Let A be the set of all triangles in a plane and 
let R be an equivalence relation in A defined by ‘‘x is congruent to 
y’, XGA, YEA. When aE€A we shall mean by the equivalence 
Class [a] the set of all triangles of A congruent to the triangle a. 
Similarly when bE A _ we shall mean by the equivalence class [b] 
the set of all triangles of A congruent to the triangle 5. 


Example 2. Let us determine the equivalence classes in the 
set I of all integers with respect to the equivalence relation ‘con- 
gruence modulo 5’. The integers congruent to 0 modulo 5 form aa 
equivalence Class Jy. The elements of this class are the multiples 
of 5i.e., integers expressible as 5k for some integer k. The integers 
congruent to 1 modulo 5 form another equivalence class I. The 
elements of this class are those integers which leave remainder | 
when divided by 5 i.e., the integers expressible as 5k+-1 for some 
integer k. The integers congruent to 2 modulo Sform a third 
equivalence class 1,. This class consists of all integers expressible 
as 5kK+2 for some integer k. The integers congruent to 3 modulo 
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5 form a fourth equivalence class Is. This class consists of all 
integers expressible as 5k+3 for some integer k. The integers 
congruent to 4 modulo 5 form a fifth equivalence class Ig. This 
class consists of all integers which leave remainder 4 when divided 
by 5 i.e., which are expressible as 5k+4 for some integer k. But 
every integer is expressible as 5k, £k+1, 5k+2, 5k-+3 or 5k+4 
for some integer kK. Thus we see that the set of all integers can be 
divided into the following five equivalence classes with respect to 
the relation congruence modulo 5: 

(i) Ib={.., —10, —S5, 0, 5, 10, ...} 

(ii) h={.... —9, —4, 1, 6, 11, ...} 

(iii) Ig={..., —8, —3, 2, 7, 12, ...} 

(iv) Is={.... —7, — 2, 3, 8 13, «-} / 

(v) I={.--, — 6, --1, 4, 9, 14, ...}. 

These classes have the following properties :— 

(i) The set I is the union of these five non-empty classes. 

(ji) Integers in each class have a relation of congruence 
modulo 5 with one another. 

(iii) Integers in different classes do not have a relation of 
congruence modulo 5 with one another. 

(iv) The classes are mutually disjoint i.e., no two of them 
have any elements in common. 

§ 37. Properties of Equivalence classes. 

Let A be a non-empty set and let R be an equivalence relation in 
A, Let aand b be arbitrary elements in A. Then 

(i) a€ [a], 

(ii) Jf bE [a], then (b]=[al]. 

(iii) [a]=[b] iff (a, DER i e., iff aRb. 

(iv) Either fa]=[b] or [a]N[b]=@ i.e., two equivalence classes 
are either disjoint or identical. [Allahabad 1980] 

Proof. 

(1) Since R is reflexive, we have aRa. But [a]={x : xE A and 
xRa}. Hence aRaxvacf[a]. 

(ii) We have bE [a]~bRa. 

Let x be any arbitrary element of [b]. Then xG[b] => xRb. 
But R is transitive, therefore xRb and bRa > xRawxG€{a]. Thus 
xE [b]>x€ [a]. Therefore [b] € [a]. 

Again let y be any arbitrary element of [a]. Then ye [a]>yRa, 

Since R is symmetric, therefore bRawaRb. 

Now yRaand d@R?h=>yRb [°° R is transitive] 

| > ye [b}. 
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Thus yE&[a]=>ye [5]. Therefore [a] © [5]. 
Finally [a] © [6] and [5] © [a] > [a]=[9]. 
(iii) Suppose [a]={b]. Then to prove that aRb. 
Since R is reflexive, therefore we have @Ra. 


Now aRa » aeé [a] 
> aG[b] [ [a]=[5)] 
=> aRb. 

Thus [ai=[b] > aRb. 


Converse, Suppose that aRb. Then to prove that [a]=[5]. 
Let x be any arbitrary element of [a]. Then xRa. But it is 
given that aRb, Therefore 
xRa and aRb > xRb [*° R is transitive] 
>xE€ [5]. 
Thus x€ ‘aJ>xE€[b]. Therefore [a] € [5]. 
Again let y be any arbitrary element of (b]. Then 
ye [b] > yRb. 
Now we are given that aRb From this we have bRa, since R 
is symmetric. Now 
yRb and bRa>yRa [.° is transitive] 
>ye[a]. 
Thus y€[b]=<>yE€[e]. Therefore [b] € [a]. 
Hence [a] € [b] and [t] € [a] =[a]—[d]. 
Finally, since [a]=[b]=-aRb and aRb-»[a]=[b], therefore 
[a] = [5] if and only if @Rb. 
(iv) If [a]N[b]= 2, then we are nothing to prove. So let us 
suppose that [a] [b]4. Then to prove that [a]=[8]. 
Since ja] [6] 42, therefore there exists an element x€ A such 
that xE [a] M [5]. 
Now x& [a] 1) [b] >xE [a] and xe [Bb] 
=» xRa and xRb 
2aRx and xRb 
{Since R is symmetric, therefore xRawaRx] 
=>aRb [°° R is transitive] 
=> [a] =[b] [by part (iii)] 
Thus fa] (b}#+@=> [a]=[b}. 
In other words if [a]<[6], then [a]N[2J=2. 
§ 38. Partitions. Definition. 
Let S be a non-empty set. A set P={A, B, C, «..} of non-empty 
subsets of § will be called a partition of S if 
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(i) AUBUC...=S i.e., the set S is the union of the sets in P 
and 

(ii) the intersection of every pair of distinct subsets of SEP is 
the null set i.e., if A and BEP then either A=B or AK1\B=Q. 

Example 1. Consider the set S={1, 2, ...9, 10} and its subsets 
B,=(1, 3}, B.={7, 8, 10}, By={2, 5, 6}, Be={4, 9}. 

The set P -={B,, By, Bs, Bg} is such that 

(i) 8, Ba, Bs, Bg are all non-empty subsets of S. 

(ii) Bi B20 Bs JAy=S, and 

(113) For any sets B;, either B;=B, or B; neg. 

Hence the set {B, B,, Bs, Bg} is a partition of S, 

Example 2. Let ! be the set of all integers. 

We know that xmy (mod 5) is an equivalence relation in I. 
Consider the set of five equivalence classes Io, I,, Is, Is, Ig, where 

Ip=-{..., —10, —5, 0, 5, 10, ...} 

I,={..., —9, —4, 1, 6, I], 
Iz={.... —8, —3, 2, 7, 12, » 
Iz—{.... —7, — 2, 3, 8, 13, .. 
I,-={..-, —6, —1, 4, 9, 14, .. 

We observe that 

(i) the sets Ip, I,, J,, Is and I, are non-empty, 

(ii) the sets Jp, 1,, Ie, Is and Ig are pairwise disjoint, 

(iii) I=LULULUBUN 

Hence {Jq, Jy, I, Is, Je} is a partition of I. 

§ 39. Relation induced by a partition of a set. Corresponding 
to any partition of a set S, we can define a relation R in S by the 
requirement that xRy iff x and y belong to the same subset of S 
belonging to the partition. The relation R is then said to be in- 
duced by the partition. 


Example. Consider the subsets 
A=(3, 6, 9, ..., 24}, B={l, 4, 7, ..., 25}, 
C={2, 5, 8, ..., 23} of S=={1, 2, 3, i 1» 25} 
Obviously AUBUC=S and AN B=A/f) C=BNC=g. 
so that {A, B, C} is a partition of S. If R be the relation induced 


by this partition, then we have xRy iff x and y belong to the same 
subset A, B, C. 


es 
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§ 40. Fundamental Theorem on Equivalence Relations. An 
equivalence relation R in a non-empty set S determines a partition of 
S and conversely, a partition of S defines an equivalence relation in 
S. (Sagar 1968 ; Kolhapur 73) 

Proof. Let R be an equivalence relation in S. Let A be the 
set of equivalence classes of S with respect to R /.e., let 

A={[a] : ue S} 
where [a]={x : xE S and xRa}. 

Now R is an equivalence relation. Therefore ¥ a € S, we 
have aRa. Hence a€&[a] and thus [a]+2. 

Further every element a of S is an element of the equivalence 


class [a] in A From this we conclude that S= U [a]. 
aes 


Finally, if [a] and [b] are two equivalence classes then either 
[a] —[b] or [a] M [b]=Z. [For proof see § 37 part iv]. 

Hence 4 is a partition of S. Thus we see that an equivalence 
relation R in S decomposes the set S into equivalence classes any 
two of which are either equal or mutually disjoint. 

Converse. Let P={T;, 7), T2,...} be any partition of S. If 
pP.ga€ S, let us define a relation R in S by pRq iff there is a 7; in 
the partition such that p, gq € 7). 

Now S=7%,U07T,UT,.... Therefore ¥ x € S, there exists 
T; © P such that x € 7. 

Hence x € T; and x € JT, means xRx. Thus ¥ x € S, we 
have xRx and thus R is reflexive. 

Again if we have xRy, then there eaists 7; & P such that 
x © T, and y € T,;. 

Butx € Ti and yE€ 7 >a y € Tyand x € 7; > yRx. 

Therefore & is symmetric. 

Finally, suppose xRy and yRz. Then by the definition of R 
there exist subsets 7; and 7 (not necessarily distinct) such that 
x,y © Tj and y,z€ J. Since y € T) and also y € 7%, there- 
fore T))Tk4O. But T; and 7; belong to a paitition of S. There- 
fore T10T,#2 implies 7;=Tx. Now 7)=7;, implies x, z €& 7; 
and consequently we have xRz. Thus R is transitive. 

Since R is reflexive, symmetric and transitive, therefore R is 
an equivalence relation. 

§ 41. Quotient Set. Definition. 

Let S be any non-empty set and let R be an equivalence relation 
defined in S. The set of mutually disjoint equivalence classes in 
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which S is partitioned relatively to the equivalence relation R, is said 
to be the Quotient set of S for the equivalence relation R, and is 


denoted by S/R or by S. 

The quotient set of I for the equivalence relation congruence 

modulo § is the set 
I/R={lo, I, I,, Is, J,} 

§ 42. Partial Order Relations. Definition. A relation Rina 
set Sis calleda partial order relation iff it satisfies the following 
three conditions : 

(i) aRa, ¥ a € S; (reflexivity), 

(ii) aRb and bRa > a=b, (anti-symmetry), 

(ii?) aRb and bRc > aRc, (transitivity). 

Example. In the set N of all natural numbers, the relation R 
defined by aRb iff a divides b is a partial order relation. 

We have, ¥ a E N, a is a divisor of a i.e, aRa. Therefore R 
iS reflexive. 

Again, if a is a divisor of b then b cannot bea divisor of a 
unless a=b. Thus aRb and bRa » a=b. Therefore R is anti- 
symmetric. 

Finally a is a divisor of bh and b is a divisor of c implies a is 
a divisor of c. Therefore R is transitive. 

Since R is reflexive, anti-symmetric and transitive, therefore 
R is a partial order relation. 


Exercises 
1. Give an example of a relation which 1s reflexive but is 
neither symmetric nor transitive. (Meerat 1977) 


Z. Give an example of a relation which is, 


(i) reflexive, symmetric but not transitive. 
(Kolhapur 1973) 


(ii) symmetric and transitive but not reflexive. 

3 Is the relation ‘is brother of’ an equivalence relation on 
a set of human beings ? Why ? 

4. Let I be the set of all integers. Let m be any fixed posi- 
tive integer. Then an integer a is said to be congruent to another 
integer b modulo m if a—b is divisible by m i.e., if there exists an 
integer k such that a—b=km. Symbolically, we write 

a=b (mod m). 
Show that the relation ‘congruent modulo m” is an equivalence 
relation in the set of integers. 
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S. Define the terms ‘inverse, reflexive, symmetric and transi- 
tive relations’ and illustrate them by examples. Is function a rela- 
tion ? When is a relation ina set an equivalence relation ? Prove 
that any two equivalence classes are either identical or they have 
null intersection. Hence define a quotient set ? 

6. Explain fully what you mean by partitions of a set and 
equivalence relation in a set by means of examples. Find all the 
partitions of {1, 2, 3}. 

7. Prove that the relation of similarity in the set of all trian- 
gles in a plane is an equivalence relation. 

8. Consider the set NXN the set of ordered pairs of natural 
numbers, Let R be the relation in NXN which is defined by 

(a, b) R (ce, a) ; 
if and only if ad=be. 

Prove that R is an equivalence relation and therefore induces 
a partition of NXN. 

9. Show that if R and R’ are symmetric relations in a se. A, 
then RAR’ and RUR’ are also symmetric relations in A. 

10. If Rand S are two equivalence relations, then check 
RUS for 

(i) reflexivity, (ii) transitivity and (iii) symmetry. 

11. If Rand S are equivalence relations in a set X¥, prove 
that RAMS is an equivalence relation in X. 

12. D:fine a relation anda function and give examples to 
illustrate the difference between the two. Give an example of a 
relation which is reflexive and transitive but is not symmetric. 

Answers 

1. Let A={l, 2, 3}. Then the relation R={(1, 1), (2, 3), 
(2, 2), (3, 3), (1, 2)} is reflexive but is neither symmetric nor tran- 
Sitive. 

3. No. Suppose x is a female human being. Then x is not a 
brother of x and so xKx. Thus the relation is not reflexive. Note 
that this relation is also not symmetric. 

6. Partitions of {1, 2, 3} are 

(i) {{1, 2, 33}, (ii) {1}, {2}, 33}, (iii) { (1, 2}, (3}}, 

(iv) {{2, 3}, {13}, tv) ({3, 2}, {23}. 

10. RUS is refiexive and symmetric but is not neccssarily 
transitive. 
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§1. Binary operation on aset Let Gbe a non-empty set. 
Then GXG={(a, b):a@E GbE G} If f:GxG—+G, then f is 
said to be a binary operation onthe set G. The image of the ordered 
pair (a, 6) under the function f is denoted by a fb. Often we use 
symbols +, X,., 0, * etc. to denote binary operations on a set. 
Thus ‘+’ will be a binary oneralion on G iff 

a+b EG ¥ a, 6 E G and a+ is unique. 

Similarly ‘*’ will be a binary operation on G iff 

a*bEG abe Ganda b is unique. 

A binary operation on a set G is sometimes also called binary 
composition in the set G. If ‘*’ is a binary composition in G, then 
axbE€G*¥ a,b EG. Therefore G is closed with respect to the 
composition denoted by +. 

If there is a binary composition in a set G, the most convenient 
notation to denote this composition is the multiplicative notation. 
In this notation ifa,b € G, then aed represents the element ob- 
tained on multiplying a and 6. We shall often omit the dot 
placed between a and b. In other words in multiplicative notation 
we Shall simply write ab in place of aeh Thisab € G ¥ a, 
b € Gif the binary composition in G has been denoted multipli- 
Catively. 

Example. Addition isa binary operation on the set N of 
natural numbers. The sum of two natural numbers is also a 
natural number. Therefore N is closed with respect to addition 
ie., atbENv¥abeENn. 

Subtraction is not a binary operation on N. We have 
4—7=-—3 ¢€ N whereas 4EN,7EN. Thus Nis not closed 
with respect to subtraction. But subtraction is a binary operation 
on the set of integers I. We havea - DE 1y¥a, bE]. 

Note. Inthe theory of groups we shall be concerned only 
with binary operations. Therefore we shall often omut the word 
binary and we shall simply use the word ‘operation’, 
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§2. Algebraic structure. Definition. A non-empty set G 
equipped with one or more binary operations is called an algebraic 
structure. Suppose « is a binary operation on G. Then (G, #) 1s 
an algebraic structure. (N, +), (I, +), (I, —), (R, +, °) are all 
algebraic structures. Obviously addition and multiplication are 


both binary operations on the set R of real numbers. Therefore 
(R, +, ¢) is an algebraic structure equipped with two operations. 


Semi-Group. Definition. An algebraic structure (G, *) is called 
a semi-group if the binary operation * is associative inG ie., if 
(a # b) ec=a *(b #c) ¥ a,b, cEG, (Rajasthan 1976; Kerala 70) 
For example, the set N of all natural numbers is a semi-group 
with respect to the operation of addition of natural numbers. 
Obviously addition is an associative operation on N. 
Similarly the algebraic structures (N, ¢), (I, +) and (R, +) 
are also semi-groups. 
§ 3. Group Definition. 
(L.A.S. 1969; Vikram 76; Garhwal 76; Poona 73; Kolhapur 73; 
Madras 74; Sagar 77; Guru Nanak 82; Meerut 81) 
Let G be a non-empty set equipped witha binary operation den i- 
ted by + i.e,, aeb or more conveniently ab represents the element of G 
obtained by applying the said binary operation between the elements a 
and b of G taken in that order. Then this algebraic structure (G, +) 
is a group, if the binary operation « satisfies the foltowing postulates : 
1. Closure property ie., ahEG ¥ a, DEG. 
2. Associativity i.e., (ab) c-=a (bc) ¥ a, b, cEG. 
3. Existence of Identity. There exists an element cEG such 
that eama=ae ¥ aGG. The element ¢ is called the identity, 
4. Existence of inverse. Fach clement of G possesses inverse. 
In other words a € G > there eristy un esement b EG such that 
basee=ab. The element bis then called the inverse of a and we 
write bsza, Thusa™*is an element of G such that a ‘a=e =aa-, 
Abelian Group or Commutative Group. Definition. 
(Madras 1977) 
A group G is said to be abelian ur commutative if in addition to 
the above four postulates the following postulate is also satisfied. 
Commutativity i.e., ab=ba ¥ a, DEG. 
os. Note 1. According to our definition of a binary operation uf 
‘esa Dinary operation un G, we must have ab € G, ¥ u, 
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sec. Therefore in our definition of a group there is no necessity of 
mentioning the closure axiom. It is superfluous there. We have 
mentioned it there to simply lay emphasis upon the fact that while 
showing the group postulates in a problem the students should not 
forget to show the closure axiom. 

Note2, A group is not simply a set but it is an algebraic 
Structure i.e., a set equipped with a binary composition provided 
the composition satisfies certain postulates. Ifa group consists of 
a non-empty set G and a binary composition in G, then we shall 


often use the same symbol G to denote the group and the under- 
lined set. 


Note 3. In our definition of a group we have denoted the 
Composition in G by multiplicative notation. However we can use 
any symbol like *, 0, +-etc. to denote the composition. If we use 
the additive notation ‘+’ to denote the composition in G, then the 
Inverse of an element a€G is denoted by the symbol —ai.e., we 
have (--a)-+a=e=a+(—a). 

Note 4. If we use multiplicative notation to denote the com- 


Position in G, then often we denote the identity by the symbol ‘1’. 
Thus 1! is an element of G such that 


1 a=a=al ¥ ac&G. 
Also in multiplicative notation we often denote the inverse of 


a by 1/a. Thus 1/a is an element of G such that : a=1|1=a - . 


In additive notation, we often denote the identity by the 
“symbol ‘0’. Then 0 is an element of G such that 0+a=a=a+0 
Note 5. In additive notation the element a+(—5) € G is 
denoted by a--b. In multiplicative notation the element ab2€G 
is denoted by a/b. 
§ 4. Finite and infinite groups. Order of a finite group. 
(Rajasthan 1977 ; Kanpur 80) 
If in a group G the underlying set G consists of a finite number 
of distinct elements then the group is called a finite group, other- 
wise an infinite group. The number of elements in @ finite group is 
called the order of the group. An infinite group is said to be of 
infinite order. 
We shall denote the order of a group G by the symbol o (G). - 
It should be noted that the smallest group for a given compo- 
s.tion is the set {e} consisting of the identity element e alone. 
Some Illustrative Examples. 
Example 1. Show that the set I of all integers 
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. —4, —3, —2, —1, 0, 1, 2, 3, 4,... 
is a group with respect to the operation of addition of integers. 
(Meerut 1970 ; Lucknow &0) 

Solution. Closure property. We know that the sum oi two 
integers is also an integer i.e., a+ bEI ¥ a, bE I. Thus I is closed 
With respect to addition. 

Associativity. We know that addition of integers is an asso- 
Ciative composition. Therefore, 

a+(b+c)=(a+b)+c ¥ a,b,c € I. 

Existence of Identity. The number 0 € I. Also we have 
0+a=a=a+0 ¥ a€I. Therefore the integer 0 is the identity. 

Existence of Inverse. Ifa G I, then —a€ I Also we have 
(—a)+a=0=a+(- a). Thus every integer possesses additive 
inverse. 

Therefore [ is a group with respect to addition. Since addition 
of integers is a commutative composition, therefore (I, +-) is an 
abelian group. Also I contains an infinite {number of elements. 
Therefore (If, +-) is an abelian group of infinite order. 

Example 2. Show thct the set N of all natural numbers 

1, 2, 1, 4, 5,.. 
is not a group with respect to addition. 

Solution. Addition is obviously a binary composition in iv 
i.e., N is closed with respect to addition. Also addition of natura! 
numbers jis an associative con.position. But there exists no natural 
number e€ N such that e-++-a=a=a-+e ¥ aEN. For the addition of 
numbers, the number 0 is the identity and O¢ N. Therefore (N, +-) 
iS not a group. 

Example 3. Show that the set 

G={ .., —4m, —3m, —2m, —m, 0, m, 2m, 3m, 4m,...} 
of multiples of integers by a fixed integer m is a group with respect 
to addition. (Lucknow 1967) 

Solution. Closure property. Let a, b be any two elements of 
G. Then a=rm and b=sm where r and S$ are some integers. 

Now a+ b=rm-+sm=(r+s)m. Since r-+s is also an inieger, 
therefore (r+-s) mie., a+bEG. Thus a+bEG ¥ a, bEG. There- 
fore G is closed with respect to addition. 

Associativity. The elements of G are all integers and we know 
that the addition of integers is an associative composition. 

Existence of Identity. O@ G and we have 0+ a=a=a-+0 ¥ 
a€G. Therefore 0 is the identity. 
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Existence of Inverse, Let rm be an arbitrary element of G 
where r is some integer. 


Then (—r) mEG. [°° —r is also an integer] 
Also (—r) m+rm=(—r-+r) m=0m=0 
and rm+-(—r) m=(r—r) m=0. 


-. (—r) m is the additive inverse of rm. 
Thus every element of G possesses additive inverse. 
Hence G is a group with respect to addition. 


Example 4. Prove that the set Q, of all non-zero rational 
numbers forms a group under the operation of multiplication of 
rational numbers. (Bhagalpur 1971 ; Meerut 74) 

Solution. Closure property. We know that the product of 
two non-zero rational numbers is also a non-zero rational number, 
Therefore Q, is closed with respect to multiplication. 

Associativity. We know that multiplication of rational num- 
bers is an associative composition. 

Existence of Identity. The rational number 1 € Qo. Also 
we have la=a=al ¥ aE Qo. 

“. The rational number i is the multiplicative identity. 

Existence of Inverse. If @ € Qo, then obviously I/a € Q5p. 
Also (1/a)a=1=a(l1/a). Therefore I/a is the multiplicative 
inverse of a. 

Hence Q, is a group with respect to multiplication. 

Since ab= baa, bEQp, therefore the group is abelian. 

Note. The set Q of all rational numbers is not a group with 
respect to multiplication. The rational number 0 € Q, but Jno 
rational number a€&Q such that Oa=1. We know that 
Oa=0¥aEQ. Thus the rational number 0 does not possess multi- 
plicative inverse. 

Example 5. Is the set of all rational numbers x such that 
0< x < I, a group with respect to ordinary multiplication ? 

(Madras 1973) 

Solution. Let G={x : x is a rational number and 0 < x < 1}. 
Then G is not a group with respect to multiplication. IfaEe G 
and 0 <a< 1, thena does not possess a multiplicative inverse 
which is an element of G. 

Example 6. Show that the set of all positive rational numbers 
forms un abelian group under the composition defined by 

a"« b=(ab)/2. (Delhi 1970 ; Meerut 71) 
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Solution. Let Q.. denote the set of all positive rational num- 
bers. We define an operation * on Q, as follows : 
arh=(ab)/2 ¥ a, bE Q4. 
To show that (Q,, *) is a group. 
Closure Property. Since for every a, bEQ,, (ab)/2 is also in 
Q,, therefore Q, is closed with respect to the operation ¢, 
Associativity. Let a, b, cEQ,. Then 


(a + byece (2) + c= "| rs (5*)- a +(5*) = ar(bec) 


Commutativity. Let a, b€Q,. Then 
a + b=(ab)/2=(ba)/2=b * a, 

Existence of Identity. The number e will be the identity ele- 
ment if e€ Qs and if e«ea=a=a* eva © Qy. 

Now e * a=a=> (ea)/2=a=(a/2) (e—2)=0 

=> e=2, since aEQ,>u¥<0. 

Now 2€Q, and we have 2*a=(2a)/2=a=ar2¥uEQ,. 

f. 2 is the identity element. 

Existence of Inverse. Let a@ be any element of Q.. If the 
number B is to be the inverse of a, then we must have 

bea=e=2>(ba)/2=2>b=4/a. 

Now aE Q,>4/aE Q,. 

We have (4/a)*a= 4a/2a=2=2a%(4/a). 

Therefore 4/a 1s the inverse of a. Thus each element of Q, is 
inversible. 

Hence (Q,. *) is an abelian group. 

Important Note, In the few examples of groups we have just 
given, the elements of the underlying sets were all numbers, But 
it should not be confused that we can have groups of numbers 
only. In our definition of a group, we have not imposed any res- 
triction on the elements of the set G. The elements of G can be 
numbers, chairs, students, countries or anything. The set G will 
be a group if it is equipped with a binary composition satisfying 
certain postulates. 

Exercises 
1. (i) State the axioms which a set must obey so that it may 
form a group. (Meerut 1977, 79) 
(ii) Show that every group of order | is abelian and every 
group of order 2 is also abelian. 
2. Does the set of all odd integers form a group with respect to 
addition ? (Meerut 1979) 
Ans. No. 
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Show that the following are groups : 
(i) the set C of all complex numbers with respect to the ope- 
ration of addition of complex numbers. (Rajasthan 1974) 
(ii) the set of all rational numbers with respect to addition. 
(Bhagalpur 1971, Meerut 79) 
(iii) the set of all real numbers with respect to addition. 
(iv) the set Rg of all non-zero rea] numbers with respect to 


multiplication. 
(v) the set C, of all non-zero complex numbers with respect 
to multiplication. (Meerut 1979) 


Define the order of a group. Show that the set of all even 
integers with zero is an abelian group with respect tq addi- 
tion. 
Show that the set of natural numbers does not form a group 
with addition or multiplication but it forms a semi-group with 
respect to addition as well as multiplication. 
Is the set I of integers . 

, —3, —2, —1, 0, 1, 2, 3,--- 
a group (i) with respect to subtraction (ii) with respect to 
multiplication ? Ans. (i) No. (ii) No. 
Show that the set 4 of complex numbers z with the condi- 
tion |z| =1 forms a group with respect to the operation of 
multiplication of complex numb«rs. 
Show that the set V of all vectors (defined as directed line 
segments) forms an infinite abelian group with vector addi- 
tion as composition. 
Show that the set of vectors defined as directed line segments 
does notform a group (i) with respect to scalar (dot, product, 
(ii) with respect to vector (cross) product. 
Is the set of all even natural numbers a group 
(i) under addition (ii) under multiplication ? 
Ans. (i) No; (ii) No. 
Let Q, be the set of all positive rational numbers and «a 


binary operation on Q, defined by a + =f . Determine the 


identity eiement in Q, and determine the inverse of a. 
(Meerut 1977, 79, 82) 
Ans. Identity element is 3, and the inverse of a is 9/a. 
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12. Show that the set of all positive rationa] numbers forms an 
abelian group under the composition defined by 

a + b=(ab)/4. (Meerut 1979) 

13. Let R be the set of all real numbers and « a binary operation 

on R defined by a* b=a+b-+ab. Determine the icentity 

element in R and determine the inverse of a. (Meexut 1976) 

Ans. Identity element is 0; if a~—1, then u= a 

14, Show that the set of all rational numbers of the form 2¢ 3¢ 


(a, b integers) is a group with respect to multiplication of 
rationals. 


15, Do the positive irrationals form a group with respect to multi- 
plication? Ans, No. 

16. Prove that the set G={(cos 6+/ sin @) : 6 runs over all ratio- 
nal numbers} forms an infinite abelian group with respect to 
ordinary multiplication. 

§5. Some General Properties of Groups. 
Suppose our group consists of a non-empty set G equipped 
with a binary operation denoted multiplicatively. 
Theorem 1. Uniqueness of identity. The identity element 
in a group is unique. 
(Madras 1974, Andhra 77, Lucknow 80, Sagar 77) 


Proof. Suppose e and e’ are two identity elements of a group 
G. We have 


ee’=e if e’ is identity 
and ee’s=e’ if e is identity. 
But ee’ is a unique element of G. 
Therefoze ee’ =e and ee’=e'>e=me’, 
Hence the identity element is unique. 
Theorem 2, Uniqueness of inverse. The inverse of each ele- 
ment of a group is unique. 
(Madras 1974, Lucknow 80, Meerut 80, Andhra 77, Sagar 77) 
Proof, Let a be any element of a group G and let e be the 
identity element. Suppose b and c are two inverses of a i.e., 
ba=e=ab and ca=e=ac. 


We have 56 (ac)=be [“” ac=e] 
=b [’.. e is identity] 
Also (ba)e=ec [*" base} 


==, [*” e is identity] 
But in a group composition is associative. Therefore 
b(ac)=(bu)e. Hence b=, 
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Note. The identity element is its own inverse. Since ee=e, 
therefore e~? =e. 


Theorem 3. /f the inverse of ais a~4, then the inverse of a 
isa i.e, (am) =a. (Lucknow 1967) 


Proof. Ife is the identity element, we have 
ata=e [by definition of inverse] 
= (a73)-? [a2 al=(a™"')"' e€ [multiplying both sides on the 
left by (a~2)"? which is necessarily an element of G 
because a@ is an element of G] 
=> [((a)- a] a=(a™)")_—s[* Composition in G is associative 
and e is identity element] 
=> ea=(aq}) 2 [¥" (a4)- is inverse of a=} 
= ad=(a-3)3>(a7!)I!=a., 
Note. If we had used additive notation to denote the compo- 
sition in G, the statement of this result would have been 
—(—a)=a, 
Theorem 4. To prove that (ab)-1—b"'a? ¥ a,b © G i.e., the 
wiverse of the product of two elements of a group G is the product of 


the inverses taken in the reverse order. 
(Meerut 1975, Vikram 78, Garhwal 76, Kolhapur 73, 
Berhampur 77, Madras 77) 


Proof. Suppose a and b are elements of G. If a1 and b= are 


inverses of a and b respectively, then 

a” a=e=aa"" where e is the identity element 
and b-) pbee= bb, 
Now (ab) (6 a-)=[(ab) b-*] a~*_— [°° composition is associative] 


= [a (bb-*)| a™ [by associativity] 
=(ae) a™ [ bb? = e] 
= ga! es ae =] 
=e [. aat=¢] 
Also (b-} a~?) (ab)=b-> [a~? (ab)] [by associativity] 


e=b-! [(a-2 a) b]=b-} (eb)=b-3b=e. 
Thus we have (b=? a") (ab) =e=(ab) (b-! a=). 
©, by definition of inverse, we have (ab)-2== 6-1 a-4, 
If the group is commutative, then we shall have 
(ab)-3=a-1 5-3, since b™ a7} =" 57}, 
Note 1. In additive notation the statement of this theorem 
will be —(a-+b)=(—b)+(— 4). 
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Note 2. The rule given in this theorem is known as the rever- 
sal rule. It can be generalised by induction as follows : 
If a, b, c,..., k are in G, then 
(abe...jk)-4=k™ j-4...c73 b=) a7. 
Theorem 5. Cancellation Jaws hold good in a group. Jf a, b,c 
are any elements of G, then 
ab=ac >» b=c (Left cancellation law) 
and ba=ca=> b=c. (Right cancellation law) 
(Allahabad 1970; Berhampur 77) 
Proof, aG@G-2Jda"e€ Gsuch that a“) a=e=aa where 
e 18 the identity element. 
Now abeac » a=! (ab)=a— (ac) [multiplying both sides on 
the left by a7] 


> (a a) b=(a*a)c [by associativity] 
=> eb=ec es a“ a=e] 
> b=c [.° eis identity] 


Also ba=ca = (ba) a-!=(ca) a“ 
=> b (aa~1)=c (aa) > be=ce > b=c. 

Note. In additive notation these results can be written as 
a+b=a+c => b=c and b-+ a-=c+a > b=c. 

Theorem 6. /f a, b are any two elements of a group G, then the 
equations ax=b and ya=b have unique solutions in G. 

(Nagpur 1975; Madras 77) 

Proof. a € G » 4a” € Gsuch that a7 a=e=aa™ where 
eis the identity element. 

~. a@€GbEegraaitG, beG 

2oaIbeaG. [by closure property] 

Now substituting a™? b for x in the left hand side of the equa- 

tion ax=b, we have 
a (a7 b)=(aa™) b=eb-=b. 

Thus x=a™) } is a solution in G of the equation ax=b. 

To show that the solution is unique, let us suppose that x=, 
and x=xz, are two solutions of the equation ax=b. Then ax,;=5 
and axe=b. Therefore axy=aXs. By left cancellation law this 
gives x;=x,. Therefore the solution is unique. 

Now to prove that the equation ya=b has a unique solution in 
G. We have a&G, bEG > ba EG. 

Now (ba™}) a=b (a7! a)=be=5b. 

’. y==ba~} is a solution in G of the equation ya=b. 

Suppose y, and yz are two solutions of this equation. Then 
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yia=b and y,a=b. Therefore »,a=y,a. By right cancellation law 
this gives yx=yg. Therefore the solution is unique. 

§ 6. Definition of a group based upon Left Axioms. Let G be 
@ non-empty set equipped witha binary operation denoted by « i.e., 
aeb or more conveniently ab represents the element of G obtained by 
applying the said binary operation between the elements avand b of G 
taken in that order. Then this algebraic structure (G, *) is a group if 
the binary operation satisfies the following postulates. 

1. Closure property i.e., abeG ¥ a, bE G. 

2. Associativity i.e., (ab) c=a (bc) ¥ a, b,c € G. 

3. Existence of Left Identity. There exists an element e G G 
such that eaa=a ‘+ a€G. The element e is called the left identity. 

4, Existence of Left Inverse. Each element of G possesses left 
inverse. In other words aG&G= there exists an element a G G 
such that a~' a=e. The element a“ is the left inverse of a. 

We shall now prove that this definition of a group and the 
classical] definition of a group given in § 3 are equivalent. Obvi- 
ously if the postulates of a group given in § 3 hold good, the 
postulates of a group given in this definition wil! also hold good. 

If the postulates of a gruop given in this definition hold good, 
then the postulates given in § 3 will also hold good if starting with 
left axioms we prove that the left identity is also the right identity 
and the left inverse of an element is also the right inverse. First 
we shall prove the existence of left cancellation law and then we 
shall prove the other two results. 

Theorem 1. (Left Cancellation Law). Jf a, 6, c are in G, then 

ab=ac = b=c. 

Proof. Since a & G, therefore 3 a-? € G such that a’ a=e 
where e is the left identity. 

Now ab=ac = a™ (ab) =a= (ac) 


=» (a1 a) b=(a™ a) c [by associativity] 

=> eb=ec [°° a7 is left inverse of a] 

> b=c [°° eis left identity] 

Theorem 2, The left identity is also the right identity i.e., if e 

is the left identity, then also ae=a ¥ a € G. (Meerut 1968) 


Proof. Let a © G and e be the left identity. Since a possesses 

left inverse, therefore there exists a~! © G such that a7“3 a=e. 
We have a= (ae)=(a™? a) e [by associativity] 
=ee [. a7 a=e] 
=e {¥v eis left identity] 
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eant q. -s a la=el 
Now a7! (aze)a™ a > ae =a, by left cancellation law. 
.. eis also the right identity. 
-. © is also the identity i.e., ea=a=ae ¥ a © G. 
Theorem 3. The left inverse of an element is also its right in- 
verse 1.€., if a? is the left inverse of a, then also aa =e. 
(Kanpur 1980; Meerut 74) 
Proof. Let a G G and ¢ be the identity element. Let a™? be 
the left inverse of ai.e.. a2 a=e. To prove that aa =e. 


We have a (aa")=(a™ a) a [by associativity] 
=eg-! [- a a=e] 
==q-t [°° e is left identity] 
=a e, [°° eis alsoright identity] 

Now a (aa™*)=a™1 e ; : 

=> aa ‘=e. [by left cancellation law} 


.. @ * is also the right inverse of a. Hence a™ is the inverse 
of a, i.e., a a~emaq, 

Note 1. In order to prove that a non-empty set G equipped 
with a binary operation is a group it is sufficient to prove that the 


operation is associative, the left identity exists and the left inverse 
of each element of G exists 


Note 2. Wecan also define a group with the help of right 
axioms only. However we cannot assume the existence of left iden- 
tity and the existence of right inverse or we cannot assume the exis- 
tence of right identity and the existence of left inverse. 

Some More Examples on Groups 

Example 1. Show that the set G={a4+-b/2: a,b © Q} isa 
group with respect to addition. (Meerut 1979) 

Solution. Closure Property. Let x, y be any two elements 
of G. Then x=a+b7/2, y=e+dv/2 where a, b, c,d E Q. 

Now x+ y=(a+ bv 2)+(c+dy 2) =(a+c)+(b+4)/2. Since 
a-+c and b+-d areelements of Q, therefore (a+c)+(b+4)1/2 & G, 
Thus x+y € G ¥ x, y © G. Therefore G is closed with respect to 
addition. 

Associativity. The elements of G are all real numbers and the 
addition of real numbers is associative. 

Existence of left identity. We have 0+0,/2EG since 0©Q. 
If a+by2 is any element of G, then 

(0+ Ov 2)+ (a-+-bs/2)=(0-+4) +(0+5)4/2-=0+45y/2. 

e« 0-+04/2 is the left identity. 

Existence of left Inverse. We have 
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a+b/2 EG => (—a)+(-5)y2E CG since a,b EG Q >—a, 
—bE Q. 
Now [(—@)+(— 5) V2]+ [at+bv2] 
={(—a)+a]+ [(— 6) +5] /2=0+ 0/2=the left identity. 
”. (—a)-| (—b)V/2 is the left inverse of a+ b+/2. 
Hence G is a group with respect to addition. 
Example2. Do the folluwing sets form groups with respect to 
the binary operation « defined on them as follows : 
(i) the set lof all integers with operation defined by 
ae b=a+b4+1. (Madras 1975) 
(ii) the set Q, of all rational numbers other than 1, with the 
operation d:fined by a « b=u-+ b-ab, (Kanpur 69) 
(iii) the set Q’ of all rational numbers other than —1 with the 
operation defi ed by a « b=a+b+ab. (I. A. S. 71; Poona 73) 
Solution. 
(i) Closure Property. We have aG@I,bG@1> a+6+1 
i.e.,a «bel Therefore Lis closed with respect to the operation «. 
Associativity. Ifa, b,c € I, then 
(ae b) * c=(a+b+1) « c=(A+641)+e4 1l=atb4+ce42. 
Also a+(b«c)=a « (b+c+1)=a4+($+ec+1)4+ l=a+b+e+2. 
* (a*b)ec=ae(b,0c ¥a,b,cElL 
Existence of left identity. e €@ I will be the left identity if 
et+a=a¥ae I, 
Now e*«a=e-+a-+l. 
-. €+ta+l=a> e=—l, 
Since —1 © I and we have for any a & I 
(—1) «*a=—1+a+Il=a, 
therefore —1 is the left identity element. 
Existence of left Inverse. Ifa eI, then 0) € I will be left 
inverse of a if b sa=—1] (the left identity). 
Now b «@a=--1 > 6+a+1=—1 = b=—2~a. 
Nowa G I> —2-wel. 
nee (—2—a) a=(—2—a)4+a+1=—1. 
—2—a is the left inverse of a. 
Also aeb=a+b+1)—=b+a+1=b «a. Therefore the com- 
position is also commutative. 
Hence I is an infinite abelian group for the given composition. 
(ii) Closure Property. Let a,5GQ,. Then a and 6 are 
rational numbers such that a341, 6:<1. 


' Now a « b=a+b—ab which is also a rationa] number and it 
cannot be egual to J, 
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because a+b—ab=1 > a+b -ab—1=0 > (a—1) (1-5) =0 
=> a=1 or b=1 which is not so. 

°. a* DEQ, ¥ a, DEQ. Hence Q; is closed with respect 
to the given composition. 

Associativity. If a, 5, c&Qy, then 

(a * b) * c=(a+b—ab) «= c=(at+b - «b)+c-—(at+b--ab) ec 

=q-+-b+c—ab—ac—be+abc. 

Also a « (b * c)==a # (b+c - be) -a+(b+c—bc)-—a (b+¢- bc) 

=3q4-b+-c—ab — ac--bc+abe. 

. ax(bech=(aeb' ec ¥ a, b, cEQ. 

Existence of left Identity. Let e@Q, i.e., let e be a rational 
number and e#1. Then e will be the left identity iff YaGQ, we 
have e * a=a@e+a—ea=ae —ea#=0e(1—a)=0e=0. [Note 
that e=Q,>a1]. Now 0EQ, ;so 0 is the left identity. 

Existence of left Inverse. Let a@Qa i.e., let abe a rational 
number and a1. Now b€Q, willbe the left inverse of a iff 


b+ a=0 <4 b+a—ba=0 @ (a -l)h=a @ b= =, since al. 


; a 
Now pa is definitely a rational number. Also a= cannot be 


a sad 
equal tol. Therefore azl © Q, and so it is the left inverse 


of a. 

Also a* b=a+b—ab=b+a—-ba=6 «a. 

°. the set Q: of all rational numbers except | is an infinite 
abelian group with respect to the given composition. 

(iii) Proceed as in part (ii). Here 0 is the identity element 


and the inverse of a is fr which exists since a+1:;40 and 


a 
ae —~1. 

Example 3. Prove that the set of all mxn matrices having 
their elements as integers (rational or real or complex numbers) is 
an infinite abelian group with respect to addition of matrices. 

Solution. Let M be the set of all Xa matrices with their 


elements as real numbers. ; 
Closure Property. If 4G M, BEM, then At BEM. The 
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reason isthat A+B is alsoa matrix of the type mxn and the 
elements of the matrix 4+8B are also real numbers since the sum 
of two real numbers is also a real number, Therefore M is closed 
with respect to addition of matrices. 

Associativity. We know that addition of matrices is associa- 
tive. 

Existence of left Identity. If O be the null matrix of the type 
mxXnthen OEM. Also if AGM, we have O+A=A. 

-- The null matrix O is the left identity. 

Existence of left Inverse. If AGM, then —AGM where —A 
is the matrix whose elements are the negative of the corresponding 
elements of A. Also —A+A=O=the left identity. 

ee —A is the left inverse of A. 

Also the addition of matrices is commutative and the set M 
is an infinite set. 

. (M, +) is an infinite abelian group. 

Example 4. Show that the set of all nxn non-singular matrices 
having their elements as rational (real or complex) numbers is an 


infinite non-abelian group with respect to matrix multiplication. 
(Berhampur 1977 ; Meerut 77) 


Solution. A matrix A is said to be non-singular if | A |, i e., 
the determinant of the matrix A is not equal to zero. 

Let M be the set of all 1x7 non-singular matrices with their 
elements as rational numbers. 

Closure Property. We have AG M=-A is of the type nXn, the 
elements of A are all rational numbers and { 4 (0. Similarly let 
BEM. Now AB will be a matrix of the type axa, the elements of 
AB will all be rational numbers. Also| AB|=) 4| | B{. Since 
| A |40 and | B [50, therefore | AB (40. Thus ABE M. Therefore 
M is closed with respect to multiplication of matrices. 

Associativity. Multiplication of matrices is associative. 

Existence of left Identity. If / be the unit matrix of the type 
nXn, then the elements of J are all rational numbers, Also | /|=1 
i.e., £0. Therefore JEM. If AEM, we have IA=A, Therefore / 
is the left identity. 


Existence of left Inverse. We know that every non-singular 
matrix is inversible. Therefore if AG M, there exists a non-singular 
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matrix Atm {Adj. A) with elements as rational numbers such 


that 4-! A=J=the left identity. 


We know that multiplication of matrices is not in general 
commutative. 


.. Mis an infinite non-abelian group with respect to multi- 
plication of matrices. 


Note. If M is the set of all mX” non-singular matrices with 
their elements as integers, then M is nota group with respect to 
matrix multiplication. The reason is that all such matrices are not 


inversible. For example the non-singular matrix t 4 is not 
inversible. 


—} AE | ; ‘= oe 
We have [ a 3/13 2I=Ilo y | =the identity element. 


Since the elements of the matrix “4 a are not all inte- 


4 
gers, therefore this matrix does not belong to the set M. 
Example 5. Show that the set of matrices 
[ COS & —sin 7 
Aag= ° 
| sin o COS « 
where « is a real number, forms a group under matrix multiplication. 
(Kanpur 1969 ; Allahabad 66) 
Solution. Let G denote the set of matrices 


COs « -— Sin @ 
Aa=| Sin : ae a where cE R. 


Here R ts the set of real numbers. 
To prove that G is a group with respect to matrix multiplica- 
tion. 
Closure Property. Let Ax, Ag be any two elements of G while 
a, BER. We have 
Ac A =| tie a — sin a bee B —sin A 
#0 Lsin « cos «}| sin B cos B 
cos («+-8) —sin pad 
sin («+ B) _ cos (a +8) = Aa+pEG, since a+ BER. 
Associativity. Matrix multiplication is associative. 
Existence of left Identity. Since OER, therefore 
cos 0 —sin 0 
ber of G, t 
be 0 pee o| EG. If Ag be any member o hen 
AeAa=Ao+e "S AagAp= Aaya) 


= Aa. 


Ayp= 
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ee Apis the left identity. 

Existence of left inverse. Let 42@G. Then 4:-e€G because 
eGR > —cER. Now 

Ama) Ag=A(..0)44 Me: AqAs= Aa+e] 

=A)=the left identity. 

e» Ang is the Jeft inverse of Az. 

Thus each element of G possesses left inverse. Hence G is a 
group under matrix multiplication. 

Example 6. Let S be any ncn-empty set and let A(S) be the 
set of all one-to-one mappings of the set S onto itself. Then show 
that A(S)is a group with respect to composite of mappings as the 
composition. (Banaras 1962) 

Is it an abelian group ? 

Solution. Let f, g be any two elements of A (S). ‘Then yf and 
g are both one-to-one mappings of S onto itself. By the definition 
of composite of two functions f and g denoted by fg, fg is a mapp- 
ing from § to S given by 

(fg) (x)=f [g (x)] ¥ xES. 

Closure Property. We know that if /; g are two one-to-one 
mappings of S onto itself, then the composite mapping fg is also a 
One-to-one mapping of S onto itself. Consequently fg & 4 (S), 


¥ f, EA (S). Therefore A(S) is closed with respect to composite 
composition. 


Associativity. Let f, g, 2 be any three elements of A({S). Then 
( fg) hk and f (gh) are both mappings from S to S. For every xE5S, 
we have — 


(C48) A} (x)=( fe) fh (x =f [8 (A(x) =S Ugh) (XY) = LF (ghd) (x). 

*. (fg) h=f (gh), by def. of equality of two mappings. 

Existence of left Identity. Let e be the identity function on S, 
i.e., e(x)=x 4 x E §. Then the mapping e is obviously one-one 
onto. Therefore e&@A (S). If fis any elemeat of A(S), then 
¥ xES, we have 

(ef) (x)=e [fF (x) 
== f(x), Since e is identity mapping on S. 

Therefore ef=f. Thus e@ A (S) is the left identity. 

Existence of left Inverse. Let f GA (S). Then f is a one-to-one 
mapping of S onto itself. Let y be any element of S. Siiice- 
fis onto S, therefore yES > 2 xES such that f(x)=y. Also x 
determined in this way is a unique element of S because /f 1s 


one-one, 
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Now let us define a mapping f=? : SS such that 
Sf ()=x if and only if f(x)=y. 

Then f~ is also a one-to-one mapping of S onto itself. 
Therefore f=? € A (S). Let us compute ff which is a mapping 
from S to S. Given x € S, let y=f (x). Then by definition of f™, 
we have f~? (y)=x. 

* OFS) =f [f @l=f (y) =x. 

Thus f-!f is the identity mappirg of S i.e., f-1 f=e. There- 
fore f~! is the left inverse of f. 

Hence A(S) is a group with respect to composite composition. 

If the set S has only one element, then the set A (S) has only 
one element, and every group of order | is abelian. If the set S has 
two elements, then the set A(S) has also two elements and every 
group of order 2 is abelian. But if the set S has more than two 
elements, then we shall show that the group A (S) is non-abelian. 
Let x3, Xs, Xs be three distinct elements in S. Define the mapping 
f 2 S->S by f (xa) = x8, f (Xa) = x8, f (x)= f (Y=y for any yeS 
different from x1, Xs, xs. Also define the mapping g : 5->S by 

& (xa)=xa, g (Xs)= x, andg y =y 
for any y © S different from Xs, xs. Obviously both f and g are 
One-to-one mappings of S onto itself. Thus both fand g are in 
A(S). We have 
(gf) (x%:)=8 [f (x) ] =8 (x2) = 20. 

Also (fg) (x1) =f [g Ga) =f (x) =x2. 

Thus (gf) (x1) (/2) (x1). Therefore ef fg. 

Hence in this case A (S) is a non-abelian group. 

Example 7, Determine as to whether the following sets to- 
gether with the indicated composition constitute groups : 

(i) Tne set S of all ordered pairs (a, 6) of real numbers for 
which a=<0 with respect to the operation x defined by 

(a, b)x(c, d)=(ac, bc+d). 
(1.A.S. 1969 ; Madras 74; Kerala 70) 

(ii) The set P(X) of all subsets of a non-empty set X, under 
the composition « defined by the relation 

Ae B=AUBV AG X,BE X. (Rajasthan 1966) 

Solution. (i). 

Closure Property. Let (a, 5) and (c, d) be any two members 
of S. Then a40 and c40. Therefore ac340. Consequently 
(a, b) x(c, d)=(ac, bc+d) is also a member of S. Hence S is 
closed with respect to the given composition. 


66 Modern Algebra 


Assoviativity. Let (a, 4), (c, d) and (e, f) be any three mem- 
bers of S. Then 
(2, 5) x (c, d)] x (e, f)=(ac, bc+-d) x (e, f) 
=([ac] e, [bc+-d] e+/f) 
=(ace, bee+de+/). 
Also (a, 5)X[(c, d)x(e, f)]=(a, b)x(ce, de+f) 
=(a [ce], b [ce] ++de+/) 
- =(ace, bce-+de-+-/). 
Hence the given composition X is associative. 
Existence of Left Identity. Suppose (x, y) is an element of S 
such that (x, y) x(a, b)=(a, b) ¥ (a, 6) & S. 
Then (xa, ya+b)=(a, 5). 
Hence xa=a and ya+ b=). 
These give x=] and y=0. [Note that 2340] 
Therefore (1, 0) is the left identity. 
Existence of Left inverse. Let (a, 5) be any member of S. Let 
(x, y) be a member of S such that (x, y) x (a, b)=(1, 0). 
Then (xa, ya+b)=(1, 0). Hence xa=1, ya+b=0, 
These give x=1/a, y=—b/a. 
Since a0, therefore x and y are real numbers. 


Also x= 240, Thus ( ., —3] is the Jeft inverse of (a, 5). 


Hence S is a group. 
Note. In the above group, we have 
(a, b)x(c, d)=(ac, be+-d) 
and (c, d)x (a, b)=(ca, da+6). 

Thus, in general, (a, b)x(c, d)34(c, d) x (a, 5) i.e., the compo- 
sition is not commutative and hence the group is not abelian. 

(ii) Closure property. Let A and B be any two members af 
P(X). ThenA C ¥,BC X. We have 4*B=A U B whieh is 
also a subset of X. Thus A * B is also a member of P(X). There- 
fore P (X) is closed with respect to the given operation. 

Associativity. We know that the union of sets is an associa- 
tive operation. | 

Existence of Left identity. The empty set @ is a subset of X. 
Therefore @ is a member of P(X). If A is any member of P(X), 
we have.@ « A= @ U A=A. Therefore @ is the left identity. 
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Existence of left inverse. Let A be any non-empty member of 
P(X) i.e., let AG X and AXQZ. Now for every member S of 
P(X), we have S* A=S U AX#@. Therefore no member S of 
P(X) can be the left inverse of A. Hence P(X) is nota group 
under the composition of union. 

Example8. Let G be a set of elements on which an algebraic 
operation x is defined such that axb & G for all a, b G&G. Prove 


that G is an abelian group for this operation if the following postu- 
lates are satisfied : 
(i) (@xb)xXc=ax(cxb) for alla,b,cEG; 
(ii) There exists a left identity e & G such that exa=a for 
alla G G; and 
(ii) Corresponding to every element a €& G, theré exists a 
left inverse a~! & G such that a“*xa=e. (Kerala 1970) 
Solution. Let a,b be any two elements of G. By given 
postulate (ii) left identity e is an element of G. Applying given 
postulate (1) for the elements e, a and b of G, we have 
(ex a) xX b=exX (hb Xa) 
> axb=bxa [‘’ eis the left identity means ex a=a 
and exX(bxa)=b xa] 
Thus we have aX bb xa for all a, b @ G. Hence the opera- 
tion X is commutative. 
Now let a, b,c G G. Then by (i), we have 
(ax b)Xc=ax(cxb) 
ao X(bxXc). [°* bxc==cxXb as just proved] 
Hence the operation x is associative. Thus G is an abelian 
group for the operation x. 
Example 9. Prove that in a matrix group under multiplication, 
either all the matrices are non-singular or all are singular. 
Show that the set of all matrices of the form & of where 
x isanon-zero real number, is a group of singular matrices for 


multiplication. Find the identity and inverse of an element. 
(Madras 1962) 


Solution. Let M be a matrix group under multiplication. 

Let & be the identity element. Then 
AE=A ¥ AG M. -s(1) 
If £ is a singular matrix, then the equation (1) is not satisfied 
by an element 4 & M if A isa non-singular matrix. The reason is 
that if A is non-singular and £ is singular, then AE is singular and 
so it cannot be equal to a non-singular matrix A. Therefore if £ 
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isa singular matrix, then every matrix A @ M must also be 
singular. 

Now suppose EF is a non-singular matrix. Let A © M end let 
A be singular. Then there exists no matrix BEM such that AB=E. 
{Note that £ is non-Singular while AB is singular]. Thus A does 
not possess inverse. This contradicts the hypothesis that Mf is a 
group. Therefore if Z is a non-singular matrix, then every matrix 
AGM must also be non-singular. Hencé M cannot be a group 
if it contains both singular as well as non-singular matrices. 


Second Part. Let M -{[ . > XiS anon-zero real number}. 


We have | ae |=0 So [? *| is a singular matrix. 
x x x x 
Now we shall show that M is a group under multiplication. 


_f[x x] p_[y y 
Closure Property. Let 4=|* *. a=|? | be any two 


elements of M. Then x, y are non-zero real numbers. We have 
AB= 2xy 2xy]. 
2xy 2xy 


Since 2xy is also a non-zero real number, therefore 48 G M. 
Associativity. Matrix multiplication is associative. 


Existence of left identity. Let E= é | © M be such that 


EA=AN AGM. Let A=|? A <= M. Then 


FAjAsl? @lf* *l=|% 7 
= e eyix x! Ix x 
i on l=L3 a 
a 2ex ex} Lx x 
=> 2ex==x 
=> e=}, since x0. 
Thus £= k 4 © M and is such that EFA=A ¥ AEG M. 
Therefore E is the left identity. 
Existence of left inverse. Let A= ks | be an arbitrary ele- 


ment of M. Suppose B=|” : © M is such that BA=E. 
Then we have 


my dolls ah 
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This gives 2xy=$ or y1/4x. Thus R { 1/4x ih 
is such that BA=£. Therefore B is the left inverse of A. 

Hence M is a group. 

walt ¢ b *l -lia fat 

adentity li ee 14x 1/4x 

Example 10. Jf é={{ 0] : ais any non-zero real munberh, 
show that G is a commutative group under matrix multiplication. 

(Madras 1983) 


a 0 b 0 
Solntion. Let 4=|9 oP B=| 4 4 be any two elements 


of G. Then a, 5 are non-zero real numbers. We have 


ab Q ba 0 
AB=|9 | Also BA= 7 o} 


Since ab is also a non-zero real number, therefore AB © G. 
Thus G is closed for matrix multiplication. Also AB=BA because 
ab=ba. Therefore multiplication on G is commutative. Also we 
know that matrix multiplication is associative. 


Existence of left identity. Let E=| 4 nd Then EGG and 
we have 


1 O|fe@ O|_ fa OO] __ 
EA=| j 4 k l=(0 4 ¥AEG. 
Therefore E is the left identity. 


Existence of left inverse. Let 4=|6 4 be an arbitrary ele- 
ment of G, Then ais a non-zero real number and so 1/a is also 


a non-zero real number. Therefore Bal 4! is also an ele- 
ment of G. We have 


l/fa O|fa O7_f1 0 
BA =| 4 4 a ol=Lo He 
-. 8 is the left inverse of A. 


Hence G js a commutative group for matrix multiplication. 
§ 7. Composition table for finite sets. 


A binary composition in a finite set can be shown in a tabular 
form known as Composition table. 
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Suppose 5S = {aj, da, da, ...,dn} is a finite set having n elements. 
Suppose there is a composition in S denoted multiplicatively. We 
write the elements of the set S in a horizontal row as well as in a 
vertical column. The element a;a; associated to the ordered pair 
(a:, a;) is placed at the intersection of the row headed by a, and 
the column headed by ay). 

An Important Remark. The composition table for a finite 
group contains each element exactly once in each of its rows and 
columns. For example, let aay and ajax be any two elements of 
the ith row. Then a,a;=a,a; > aj=a, (by left cancellation law). 
But this is a contradiction since aj, a, are different. Hence the 
result. 

Some Examples On Finite Groups 
Example 1. Show that the four fourth roots of unity namely 
1, —1, i, —i 
form a group with respect to multiplication. (Meerut 1976) 

Solution, Let G={1, —1, i, —i}. To show that multiplication 

is a composition in G, we form the composition table. 
multiplication; 1 —1 i —i 


1 1 —-1 i —i 
—l —1 1 -i i 
i i -i -1 1 
—i —i i 1 —1 


Now we make the following conclusions : 

1. Clesure property. Since all the entries in the composition 
table are elements of the set G, G is closed with respect to multi- 
plication. Therefore multiplication is a binary operation on G. 

2. Associativity. The elements of G are ail complex numbers 
and the multiplication of complex numbers is associative. 

3. Existence of left identity. From the composition table we 
see that the row headed by the element | just coincides with the 
top row of the composition table. Thus we have 

1 (=I, 1(—-)=—1, 1 (/)=4, 1 (—)=—i. 

In other words we have 1EG and lamayacG., 

.. 1 is the left identity. 
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4, Existence of left inverse. We know that the identity ele- 
ment is its own inverse. Therefore the left inverse of 1 is 1. From 
the composition table we see that in the column headed by —1, 
the left identity 1 occurs in the row headed by —1! i.e., (—1)(—1) 
=1, Therefore —1 isthe left inverse of —1. Also we see that in the 
column headed by i the left identity 1 occurs in the row headed by 
—i. Thus (—i) i=1. Therefore —i is the left inverse of i. Finally 
in the column headed by —i the left identity 1 occurs in the row 
headed by i. Thus i (—i)=1. Therefore i is the left inverse of —i. 
Thus each element of G possesses left inverse. 


Hence G jis a group with respect to multiplication. The 
number of elements in the set G is 4. Also the multiplication of 
complex numbers 1s Commutative. Therefore G is an abeliau group 
of order 4 with respect to multiplication. 


Note. To see that the composition is commvtative we observe 
from the composition table that the entries in the first, second, 
third and fourth rows of the table just coincide with the corres- 
ponding entries in the first, second, third and fourth columns. 
Therefore we have ab=ba ¥ a, bEG and the composition 1s com- 
mutative. 


Example 2. Show tht the set G=fl, w, w’}, where wis an 

imaginary cube root of unity is a group with respect to multiplication. 

(Agra 1971; Madurai 78; Meerut 84; Kumayun 77; Rohilkband 80) 
Solution. We form the composition table : 


Note that 
Multiplication | 1 o ww wwut=wi=!1 and 
i. 


ees wee ee = = + eee 


waa? ox oy* = w®wy 


1 ] w as* =lw 
=u 

w w w* l 

w* w* 1 w 


1. Since all the entries in the composition table are elements 
of the set G, therefore G is closed with respect to multiplication. 


2. The elements of G are all complex numbers and we know 
that multiplication of complex numbers is associative. 
3. From the composition table we see that 
1(D)=1, 1 @)=w=w (1), 1 (w*)=0*=o% (1), 
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Therefore 1 is the identity element. 

4, The inverses of 1, w, w* are 1, w*, w respectively. 

5. The multiplication of complex numbers is commutative. 
The number of elements in the set G is 3. 

Hence G is a finite abelian group of order 3. 


Example 3. Show that the set of six transformations fi, fa; Sa; 
fa, fe, fe on the set of complex numbers defined by 


fle)=2, Hem fily=1—2, f=, 7, 
zs 


f=; 5 fez) =— 


forms a finite seine group - order six with respeet to the 
composition known as composite of two functions or product of two 
functions. (Sambalpur 1977) 


Solution. Let G={ ha, Sas ts, ta fs, Sos. 


Suppose we denote multiplicatively the composition known as 
the composite or product of two functions. Iff: A+B and 
g:B->C then by definition (gf): A—-C such that (gf) (x)= 
g[f(x)] +xEA. The function gf is called the composite of the 
functions g and f. We prepare the composition table as follows: 


Since the function f, is the identity function, therefore 
hh=Ahh=h=hhhh=h=hh: 
hfi=h= leila ea cil Si. 


Now (2 f2) (z)=fol f2(z)] =/2 (2)=-_ Cl (/z)~ z=f,(z). 


* Lh=h [vw iff: A+B and g: AB, then fe-g 
iff f(x)}—=g (x) ¥xE A] 


(fe fa) (2=fe [falz)] =Aa(1 —2)—7+ =/s(z). Therefore fo fa=fs. 
(fe fe) DA (M2)=fe (25 j=! - ==fe(z). Therefore fy fa=fe. 


(Fe fd) mf lf =fe (=; )=1-z=fa (2). Therefore fe fom fa 


Similarly calculating the other products we get the composi- 
tion table as given below: 
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Composition of 
two functions} fi fe fs fa fa fe 


fs fi fa fe fa fe fe 
iif; fh fs fe fr fa 
ABAifs ff hh Sf fe fy 
A | ft fs fe Lh fe fe 
ff ff fit fh fs Sh St 
fpif fP Kh hh Nt 


We make the following observations : 

1. Al) the entries inthe composition table are elements of the 
set G, therefore G is closed with respect to the given composition. 

We know that the composite of functions is an associative 
composition i.e., if f: A+B, g: BoC, h: C>D, 
then h(ef )=(hg) f. 

3. The identity function fy is the identity element. 

4. Each function possesses inverse. Thus 

Ah2A=—fi, frrt—fe, frr—fa, fo —fa fo'=fe, fo t=fe. 

5. The composition is not commutative since 

Srfaafsandfefa=fe. Thus fa fax fa hi. 

The set G contains 6 elements. 

Hence G is a finite non-abelian group of order six with respect 
to the composite composition. 

Note. Here we see in the composition table that the entries 
in the second row do not coincide with the corresponding entries 
in the second column. Thusf> fe+/sfz. Therefore the composition 
is not commutative. 

Example 4. Prove that the set of all n nth roots of unity forms 
a finite abelian group of order n with respect to multiplication. 

(Banaras 1969; Meerut 81; Allahabad 76) 

Solution. We have (1)/*=(140i)/"=(cos 0+7 sin 0)¥" 

=(cos 2rx+i sin 2rn)*/", where r is any integer 


= COS 2 i sin us [by De Moivre’s theorem] 


= els2ra)/a 
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Putting r=O, 1, 2,....... 2—1 we get the 7 nth roots of unity. 
’. If G is the set of the mn nth roots of unity, then 
G={1, e%*4, etrtin, brits |, elXa-1)wil/a}, 
or G={1, w, w*, w*,..., w*"1}, where w=e*rt/", 

Closure property. Leta,’ GG. Then both a and J are nth 
roots of unity. Therefore a*==1 and 5*=1. 

Now (ab)*=a*b*¥=1xXl=1. 

.. ab is also an nth root of unity and so abGG. 

Thus a, b&EG = ab&G. Therefore G isclosed with respect 
to multiplication. 

Associativity. The elements of G are all complex numbers and 
the multiplication of complex numbers is associative. 

Existence of left identity. We have 1@G and 1 a=ayvaeG. 

Therefore 1 is the left identity. 

Existence of left inverse. The left inverse of 1 is 1. 

If w, 1 < r < n—1, is any other element of G, then w"~* is 
also an element of G. We have 

a" wf =w=1 [°° qm is an ath root of unity] 

ee ar is the left inverse of w'. 

Further the multiplication of complex numbers is commutative. 

3. the set of n nth roots of unity isa finite abelian group of 
order n with respect to the operation of multiplication. 

Example 5. Quaternion Group. Let T={+1, +i, +j, +k}. 
Define a multiplicative binary operation on T by setting 
P= pP=k*=—1 and ij=—jiek, jk=—kj=i, and ki=—ik=j. It 
can be easily shown that for this binary operation JT is a non- 
abelian group. TJ is called a Quaternion Group and its order is 8. 
It can be easily verified that the set G consisting of the following 
eight matrices 


1 0 i 0 0 i 01 
+| 9 1 , +{ 9 | +[ 4 ee 0 | 


forms a quaternion group under the operation of matrix multipli- 
cation. 
Exercises 
1. Show that the set G={1, —1} is a finite abelian group of 
order 2 under multiplication as composition. 


2. (i) Distinguish between an abelian and a non-abelian group. 


Give an example of each. (I. A. S. 1970; Kumayon 78) 
(ii) In group theory, prove that the left axioms imply the right 
axioms. (Sambalpur 1977) 


3. Show that the set 
G={..., 3-4, 3-9, 3-3, 3-4, 1, 3, 38, 3%, 34,...} 


forms an infinite abelian group with respect to multiplication. 
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4. Show that the set of all positive rational numbers (real 
numbers) forms an abelian group with respect to multiplication of 
numbers. (Meerut 1972) 

5. Show that the set I of all integers is an abelian group 
with operation * defined by ae#b=a+5+2. 

6. Prove that the set of rational numbers of the form 
e (m, m integers) is a group under addition. 

7. Show that the set G of all square matrices [azs]nx0 Such that 


det [a,;J=+1 is a group under matrix multiplication. Show also 
that those matrices in G for which det [a;]=1 form a group. 


8. Show that the set of all matrices lo rl a and 6 being 


non-zero reals, is a group under matrix multiplication. 


9. Show that the set of all matrices y a. aand 6 real, 
iS a group under matrix multiplication, c being a positive constant. 
10. Show that the set of all matrices [_s 7 where a and 5 


are real numbers not both equal to zero, is a group under matrix 
multiplication. (Madras 1962) 


11. Show that the set of matrices 
COs @ sin @ 0 
4a=| —Si a COS & | 
0 0 0 
where @ is a real number, forms a group under matrix multiplica- 
tion. (1.4.8. 1975) 
12. Show that the set of four transformations fi, /2, fe, /, on 
the set of complex numbers defined by 
filz)=z, f(z) =—z, falz)=1/z, fa(z) = —1/z, 
forms a finite abelian group with respect to the composite com- 
position. (Banaras 1963) 


13. Show that the set of complex numbers z with | z |=1 is 
not a group under the operation + denoted by 
2, * 2==| 2, |.Z2- 
14. Show that the four matrices 
} | —1 0 } | 'e 4 
oabtoe able -thL oo - 


form a multiplicative group. (Rajasthan 1975) 
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15. If z denotes any complex number, then show that the set 
of all bilinear transformations 


az-+b 


ae = deEC 
f (2) cz-+-d’ ad bc40, a, b, Cc, 
is an infinite non-abelian group. ; 
16. Prove that the set of all transformations f= E> 7 with 


ad—bc=1 is a group (a, b, c and d are complex numbers). 

17. If Gis a group and aGG is such that aa=a, prove that 
ame, 

18. If every element of a group is its own inverse, show that 
the group must be abelian. 

19. Show that the composition table for a finite group con- 
tains each group element once and only once in each of its rows 
and columns. 

20. Forming the composition table for the multiplicative 
group {e, a, b} of order 3, show that every group of order 3 must 
be abelian. 

21. Let Gbe a non-empty set closed under an associative 
product, which in addition satisfies : 

(i) Existence of right identity i.e., there exists an element 
e&G such that aema ¥ aGG., 

(ii) Existence of right inverse i.e., a@G=>there exists an ele- 
ment a~? & G such that aa =e, 

Prove that G must be a group under this product. 

(Nagarjuna 1979) 

[Hint. First prove that with the given postulates the right 
cancellation law must hold. Then show that the right identity is 
also the left identity and the right inveree of an element is also its 
left inverse. ] 

22. Let M be the set of all 2X 2 matrices of the form : |, 
where x, yER with x+y+0. Show that M is a semi-group under 
matrix multiplication. Further show that ™ has a left identity and 
each element of M has a right inverse. Is Mf a group ? (Ans. No.) 

23. Let Ry be the set of all real numbers except zero. Define 
a binary operation + on Ro by a * b=| a | b where | a | denotes the 
absolute value of a. Show that 

(i) * is associative on Rg. 

(ii) There exists a left identity for +, and aright inverse for 
each element in Ro. 

Is (Ry, *) a group ?> (Ans, No.) 

(Hint. Note that I and —1 are both left identities.] 
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§ 8. Addition Medulo m. We shall now define a new type of 
addition known as ‘‘addition moduio m’’ and written as a+mD 
where a and Bb are any integers and m is a fixed positive integer. 

By definition, we have 

at+e,b=r,0Qr<aim 
where r is the least non-negative remainder when a-+b (i.e., the 
ordinary sum of a and 5) is divided by m. 


For example 154-5 7=2, since 15-+-7=22==4(5)+2 i.e., 2 is the 
least non-negative remainder when 15+-7 is divided by 5. Similar- 
ly Sto 3==2; Sty 2=0; 9+32 3=0; 4+3 2=0; 3-+8 1=1. Also 
—23+ 3 3=—1, since -—23+3=—20=(—3) 7-+1. 

Thus to find a+b, we add a and db in the ordinary way and 
then from the sum, we remove integral multiples of m in such a 
way that the remainder r is either 0 or a positive integer less than m. 

When a and J are two integers such that a—-b is divisible by a 
fixed positive integer sm, then we write 

a= b (mod m) 
which is read as ‘“‘a is congruent to 5 modulo m’’. 

Thus a=) (mod ™) iff a—b is divisible by m. For example 
9=4 (mod 5) since 9—4 is divisible by 5. 13=3 (mod 5); 
525 (mod 5); 93 (mod 6); 16=4 (mod 6); —20=4 (mod 6). 

It can be easily seen that if a=b (mod m), then a+-mc=b+nc. 

For a=b (mod m) => a—6 is divisible by m 

=> a—bekm for some integer k 
=> a=b+km. 

Now a+_-,c= (0+ km)-+ me 
==least non-negative remainder when (b-+-km)-+c is divided by m 
=least non-negative remainder when b-+-c is divided by m 
=b-+-»C. 

For example 5=1 (mod 4) and we have 5-+42=1-++-42=3. 

Al.o itis obvious that a+-mb=a-+-b (mod m). 

For example 9+,5=2 and 9+5=14, Now 14=2 (mod 4). 

Finally a+-mb=b+ ma. 

§ 9. Multiplication modulo p. We shall now define a new 
type of multiplication known as “multiplication modulo p” and 
written as aX pb where a and b are any integers and p is a fixed 
positive integer. By definition, we have 
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aX pb=r,0 r<p, 
where r is the least non-negative remainder when ab (i.e., the ordi- 
nary product of a and 5) is divided by p. For example 8xs3=4 
since 8X 3=24==4 (5)+4. 

Also 4x7 2=1 since 4X 2=8=1 (7)+1. 

It can be easily seen that if a=b (mod p), then aX pe=b X jC. 

Also it is obvious that ax ,b=ab (mod p). For example 
SXs4=2 and 5x4=20. Now we see that 2=20 (mod 3) since 
2—20 is divisible by 3. 

Theorem 1. Additive group ef integers modulo m. The set 
G={O, 1, 2,..., ar—1} of first m non-negative integers is a group, the 
composition being addition reduced modulo m. 

Proof. We have by definition of addition modulo m, 
Q+mabd=r 
where r is the least non-negative remainder when the ordinary sum 
a+b is divided by m. Obviously 0 < r < (m—1). Therefore for 
alla, b G& G, we have a-+a0 © Gand thusG 1s closed with res- 
pect to the composition addition modulo m. 

Associativity. Let a, h, ¢ be any arbitrary elements of G. Then 
a-+m (b-+-mc) = G-+a(b-+¢) [\S b+mc=b+c (mod m)] 
= least non-negative remainder when a+(b+c) is divided by m 
=least non-negative remainder when (a+6)-+c is divided by m, 

since a--(b-+c)=(a+6)+c 
== (a-+5)-+- mc [by def. of = a] 
==(a+mb)+ ne [. a+bssa+,b (mod m)] 

. ‘+m’ is an associative composition. 

Existence of Identity Element. We have0 © G. Also ifa 
is any element of G, then 0+ ,@=-a=—a+,,0. Therefore 0 is the 
identity element. 

Existence Of inverse. The inverse of 0 is 0 itself. If re@G and 
r30, then m—r&G. Also (n—r)+ar=0—r+,,(m—r). Therefore 
m—r is the inverse of r. 

Also, the composition ‘+,,” is commutative, since 
a+,b=Jeast non-negative remainder when a+ is divided by m 

ee non-negative remainder when b-+a is divided by m 
== D-+ mf. 

The set G contains m elements. 

ve (G, +m) is a finite abelian group of order m, 

Note. If we exclude zero from the above set, it will not form 
a group. 
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Theorem 2. Multiplicative group of integers modulo p where p 
is prime. The set G of (p—1) integers 1, 2, 3,....p—1, p being 
prime, is a finite abelian group of order p—\, the composition being 
multiplication modulo p. 

Proof. Let G={1, 2, 3,...,. p—1} where p is prime. 

[A non-zero integer p is called a prime integer if it is neither 
] nor —1 and if its only divisors are 1, —1,p, —p. The first 10 
positive primes are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29]. 

Let a and b be any elements of G. Then 1 < a <p—l,1< 5 
<p—1. Now by definition, a@x,b=r where r is the least non- 
negative remainder when the ordinary product ab is divided by p. 
Since p is prime, therefore ab is not exactly divisible by p. There- 
fore rcannct be zero and we shall have! <r<p—1. Thus 
ax ,bEG ¥ a, b&G. Hence the closure axiom is satisfied. 

Associativity. Let a, b, c be any arbitrary elements of G. 

Then aX, (5X pc)=aX p (bc) (‘2 bx ,cmbe (mod p)] 

==least non-negative remainder when a (bc) is divided by p 

= least non-negative remainder when (ab) c is divided by p 

= (ab) X pc 

= (aX pb) X gC i =a ,b (mod p)] 

“. Xp is an associctive composition. 

Existence of left identity. We have }G@G. Also if a is any 
element of G, then 1x, a=a. Therefose 1 is the left identity. 

Existence of Feft inverse. Let s be any member of G. Then 
l<s<p—1i. Consider the followmg p—! products : 

IX p 5, 2Xy 8, 3X _y 8, 0, (p—1)X,s. 

All these areelements of G. Also no two of these can be equal 
as shown below : 

Let i and j be two unequal integers such that 

I<igp—l, lg jep—l and i>j. 

Then iXpS=jXp5 

=» is and js leave the same least non-negative remainder when 

divided by p 

=> is—js is divisible by p > (i—j) s is divisible by p. 

Since 1 < (i—j) <p—1; 1 <s<p—1 and p is prime therefore 
(i—j) # cannot be divisible by p. 

ee EXg SHFjXpS. 
Thus 1X» 5,2, 5,...,(p—1)X,s are p—I distinct elements 
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of the set G. Therefore one of these elements must be equal to 1. 

Let s’X,s=1. Then s’ is the left inverse of s. 

Finally the composition ‘ x,” is commutative, since 

aX, b=least non-negative remainder when ab is divided by p 

= least non-negative remainder when ba is divided by p 
= bX pa. 

-» (G, X>,) is a finite abelian group of order p—1. 

Note 1. Suppose in the set G, p is not prime but p is compo- 
site. Then 3 two integers a and b such that] <a < p-l, 
1<b<p—land ab=p, Thereforeax,b=0 and 0¢ G. There- 
fore G will not be closed with respect to the composition multipli- 
cation modulo p. Then (G, x ,) will not be a group. 

Note2. If we include 0 in the set G, then also for this com- 
position G will not be a group. The reason is that the inverse of 0 
will not exist. 

Example 1. Prove that the set G={0, 1, 2, 3, 4, 5} is a finite 
abelian group of order 6 with respect to addition modulo 6. 

Solution. Let us form the composition table. 


+s] 0 1 2 3 4 5 


0; 0 1 2 3 4 #5 
1] 1 2 3 4 5 O 
21 2 3 4 5 0 1 
3} 3 4 5 60 60 1 2 
4:4 3 0 1 2 3 


>| 5 O 1 2 3 64 


We see that all the entries in the composition table are ele- 
ments of the set G, Therefore G is closed with respect to addition 


modulo 6 7.e.,+¢. 
The composition ‘+4’ is associative. If a,b, care any three 


elements of G, then 
ate (6+6 chat, (b+c) [°° b+ c=b+c (mod 6)j 
= least non-negative remainder when a+(b+c) is divided by 6 
==least non-negative remainder when (a-+ 6)-+-c is divided by 6 
a (a-+b) +6 c=(A+e b)+ec. [°° a+ba+6 b (mod 6)] 
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Existence of Identity. We have0 € G. If ais any element 

of G, then from the composition table we see that 
0+. a=a—a+, 0. 

Therefore 0 is the identity element. 

Existence of Inverse. From the table we see that the inverses 
of 0, 1, 2,3, 4,5 are 0, 5, 4,3, 2,1 respectively. For example 
4+.2=—0=2+.6 4 implies 4 is the inverse of 2. 

The composition is commutative as the corresponding rows 


and columns in the composition table are identical. The number 
of elements in the set G is 6. 


“. (G, +.) is a finite abelian group of order 6. 
Example 2. Prove that the set G={\, 2, 3, 4, 5, 6} is a finite 
abelian group of order 6 with respect to multiplication modulo 7. 


Solution. Let us form the composition table : 


Xv} i > 3 4 5 6 
: I 2 3 4 5 6 
2! 2 4 6 | 3 5 
3; 3 6 2 5 1 4 
4; 4 ] 5 2 6 3 
5{| 5 J 6 4 2 
6| 6 5 4 3 2 I 


We see that all the entries in the composition table are 
elements of the set G. Therefore G is closed with respect to 
multiplication modulo 7 i.e, X-. 

The composition ‘ X,’ is associative. If a,b,c are any three 
tlements of G, then 
@X1(b X17 c)=aXz (bc) [v 5X27 c=bc (mod 7)] 
= least non-negative remainder when a (bc) is divided by 7 
== least non-negative remainder when (ab) c is divided by 7 
=(ab)X 7 c=(ax7 b)X2¢ [‘° @X- baab (mod 7)] 

Existence of Identity. We have 1 & G. If a is any element of 
G, then from the composition table we see that 1X7 a=a=ax~, 1. 

-- I is the identity element. 
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Existence of Inverse. From the table we see that the inverses 
of 1, 2, 3, 4, 5, 6, are 1, 4, 5, 2, 3,6 respectively. For example 
3X 75=1=5 x 73 implies 3 is the inverse of 5. 

The composition is commutative as the corresponding rows 
and columns in the composition table are identical. The set G has 
6 elements. Hence (G, <7) is a finite abelian group of order 6. 

§ 10. Residue classes of the set of integers. 

Some properties of integers. Let I={..., —3, —2, —1, 0, 1, 2, 
3, ...} be the set of integers. 

Division algorithm. Let a,b GI with b40. Then we can 


divide a by b to get a non-negative remainder r which is smaller in 
size than hb. In other words ifa, Of bEI, then there exist integers 
q and r such that a=-qb+r where 0<r<| 6. 

For example let —15, —9 be two integers. Then we can write 
—15=2(—9)+3. Here 0<3< | — 9]. 

Divisibility in the set of integers. 

Definition. Leta, 0b & 1. We say that ais divisible by b 
if a=bm where m is some integer. 

If a is divisible by b, then we also say that D is a divisor of a. 
In symbols we shall write it asb|a, It will be read as ‘b isa 
divisor of a. Ifa[b, b|c, thena[c. Also ifa|b,a|d, then 
a|(b+d). Further if a| 6, then a} (bk) where k is any integer. 

Associates. Definition. 7iwo non-zero integers a and 6 are 
said to be associates ifa|\bandb|a. fa and 5b are associates, 
then we must have a=:+5. 

Greatest common divisor. Definition. Let aandb be any twe 
integers. Then the positive integer ¢ iy said to be the greatest com: 
mon divisor of a and 6 if 

(ij) cl aandc| b. 

(ii) whenever d| a andd|\ b, then d|c. 

The greatest common divisor of the integers a and 4 will be 
symbolically denoted by (a, 4). 

Existence and uniqueness of preatcst common divisor. Jf « and 
b are integers, not both 0, then they have @ unique greatest common 
divisor, say, c. Also we can find intcgcrs x and y such that 

c=xa+yb. 

Relatively prime integers. Definition. we integers a and b 
are Said to be relatively prime if (a, b)=1 i.e., if their greatest com- 
mon divisor is 1. For example - 3 and Sare relatively prime 
integers, 1 and 8 are relatively prime integers. If a and are 
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relatively prime integers then (a, b)=1. Therefore we can find 
integers x and y such that l=xa+-yb. 

Prime Integers. Definition. An integer pis said tobe a prime 
integer if p40, px-+1, and the only divisors of pare +1, +p. 
For example +2, +3, +5, +7, +11,.-. are prime integers. 

Three very important results. 

(i) Leta, b, c be three integers such that a and b are relatively 
Prime and a| be. Then we must have a | c. 

(ii) Let p be a prime integer and a, b be any two integers such 
that p| ab. Then we must have p|a or p| b. 

(iit) Let abe any integer greater than 1, Thena can be uni- 
quely expressed (except for order) as the product of a finite number 
of positive primes. For example 18=2X3x3=3xX2x3. 

Relation of ‘congruence modulo m’ in the set of integers. 

Definition. Let m be any fixed positive integer. Then an integer 
@ is said to be congruent to another integer b modulo m if m | (a—6) 
ie., if (a—-b) is divisible by m. Symbolically we write amd 
(mod m). It will be read as ‘‘a is congruent to b modulo m’’. 

For example 13=3 (mod 5) because 135—3=10 which is divi- 
sible by 5. Further 17#--3 (mod 5) because 17—(—-3)=20 which 
is divisible by 5. 

Theorem 1. Show that ‘cont: uence modulo m"’ is an equivalence 
relation in the set of integers. Further show that this cquivalence 
relation has m distinct equivalence classes. (Allahabad 1979) 

Proof. Let Ii be the set of integers. If mis any positive 
integer then we say that a=b (mod m) if m|(a—6). We shall 
prove that this defines an equivalence relation in the set 1. 

Reflexivity. Let abe any integer. Then a—a=0 and mi | 0. 
Thus a=a (mod m) ¥ aG&I. Therefore the relation is reflexive. 

Symmetry. Let a, bGI1 be such that a2=b (mod m). Then we 
have m]|(a—6b)>m| -(a—6) > m|(b—a) > bSa (mod m). 
Thus a=b (mod m) > b=a(modm). Therefore the relation is 
symmetric. 

Transitivity. Let a,b,c GI be such that a=b (inod m), 
bac (mod m). Then we have m|(a—b) and m | (b- c) 
>m|{(a- b)+(b- c)} > m | (a—c) > a=c (mod m). Thus a=b 
(mod mt), beac (mod m) > ac (mod m). Therefore the relation is 
transitive. 

Hence this is an equivalence relation. 
Consequently it will partition I into disjoint equivalence classes 
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called residue classes modulo m or congruence classes modulo m. 

If ae, then the residue class ia or {a} or [a] 

=={x : xGl and x—a is divisible by. ms}. 
¥f be I, then the residue class [b] 
za{y: yEI and y—6 is divisible by m}. 

Obviously {a]=[b] if and only if a= (mod m) i.e., ifand only 
ifm |(a—b). Thus [a]=(a+m])=[¢+2m] and soon. Similarly 
{1])—[1-+-m]—=[1-+2m] and so on. Also [0]=[m]—{2m]=[—m] and 
80 On. 

Now Iet L,, be the set of all residue classes of integers moduto 
m. This set is also called the set of integers mod m. [Some authors 
denote this set by J]. We shall prove that the set L, has m distinct 
elements. We claim that 

In={[0], [1], [2], eery {m— 1]}. 

First we shall show that the m re:idue classes [0], [1].,..., 
[m—1] are all distinct. Let 0<i<m, 0< j<m and j>i. 

Then [i]=[j] = i=j (mod m) 

=> i—j is divisible by m=>j—i is divisible by m. 

But according to our assumption j—i is a positive integer less 
than m. So it cannot be divisible by m. Therefore [i][/] and 
thus [0], [1],..., [m—1] are all distinct. 

Now we shall show that if a is any integer, then the residue 
lass [a] is equal to one of the residue classes [0], [1],..., [m— 1]. 
By division algorithm, we have 

a=km-+r, where k, r © land 0<r<m 


=>a—r=km=>a-—r is divisible by m>a=r (mod m)2#[a]—[r]. 

Since O0<r<m—1, therefore the residue class [a]=[r] is one of 
the residue classes [0], [1],.-., [m—1]. 

Hence the set I,, has m distinct elements. 

Note. The residue class [0] is called the zero residue class. 
We have [a]=[0] if and only if m|a. The set of integers mod m 
will have m —1 distinct non-zero residue classes. 

Addition of residue classes. Definition. Jf [a), [b]@Im, then we 
define [a]+ [b]=[a+b]. Here ‘-+-” on the L.H.S. stands for addition 
of residue classes and ‘+’ on the R.H.S. stands for addition of 
integers. 

Since a, b EG I > a+b EG I, therefore [24-5] is also a residue 
class j.e., [a+b] & L,. Now we know that [a]=[a-+-mj=[a+ 2m], 
and soon. Thusa residue class can be represented in several 
ways. Therefore we must show that our addition of residue classes 
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is well defined i.e:, it is independent of the representation of any 
residue class. For this we are to show that if [a]=[c] and [b]=[d], 
‘hen [a] -+[6]=[c] + [4]. 
We have [a]=[c]=>m | (a—c). Also [b]=[d]=>m | (b—d). 
Now m | (a—c) and m | (b—d) 
=> m| {(a—c)+(b—d)}>m | {(a+5)—(c+4)} 
> a+b=c+d (mod m)>[a+b]=[c+d]=> [a] +[6]=[c]+ [d]. 
Thus [a]=[c] and (b]=[d] > (a] +15] =[c]+Id]. 
Hence our addition of residue classes is well-defined. 
Multiplication of residue classes. Definition. f(a], [6] & Ie» 
then we define [a] [b] =[ab}. 
Since a, b&I=>abel, therefore [ab] is also a residue class 
i.e., [ab]EI,,. But we must show that our multiplication of residue 
classes is well-defined. For this we are to show that if [a]=[c] and 
[b] = [d], then [a} [b]={c] [4]. 
We have [a] =[c]>a=c (mod m) 
=> a—c is divisible by m=>b (a—c) is divisible by m. 
Also [6]=[d]=>5—d is divisible by m=>c (b—d) is divisible by m1, 
. [al=[c] and [6] =[d]>{> (a—c)+c (b—d)} is divisible by m 
=> ab—cd is divisible by m 
=> ab=cd (mod m) > [ab]=[cd] 
=> [a] [6]=T[c] [4]. 
Hence our multiplication of residue classes is well defined. 
Theorem.2. The set of residue classes modulo m is an abelian 
group of order m with respect to addition of residue classes. 
(Rajasthan 1974 ; Meerut 79) 
Proof. Let I={..., —3, —2, —1, 0, 1, 2, 3,...} be the set of 
integers. If ac&I, then [a} is a residue class modulo m of I if 
fa]={x: xEI, and x—a is divisible by m}. 
Let I,, be the set of all residue classes of I mod m 
i.e., I1,=={[a] : a1}. Wehave [a]=[6]<e>a=b (mod m). The set 
L. has m distinct elements [0], [1], [2],..., [m—1]. Thus we have 
I,,={[0), [1], [2],..., [m—1]}. 
Ifa and 5 are any two integers, then we define the addition 
of residue classes [a] and [6] as follows : 
[a] +-[b]=[o+5]. 
If {a]=[c] and [6]==[d], then it can be easily seen that 
{a} +-[5] =[(c] +[d]. 
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Therefore our addition of residue classes is well defined. 

Now we shall show that I,, is a group with respect to addition 
of residue classes. 

Closure property. If [a], [6] € 1, then by definition [a}+ [6] 
==[a+b]. Since a+h is an integer, therefore [a+-5] © In. Thus In 
is closed ‘with respect to addition of residue classes. 

Associativity. Let [a], [4], [c] be any three elements of In. 
‘Then [a]+ ({6]+ [c]) 

a [a)+ [b-+c] [by def. of addition of residue classes] 
«[a+(b+¢)] [by def. of addition of residue classes] 
= [(a+b)+c) [°. addition of integers is associative] 
w= a+b) +-[e}=({a)-+ [5])+ [el]. 

Commutativity. Let [a], [b] = I,,. Then 

[a]+-[5] =[a+6]=[b + a]=[b] +[a]. 

Existence of identity. We have [0] € I,,. If [a] € I,., then we 
have [0]+[a]=[0+a]=[a]—[a]+-[0]. Therefore the residue class 
[0] is the identity element. 

Existence of inverse. Let [a] © I, be arbitrary. Since 
ace 1 >—ael, therefore [- a] is also an element of I. We have 
{—a]+[a]=[—2+ a}=[0]=[(a]+[—a]. Thus [—a] is the inverse 
of [al]. 

Thus I,, isan abelian group with respect to addition of resi- 
due classes. Since the number of distinct elements in I,, is m, 
therefore the order of this group is m. 


Note. If {r] G le and 0 < r < m, then the inverse of [r] is 

[m—r]. We have [r]4-|m-- r}=[r+ (m—r)]—[m]= [0]. Note that 
m|m => [m]—[0]. 

Theorem 3. The set of non-zero residue classes modulo a prime 
integer p forms an abelian group of order p—\ with respect to multi- 
plication of residue classes. (Meerut 1981; Jiwaji 78; Gorakbpur 70) 

Proof. Letl=—{..., —3, —2, —1, 0, 1, 2, 3,...} be the set of 
integers. If a & I, then [a] is a residue class modulo p of I if 

fa] ={x : x © Land x—a is divisible by p}. 

We have [a]=[6] if and only if a—8b is divisible by p. 

The residue class [0] is called the zero residue class. We have 
fq] —=(0] if and only if a is divisible by p. 

Let I, be the set. of residue classes of lmod p. Then I, has 
p distinct elements i.e., [0], {1}, [2],...,[—1]. The residue class [0] 
is the zero residue class. Therefore if G isthe set of all non-zero 
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residue classes modulo p, then G has p— 1 distinct elements and 
wehave G={[1], (2],.--, [p—1}} 
or G={[a]: a € I and a is not divisible by p}. 
Ifaandb are any two integers, then we define the multipli- 
cation of residue classes [a] and [6] as follows : 
(a) [6]=[ab]. 
If [a] =[c] and [b]=[d], then it can be easily seen that [a] [b]= 
{c] [d]. Therefore our multiplication of residue classes is well 
defined. 
Now we shall show that G is a group with respect to multipli- 
cation of residue classes. 
Closure property. Let [a], [6] be any two elements of G. Then 
a and bare integers each not divisible by p. By definition, we 
have [a] (b] —[ad]}. 
Since ab & I, therefore (ab] is also a residue class mod p. But 
we must show that [ab] is a non-zero residue class /.e., p is not a 
divisor of ab. 
We have p| ab » p| aor p | 5, since p is a prime integer. 
But neither @ nor b is divisible by p. Hence ab is not divisible 
by p. Thus [ab]A[0}. Consequently [ab] © G and G is closed 
with respect to multiplication of residue classes. 
Associativity. If [a], [5], [c] be any three residue classes, then 
[a} ({b} [c])=La] [bel (by def.) 
=[a (bc)] (by def.) 
==|(ab) c] (*° multiplication of integers is associative) 
= [ab} [c]=({a] (6) (cl. 
“. multiplication of residue Classes 1s associative. 
Commutativity. If [a], [5] be any two residue classes, then 
[a] [6] =[ab]= [6a] = [5] [a]. 
. multiplication of residue classes is commutative. 
Existence of identity. Since the intege: I is not divisible by 
the prime integer p, therefore (1][0]. Thus [1] © G. If [a] be 
any element of G, we have 
[1] [a]=[1a] =[(a]—[a] [1]. 
Thus the residue class [1] is the identity element, 
Existence of inverse. Let {a] € G i.e., let [a] be any non-zero 
residue class. Then a@ is not divisible byp. Consider the p—1 
products 


(1) (a], [2} [4],-.-,[a—1] [a]. 
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By closure property all these products are elements of G. We 
claim that all these are distinct elements of G. 

Let i and j be two unequal integers, such that 

lsigp—l,l<j<p—landip). 

Then =[i)[@]=[j) [2] [ia]=[ja] 

=> ja—ja is divisible by p > p | (i—/j) a 
=> p|aorp | (i—j), since p is a prime integer 
=> p| (i—/), since p is not a divisor of a. 

But according to our assumption i—j is a positive integer less 
than p. So it cannot be divisible by p. Therefore [i] [a]34[/] [a]. 
Thus [1] [a], [2] [a],-.., [p—1] [a] are the p—!1! distinct elements 
of G placed in some order. Therefore one of these elements must 
ee ae to [1]. Let [5] [a]=[1]=[a] [b]. Then [5] is the inverse 
of [a]. 


Thus G is an abelian group with respect to multiplication of | 
residue classes. Since the number of distinct elements in G is p—1, 
therefore the order of this group is p—1. 

Theorem 4. The set of non-zero residue classes modulo a com- 
posite positive integer m is not a group with respect to multiplication 
of residue classes. (Banaras 1966) 

Proof. Let G be the set of non-zero residue classes modulo a 
composite positive integer m. Since m is a composite integer, there- 
fore let m=ab where1 <a<im,1<b<m. Nowl<a<m 
=> m isnot a divisor of a => [a]¥#(0] = [a] © G. Similarly 
[b]54[0] and therefore [b] € G. 

Now ab=m => [ab|=[m] 

=> [a] [b]=[0], since [m]=[0] 
=> [a] [6] ¢ G. 

Thus [a], [6] @ G > [a] [5] G G. Therefore G is not closed 
with respect to multiplication of residue classes. Hence G is not a 
group with respect to multiplication of residue classes. 

$11. An alternative set of postulates for a group. Theorem. A 
set G with a binary composition denoted multiplicatively is a group if 

(i) the composition is associative. 

(ii) for every pair of elements a, b & G, the equations 
ax=b and yax=b 
have solutions inG. (Delhi Hons. 1970 ; Rajasthan 76 ; Poona 73 ; 
Jiwaji 78; Andbra 77; Marathwada 72; Osmania 72) 

Proof. In order to prove that a set G equipped with a com- 

position satisfying conditions (1) and (ii) is a group, we should show 
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that the left identity exists and each element of G possesses left 
imverse. 

It is given that for every pair of elements a, b © G the equa- 
tion ya=b has a solution inG. Therefore if a € G, then taking 
b=a, we see that there exists an element, e © G such that 

ea=a. ooe(1) 

Suppose now 6 is any arbitrary elementofG. Since a & G, 

therefore from (ii) there exists x & G such that 


ax=b. «»(2) 

Now eb=e (ax) ["" b=ax] 
=-(ea) x [by associativity] 

==@x [from (1)] 

= . [from (2)] 


Thus 3 e & G such that eb=b ¥ b € G. Therefore e is the 
left identity. 


Suppose now a is any arbitrary element of G. Since e & G, 
therefore taking b=e in the given condition (ii), we see that the 
equation ya=e has a solution inG Let ¢c & G be such that ca=e, 
Then c is the left inverse of a. Therefore cach element of G 
possesses left inverse, 


Since left identity exists and each element possesses left 
inverse, therefore the left identity will also be the right identity and 
the left inverse of any element will also be its right inverse. 

Hence G is a group for the given composition if the postulates 
(i) and (ii) are satisfied. 

Example 1. Prove that a finite set G with a composition denoted 
multiplicatively isa group if the composition is associative and the 
right and left cancellation laws hold in G i.e., 

ax=bx = a=b, xa=xb > a=b. 
Show further that the validity of the cancellation laws does not 
characterise infinite groups but characterises finite groups only. 
(Nagarjuna 1980 ; Allahabad 79 ; Meerut 70) 
Solation. Suppose the set G has n distinct elements 
Qy, Az, Ga,--+5 An. 
Let a be any one of these elements. Then the products 
Q\@, AeA, Agl,...5 Ag 
are all elements of G. Also these n elements are all distinct. For 
aa aya where a;, a) & G > ay=a, (by right cancellation law). 
e. if ayay, then a, axa; a. 
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Thus a0, a20, @e0,...--», Qa are nothing but the 7 elements of 
G placed in some order. 

Therefore if 5 is any element of G, then one of these n elements 
will be equal to b. 

Therefore if a, b are any two elements of G, there exists an 
element, say c € G such that ca=b, In other words, the equation 
ya=b 
has a solution in G for every pair of elements a, b E G. 

Similarly by forming the products 


AQy, AAg, AAG, c00-+. » 2An 
and by using the left cancellation law, we can show that the 
equation ax=b 


has a solution in G for every pair of elements a, b € G. 

Hence the postulates (i) and (ii) of § 11 are satisfied. There- 
fore G is a finite group of order 7. 

However, an infinite set will not neccessarily form a group even 
if the composition in the set is associative and both the cancella- 
tion laws hold. For example, the set N of all natural numbers 

1, 2, 3, 4,... 
is not a group for multiplication even though 

(i) N is closed with respect to multiplication. 

(ii) Multiplication in N is associative. 

(iii) Both the cancellation laws hold good for multiplication 
in N. 

Euler’s ¢ function. Definition, The Euler ¢-function, ¢ (n), 
is defined for all positive integers n by: 

¢(1)=13 forn > 1, ¢ (n)=the number of positive integers less 
than n and relatively prime to n. 

Thus ¢ (6)=2 because the positive integers less than 6 and 
relatively prime to 6 are 5, 1 and their number is 2. Similarly 
¢ (8j)=4 because the positive integers less than 8 and relatively 
prime to 8 are 7, 5, 3, 1 and their number is 4. If p isa positive 
prime integer, then obviously ¢ (p)=p—1. 

Example 2. Let n be any positive integer. For any integer a, 
let [a] denote the residue class of the set of integers modn. Let 
G={[a] : a is an integer relatively prime to n}. Prove that with res- 
pect to multiplication of residue classes G is a group of order ¢ (n), 
where ¢ is the Euler $-function. 

Solution. Let I={..., -—3, —2, —1, 0,1, 2, 3, Seep be the set 
of integers and let n be any positive integer. For any integer a, let 
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[a]={x : x € I and x=a (mod n)}. 

Let G={[a] : a is an integer relatively prime to x i.e., (a, n)=1}. 

First we shall:show that the number.of distinct elements in G 
is equal to ¢ (n). 

Case 1. n=1. In this case if a is any integer, then 

a—1 is divisible by 1 = a=1 (mod 1) > [a]=[I]. 

Thus in this case each residue class [a] is equal to the residue 
Class [1]. Also 1 is relatively prime to 1. 

Therefore in this case the set G has only one distinct element. 
Thus the number of distinct elements in G= 1=¢ (1). 

Case 2. nb 1. 

In this case the number of positive integers less than nm and 
relatively prime to n=¢ (m)=k, say. Let a, dg,---, a, be the posi- 
tive integers less than n and relatively prime ton. We shall show 
that [@,], [a,],..., [ax] are the only distinct elements of &, 

First we shall show that the residue classes [a,],..., [ax] are all 
distinct. Leti, j, be two positive integers less than n and relati- 
vely prime tu m and let i > j. We have 

(]=[j] » i=j (mod zn) > t—; is divisible by a. 

But according to our assumption i-- 7 is a positive integer less 
thann, Therefore i—j cannot be divisible by 7. Thus {i]<[/]. 
Hence the residue classes [a,],..., [ax] are all distinct. 

Now we shall show that if a is any integer relatively prime to 
n, then the residue class [a] is equal to one of the residue classes 
[2,],..., [ax]. Since a is any integer and nm is a positive integer, 
therefore by division algorithm there exist integers g and r such 
that a=ng+rwhere 0 <r <n. 


We have a—r=ng > a—r is divisible by n > a=r (mod n) 
=> [a]=[r]. 


Now it remains to show that r is relatively prime ton. Sup- 
pose r is not relatively prime to n. Let (r, n)==s where s>1. Then 
s|m and s|r, Therefore s | (ng+-r)i.e., s|a. Nows|aand 
s | n implies that a and 7 are not relatively prime to each other 
which is a contradiction. Hence r must be relatively prime to n. 
Since n>1, therefore r cannot be 0. Hence r is a positive integer 
less than n and relatively prime to n. Thus [a] is one of the 
residue classes [ay],..., [ax]. 

Thus the number of distinct elements in G=k=¢(n). Thus 
G isa finite set whether n=1 orm>1. Now we shall show that 
G IS a group with respect to multiplication of residue classes. 
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Closure property. Let [a], [b] be any two elements of G. Then 
a and Bb are integers relatively prime ton. By definition of multi- 
plication of residue classes, we have 

[a] [5]=[ab}. 

Now a,b € I> ab EI. We shall show that ab is relatively 
prime to 2. Suppose ab is not relatively prime to n. Let (n, ab)=t 
where t > 1. The integer tf can be expressed as the product of a 
finite number of prime integers. Let the prime integer p be a factor 
oft. Thenp|ft. Alsa.t| ab. Therefore p | ab. Since p is prime, 
therefore p|ab=>-p|aorp| 5. 

Let p | a. Now p | t and ¢| n. Therefore p | nm. Thus p | a and 
p|n. Therefore a.is not relatively prime tom. This is a contra- 
diction Hence ab must be relatively prime to n. 

& [ab] € G and G is closed with respect to multiplication 
of residue classes, 

Associativity. If [a], [6], [c] are any three residue classes, then 
[a] ({5) {e])=[a] [bc] =[a (be)] = [(ab) c]=[ab] [c]=([a} [5)) (cl. 

Thus multiplication of residue classes is associative. 

Existence of cancellation laws. Let [a], [5], [c] be any three. 
elements of G. Then a, Db, c are integers relatively prime to 7. 
We have [a] [b]=[a] [c] => [ab]=—[ac] 

=> ab—ac is divisible by nn | a (b—c) 
=> n| b—c, since n is relatively prime to a 
=> bac (mod n) > [6]=[c]. 

Thus the left cancellation law holds good in G. 

Since the multiplication of residue classes is commutative, 
therefore the right cancellation law will also hold good in G. 

Now G is a finite set closed with respect to multiplication of 
residue classes. Also this Composition is associative and both the 
cancellation laws hold in G for this composition. Hence G is a 
group for this composition. The order of G is equal to ¢ (”), the 
number of distinct elements in G. 

Since 1 is an integer relatively prime to a, therefore [(1]€[G]. 
If [a] is any element of G, we have [1] [a]=[la]=[2]=T[a] [1]. 
Therefore [1] is the identity element of this group. 

Exercises 

1. Show that the relation ‘congruence modulo 7’ is an equi- 
valence relation in the set of integers and hes m distinct 
equivalence classes. (Jabalper 1970) 
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2. Is the set {1, 2, 3, 4, 5}.a group under (i) addition modulo 
6 (ii) multiplication modulo 6? Aas. (i) No. (ii) No. 
3. Is the set {1, 2, 3, 4, 5,6} a group under addition modulo 


7? Ans. No. (Kolhapur 1973) 
- . Does the set of residue classes modulo 5 form a group 
‘with respect to addition ? Ams. Yes. (Meerut 1973) 


5. Prove that the set {0, 1, 2, 3, 4} is a finite abelian group 
of order 5 under addition modulo 5 as composition. 
(Meerut 1973) 
6 Prove that the set {1, 2, 3, 4} is a finite abelian group of 
order 4 under multipTication modulo 5 as composition. 
7. Show that the set {1, 3, 4, 5, 9} is an abelian gronp under 
muitiplication modulo 11 as composition. What is the order of 
this group ? Arms. 5. 
8. Prove that G={1, 5, 7, 11} is a group under multiplication 
modulo 12. 
9. Which of the following sets are groups umder multiplica- 
tion modulo 11 ? 
(i) {1, 3, 5, 7, 8}, (ii) (1, 8}, (iii) (1, 10}. Ams. Only {1, 10}. 
10. Show that the non-zero residue classes modulo a positive 
prime integer p form a commutative group with respect to multi- 
plication of residue classes. (Gerakhpur 1970) 
11. Define a semigroup and a group, and prove that a semi- 
group G is a group if and only if the equations ax=6 and ya=b 
have solutions in G for arbitrary a, b € G. (Sagar 1965) 
12. Let Se{xeE 1:1 < x qa, and (x, n)=1 i.e., x andn 
are relatively prime integers} Prove that S is a group with respect 
to multiplication modulo n as composition. 


§ 12. Permutations. 


Definition. Suppose S is a finite set having n distinct elements. 
Then a one-one mapping of S onto itself is called a permutation of 


degree n. (Rajasthan 1977; Meerut 73) 
The number of elements in the finite set S is known as the 
degree of permutation. 


Symbol for a permutation. Let S={a,, ds, ds,.--, 2a} be a finite 
set having n distinct elements. If f : S—>S and f is one-one onto, 
then f is a permutation of degree nm. Let f(a:)—b;, f(as)=bs, 
f(as)=be,..., f(da)—=be, where {b,, bg,---, Da}={Os, Ga, --+, Qn} L.€., 
by, bs, .., bg is nothing but some arrangement of the 2 elements of 
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S. We find it convenient to introduce a two line notation to write 
this permutation. In this notation, we write 


__(% 4s Gy.-.dy\ . 

f bs bs — cai 

each element in the second row is the f-image of the element of 
the first row lying directly above it. 


If S={1, 2, 3, 4} is a finite set having four elements, then 
123 4 123 4 
fa(> 41 4) z-(, 3 2 4) ome 

are all permutations of degree 4. Here in the permutation f the 
elements 1, 2, 3, 4 have been replaced respectively by the elements 
2,4,1,3. Thus f(lI)=2, £(2)=4, f(3)=1, f(4)=3. In other 
words each element in the first row is to be replaced by the element 
directly below it in the second row. 

Equality of two permutations. Two permutations f and g of 
degree n are said to be equal if we have S(a=g(a) Va ES. 

' 123 4, 243 1} 

For example, its=(, 3 4 i) and e—(3 1 4 2} 
are two permutations of degree 4, then we have f=g. Here we see 
that both f and g replace 1 by 2, 2 by 3, 3 by 4 and 4 by I. 

a Qy as Ag-urcAg ae ° 
If fa ee oe 5 | IS a permutation of degree n, we can 


write it in several ways. The interchange of columns will not 
change the permutation. ‘Thus we can write 
-(% Qy a. An =(7* ee Qn An-...A5 :) wie 
b, by bs...De by b,...b4 (, ba_y... bg by 

Therefore if f and g are two permutations of degree n, then we 
can always write g in such a way that the first row of g coincides 
with the second row of f. 

: , 12 3 4 123 4 

For example if f=(, 41 3] and ¢= (| 3 2 ) are 
two permutations of degree 4, then by interchanging columns we 

24 ] 3). 
3 1 4 2, 

Total number of distinct permutations of degreen. If Sisa 
finite set having n distinct clements, then we shall have n! distinct 
arrangernents of the elements of S. Theicfore there will ben ! 
distinct permutations of degree n. If P, be the set consisting of all 
permutations of degree n, ten the hset P, will haye n! distinct 


can write s=( 
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elements. This set P, is called the symmetric set of permutations 
of degree n. Sometimes it is also denoted by S,. Thus 
Pa={ f:f is a permutation of degree 7}. 
The set Ps of all permutations of degree 3 will have 3! i.e., 6 
elements. Obviously 


P={(' 2 3) (; 2 3) (1 2 + t 2 ‘): + 2 7 
12 3 2 1 3 1 3 2 3 2 1 23 If’ 
12 3\t 

(; 1 1) 

Identity Permutation. Jf lis a permutation of degree n such 
that I replaces each element by the element itself, lis called the 
identity permutation of degree n. 

oa 12 3... Qy A, 3 - an b, bs bs...b, 

Thus I=( 2 a be a3 at on ts bs ree 
is the identity permutation of degree n. 

Product or Composite of two permutations. The product or 
composite of two permutations f and g of degree n denoted by fg, is 
obtained by first carrying out the operation defined by f and then 
by g. 

Suppose Pr is the set of all permutations of degree n. Let 

=(* Qs aie and e=( 7 bs es 


by by bg...8, Cy Ca Caen 
be any two elements of P,. 


Here the permutation g has been written in such a way that 
the first row of g coincides with the second row of f. If the pro- 
duct of the permutations f and g is denoted multiplicatively i.e., 
by fg, then by definition 

o— Qa, a3 a3 = Gn ; 
Ag ‘es Co ee, 

For, f replaces a, by 6, and then g replaces b, by cy So that fg 
replaces a, by ¢:. Similarly fg replaces a, by cg, ds by cs,..., ae 
by ¢n. 

Obviously fg is also a permutation of degree n. Thus the 
product of two permutations of degree n is also a permutation of 
degree n. Therefore fee P, wv f, gE Pa. 

Example 1, Let f=(; : >) and g=( : 
mutations of degree 3. Then 


f=(1 3 a)(2 3 3) 


be two per- 
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= (EE | CE) 
miter sli 


(; : 4 (3 1} (; 2 3) 
m0) 3 2 41) \3 2 ) 
Obviously ae The reason is that fg replaces 1 by 2 while 
&f replaces 1 by 3. So fg cannot be equal to gf. 
Thus we see that multiplication of permutations is not in general 


commutative. 
2 3 4 4 


Example 2. Let fa(; : 
and ¢—( : : : 3) be two permutations of degree 5 

To obtain fg there is no necessity that we should write g in 
such a way that the first row of g coincides with the second row 
of f. 

We see that f replaces 1 by 2 and g replaces 2 by 2. Therefore 
Jg replaces 1 by 2. Again replaces 2 by 3 andg replaces 3 by.4 
therefore fg replaces 2 by 4. Further f replaces 3 by 4 andg 
replaces 4 by 5, therefore fg replaces 3 by 5. Proceeding in this 
way we get 


W w ho 
h Wo 
ne 


1 2 3 4 5 
fg =(; 4 5 3 i) 

§13. Groups of Permutations. 

Theorem. The set P, of all permutations ona symbols és a 
finite group of order n' with respect to composite of mappings az the 
operation. Forn <2, this group is abelian and forn > 2 itis 
always non-abelian. 

(Rajasthan 1976; Meerut 72, 73, 79, 80; Allahabad $9) — 

Proof. Let S={a, pea -» Qa} be a finite set having n distinct 
elements. Let f= . be.. b = be a permutation of degree n. 

Here elements 5,, bg,..., Bg of the second row are simply an 
arrangement of the n clemente 1, dz,..., Qn Of the set S. 

The elements of the set Scan be arranged in an ! different 
ways. Therefore we shall have n ! distinct permutations of degree 
n. If P, be the set of all permutations of degree 7, then P, has n! 
distinct elements. 
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_ fa a) =(> z 
Let -( bo bine Be and g ae ) be any two per 
mutations of degree nm. Then by definition of product or composite 


of two permutations, denoted multiplicatively, we have 
__ {41 ay---On 
Ie= bs Co.. *). 

Obviously fg is also a permutation of degree n, since Cy, Cg, .0+» 
Cx is nothing but an arrangement of the same m elements aj, dy,..., 
a, of the set S. Thus fg€ P, vf, gS] Pa. Therefore P, is closed with 
respect to the composition known as product of two permutations. 

Associativity. Permutation multiplication is associative. Let 

= Ay Ag...Ay = by bg...bn Cy «Cg. Cn 
{= bs be.. i), e=(” ss” n= (3 d,.. 3 

be any three permutations of degree n where bq, bs,... Om; C15 Cases 
Cn; Gy, dz,..., d, are simply different arrangements of the samen 
elements ay, dg,-»+5 An 


Then (fe) =( ai | 
‘ mi. Ug.s0g Cy =Ceg--- Ce es Q1 Gg. . 
a (fg) h e aes (3 rare (a, a) 
oo 1 Pease a 
Also (ghy=(7 dy...d, 
- Qy AaerOn by be.Da ‘ay ree | 
f (gh) (;* nara | Fs a al-(a dy...dy 
Thus (fg) h=/ (gh). 
Existence of Identity. Let 
{91 G2...An by bs...be 
=(% raed ale Ve aaa 
be the identity permutation of degree n. Then JE Pp. 


If f= is bs ees is any element of Pa, we have 


= a; G2 ..ay b, road (7 pen) 
fi (7 b: e) fs bg...b, - b; be ..Da f. 

(% G2..-de\ (41 ds.-.an Gy Gs...dn\ _ 
Also if be G,...An aye bg.. = (7 be.. ) J. 
.. Identity permutation J is the identity element. 


Existence of Inverse. Let fo(? rie b i) be any element of 


bs...Dy 


P,. Then form (% 
Q, @3...@, 


} is also an element of P, since f-? is 
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also a permutation of degree n, We have 
a b oS) (? Ag.08 b, bg...b 
3 i 2 1 3 n 1 2 n 
f i= -(2: ae 7 by naa bs rand bee 
by bsg...b Gy sg...8 
Also 1 (7 Gq. raf Ee 1 Os "| =( 1 a *\ 
ff b, bg. 'b, Qy G2q--.Qn i 
-. ft is the inverse of f. 
Hence P, is a group of order n ! with respect to product of 
permutations as composition. 
If n=1, the set P,, has only one element and every group of 
order 1 is abelian. If 7=2, the set P, has 2 ! i.e., 2 elements and 


every group of order 2 is again abelian. Now we shall show that 
ifn > 2, P, is non-abelian. Let 
4..m— ") 
4..m—l1 n 


2 3..n—-1 nn 1 2 3 ] 
f=(5 9 4.un t) and e=(, i 3 i 
be the two permutations of degree n, whenn > 2. Then 
1 2 3..2-1 n 2 3 4...m—1 4 
fe=(, 3 4m 4 and ef=(; 2 4 5S.un > 

Obviously feegf. Therefore Pa is non-abelian ifn > 2. 

Note 1. If f= re - e *) be a permutation of deg.ee 
n, then the inverse of f i.e., f-} is obtained by interchanging the 
rows of f. Thus pot ( bs sibel 

Q, a2 g...An 

Note 2. If we are to write the set of all permutations of degree 
n, it is immaterial whatever symbols we use to denote the elements 
of the set S. Wecan use the numbers 1, 2, 3,..., 2 or we can use 
the letters a;, a2,..., @n Or anv symbols, 

Note 3. The groun P, of all permutations of degree 7 is called 
the symmetric group of degree n or the symmetric group of ordern! 

§ 14. Cyclic Permutations. Definition. Suppose f is a per- 
mutation af degree n ona set § having n distinct elements. Let it be 
possible to arrange m ecements uf the set S in a row in such a way 
that the f-image of each elemert in the row is the element which 
follows it, the f-image of the last. clement is the first element and the 
remaining n -m elements ef the set § are left unchanged by f. Then 
JS iscalled a cyclic pe rmutatic nur acycle of length m or an m-eycle. 

(Rajasthan 1976) 

By the Jougth of a cyck we mean the number of objects per- 

muted by th: cycle, | 
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For example the permutation f=( ; ; : : : 
is cyclic. Itcan be represented by the cycle (1 2 4 3) which 
means that each element in the bracket is replaced by the element 
following it, the last element is replaced by the first element and 
the missing elements 5 and 6 are left unchanged. Thus } is replaced 
by 2, 2 by4, 4 by 3, 3 by I, 5 by S and 6 by 6. The length of this 
cycle is 4, it oe eae 

Similarly the permutation e~(; 3465 } 
is cyclic. We can write it in the form of the cycle (1 2 3 4 5 6) 
which is of length 6. 

However the permutation h=(; : : : : | 
is not cyclic. 

Permutations represented by a cycle. (1 3 4 2 6) isa 
cycle of length 5. Suppose it represents a permutation of degree 
9 on a set S consisting of the elements 1, 2,..., 9. Then the permu- 
tation represented will be 

13 4265 7 8 4 
(; 426157 8 9 
i.e., the image of each element in the cycle(1 3 4 2 6) is the 
element which follows it, the image of the last element 6 is the 
first element 1 and the missing “lements 5, 7, 8, 9 are their images 
themselves. 

However if the cycle(1 3 4 2 6) represents a permuta- 
tion of degree 6 on six symbols 1, 2, 3, 4, 5, 6 then the corres- 
ponding permutation will be 

1 3 ¢4¢ 2 6 =): 
(; 4 2 6 1 =5 

Important Note. A cycle does nct change by changing the places 
of its elements provided their cyclic order is not changed. 

Thus (1 2 3 4)=(2 3 4 1I)=(3 4 1 2)=(4 1 2 3). 

Also (1 2)=(2 1),(2 3)=(@ 2). 

Transpositions. Definition. (Raj. 1978) 

A cycle of length two is called a transposition. Thus the cycle 
(1 3) is atransposition. It will represent a permutation in which 
the image of 1 is 3, the image of 3 is 1 and the remaining missing 
elements are left unchanged. 

it the tansposition (2 3) is a permutation of degree 3 on thre- 

Symbojs 1, 2, 3 then the corresponding permutation will be 
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(| 2 >) 
1 3 2) 

A cycle of length one means that the image of the element 
involved is the element itse]f and the missing elements are left un- 
changed. Thus all the elements are left unchanged. Therefore every 
cycle of length one will represent the identity permutation. 

Multiplication of Cycles. We multiply, cycles by multiplying 
the permutations represented by them. For example if the cycles 
(1 2 3) and (5 6 4 1) represent permutations of degree 6 on six 
symbols 1, 2, 3, 4, 5, 6, then 


123 4 5 6\/5641 23 
(1 2 3)(5 6 4 »=(; 3°14 5 se 41 5s 23) 
123 4 5 6 
=(.3051 6 jm 235 6 4%. 


Since a cycle of length one represents the identity permuta- 
tion, therefore (1) (2 3 4) (6)=(2 3 4). 

Disjoint Cycles. Two cycles are said to be disjoint if they have 
no symbols in .common. For example (1 3 5)and(2 6 8 9) 
are disjoint cycles while (1 3 4) and (2 3 5 6) are 
not disjoint. 

Theorem. [If f and g are two disjoint cycles, then fg=gf i.e., the 
product of disjoint cycles is commutative. 

Proof. The cycles f and g have no symbols common. There- 
fore the elements permuted by / are left unchanged by g and also 
the elements permuted by g remain the same under/. Therefore 
we shall have fe=gf. 

Now we shall give an example to illustrate this theorem. Let 
f=(I 2 3)andg=(4 5) represent two permutations on 5 
iymbols 1, 2,..., 5. 


Then fg= ( 


2 

3 

1 2 
=(; 3 
4 § 
-(5 4 

=(4 §)(1 2 3)= 

Inverse of a cyclic permutation. To prove that (1 2 3...m)~> 
=(nn—1....3 21) ie., to write the inverse of a cycle we should 


write its elements in the reverse order. 
Proof. We have (1 2 3...) (m---3 2 1) 


-(; 2 3...48—1 (> 43 2 ) 


ee ee ee 
14 sll 23.5 4 


2 3 4...7 l n—-~1..3 2 | n 
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(; 2 3..m—] "ar 
‘AL 2 3..n—-1 nn] 


Also (nw.3 2 IM 2 3...n)—J, 
eo (1 2 3...m)~t==(n...3 2 1). 

In particular every transposition is its own inverse. If (1 2) is 
a transposition, then (1 2)-3=(2 1)=(1 2). 

Inverse of a product of cyclic permutations. If f and g are any 
two cycles, then we have 

(fey*=g f>. Also (fgh)=h- g- f-3, 

If f and g are disjoint cycles then (/g)"'=(g/)—+=/“Ig-, 

Thus [(1 2 3) (4 5) (2 6)J2=(2 6)72 (4 5)? (1 2 3)" 

=(62)655 49321). | 

Also [(1 3 5) (2 4)J-2=(1 3 5)-2(2 4)72—=(5 3 1) (4 2). 

We shall now give some important results on the product of 
permutations, 

Theorem 1. Every permutation can be express:d as @ product of 
disjoint cycles. (Madras 1974) 

: : 23 4567 8 9 

Verification. Let f=() 31486975 
permutation of degree 9 on the set {1, 2,..., 9}. 

We have f=(4) (6) (1 2 3)(5 8 7 9). 

Explanation. First we put down cycles of length one with the 
help of elements which remain unchanged under /. 

Then we start with an element which is noi left unchanged. 
Thus we start with 1. After 1 we write the image of 1 which is 2. 
After 2 we write the image of 2 which is3. After 3 we do not 
write any element but we close the bracket since the image of the 
last element 3 is the first element 1 of the bracket. 

Now we start a new bracket. In this bracket we write an ele- 
ment which has not yet been written. Thus we write 5. After 5 we 
write the image of 5 which is 8. After 8 we write the image of 8 
which is 7. After 7 we write the image of 7 which is 9. After 9 we 
close the bracket since the image of 9 is the first element 5. 

Now our work is finished since each element has been included 
in one or the other bracket. 

Since cycles of length one represent identity permutation, there- 
fore we can omit them. Thus we can write 


f=(1 2 3)(5 8 7 ~~ 9). 
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Also we can write f=(5 8 7 9) (12 3) because product of dis- 
joint cycles is commutative. 
Theorem 2. Every cycle can be expressed as a product of trans- 
positions in infinitely many ways. 
Verification, Consider the cycle (1 23...1) of length». By 
actual calculation we see that 
(1 2 3...m)=(1 2) (1 3) (1 4)...(1 n—1) (1m). 
More generally the n-cycle 
(Gy Gy G9---Gu)=(Gy dq) (a1 @s)...(4 Gn). 
The 4-cycle (2 3 5 4)=(2 3) (2 5) (2 4). 


Since (23 5 4)=(3 5 4 2), therefore we can ‘write 
(2 3 5 4)=(3 5) (3 4) (3 2). 
Also (1 2) (2 1)=Identity permutation. 


°, Wecan write (2 3 5 4)=(2 3) (1 2) (2 1) (2 5) (2 4). 
Again (25 3) (3 5 2) is also identity permutation. 
*, Wecan write (2 3 5 4)=(2 3 5 4) (2 5 3) (3 5 2) 
= (2 3) (2 5) (2 4) (2 5) (2 3) (3 5) (3 2). 
Now consider the 5-cycle (1 2 3 4 5). 
We have (1 2 3 4 5)=(1 2) (1 3) (1 4) (1 5) 
e=:(1 2) (2 4) (4 2) (1 3) (1 2) (2:1) (1 4) (1 5D). 

Thus every cycle can be expressed as a product of transposi- 
tions in infinitely many ways. But we see that in the case of any 
cycle the number of transpositions is either always odd or always 
even. 

Theorem 3. Every permutation can be expressed as a product 
of transpositions in infinite many ways. : 

Combining together the results of Theorem 1 and Theorem 2, 
we immediately get the result of this theorem. 

§ 15. Even and Odd Permutations. Definition. 4 permutation 
is said to be an even permutation if it can be expressed as a product 
of an even number of transpositions; otherwise it is said to be an odd 
permutation. (Banaras 1971; Rajasthan 77, 78) 

This definition will be meaningless if a permutation can be 
expressed sometimes as a product of an odd number of transposi- 
tions and sometimes as a product of an even number of transposi- 
tions. So we have the following theorem. 

Theorem. A permutation cannot be both even and odd i.e., if a 
permutation f ts expressed as a product of transpositions then the 


number of transpositions is either always even or always odd. 
(Banaras 1968) 
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Proof. Consider the polynomial P in n distinct symbols 


Xa) Xa) ee, Xn Gefined as the product of all factors of the type 
xi—X3 where i < j. 


Thus P=II (x;—x) 
i< j=l 
w= (X;—X2) (Xy—%3) (x2 —Xe)--.(%3 —Xn) 
(x2—Xa) (X%g—X4).--(X2—Xn) 


(Xn—2— Xn—y) (Xn—3—Xn) (Xn_1—Xn). 

Suppose now f is any permutation on nm symbols 1, 2, 3, ..., 7 

By f P we mean the polynomial obtained by changing in P 
the subscripts 1, 2, ..., nm of x’s as prescribed by /f, 

[For example, taking n=4, we have 

P=(xy—x2) (X%y—X8) (X1—%4) (Xa X8) (Xq -- Xe) (x8 — x4). 

If f=(1 2 3), then we have 

f P=(x3— xs) (X2—%1) (%3—Xe) (X8—21) (X38 —X4) (1 — x4). 

In particular if f=the transposition (2 3), we have 

Sf P=(xy—Xs) (X1—X2) (41 — Xa) (Xa—%q) (X8-- Xe) (42 — x4) 

=—Pi.e., the effect of a transposition on P is to change 

the sign of P]. 

Now the operation by a transposition (r,s), where r<qs has 
the following effect on P. 

(i) Any factor of P which contains neither the suffix r nor s 
remains unchanged. 


(ii) The single factor (x,—xs) Changes its sign on replacing 
rby sands by r. 

(iii) The remaining factors which contain either the suffix r 
or s but not both can be grouped into the following three types of 
products : 

(a) xy—-x1) (X1—X2)] [(x2—-Xe) (x2 —X,)].- 

[(%r-1—Xr) (X%r-4—x,)] 

(b) [(Xr—Xr42) (Xe4,—%Xs)] [(%s —Xr4a) (Xr4a—Xa)].-. 

[(%r—Xs-1) (%s-1—X,)] 

(c) [(Xp—X041) (X.—X04)] [(xe -~Xe42) (Xp—Xe+2)] eee 


[(¥+—Xa) (Xs—Xq)). 
On replacing r by s and s by r, the signs of all these types of 
products do not change. 


Hence the net effect of the transposition (r,s) on P is to 


104 Modern Algebra 


change the sign of P i.e., P operated upon by a transposition be- 
comes— P. 

Therefore if the permutation f can be expressed as the product 
of p transpositions then fP=(—1)? P and if fcan be expressed as 
the product of g transpositions then 


fP=(—1)§ P 
This gives (—1)® P=(- 1)" P 
= (—1)?=(—1) 


=> either p and q are both even or both odd. 

Hence the theorem. 

Cor. 1. A cycle of length n can be expressed as the product 
of n—I1 transpositions. Therefore a cycle of length n will be an even 
permutation ifn is odd and it will be an odd permutation if n is 
even. 

In particular every transposition is an odd permutation. 

Cor. 2. Identity permutation is always an even permutation. 

If J is the identity permutation then 7 can be expressed as the 
product of two transpositions. For example we can write 

J=(1 2) (2 1). 

.. / is an even permutation. 

Cor.3 The product of two even permutations is an even per- 
mutation Suppose f and g are two even permutations. Further 
suppose that fcan be expressed as the product of r transpositions 
and g can be expressed as the product of s transpositions. Then 
rand sare both even. Now fg can be expressed as the product of 
r+s transpositions. Since r+s is even, therefore fg is an even 
permutation. 

Cor. 4, The product of two odd permutations is an even per- 
mutation, Proceed asin Cor. 3. Ifr and s are both odd then 
also r+s is even. 


Cor. 5. The product of an even permutation and an odd per- 
mutation is an odd permutation. Similarly the product of an odd 
permutation and an even permutation is an odd permutation, 

Cor. 6. The inverse-of an even permutation is an even per iiuta- 
tion and the inverse of an odd permutation is an odd permutation. 

Suppose fis an evén permutation. If /-? is the inverse of /f, 
then f~! f=/ (identity permutation). 

Now J is an even permutation and f is also an even permuta- 
tion. Therefore f-? cannot be an odd permutation otherwise 
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I “1 f will be an odd permutation. Hence /— is an even permuta- 
tion. 

Similarly if f is an odd permutation, then f-? must also be an 
odd permutation. 

Total number of even permutations of degree n. 

Theorem. Of then! permutations on n symbols, 4n'\ are even 
permutations and $n ‘ are odd per:nutations. 

(Meerut 1968; Madurai 78; Banaras 71) 

Proof. Out ofthe 1! permutations on n symbols let the 
even permutations be é,, eo, .... €m and the odd permutations be 
O04, Oa, «rey Ox. 

Since a permutation is either an even permutation or an odd 
permutation but not both, therefore m+k=n !. 

If P, be the set of all permutations of degree a, then 

=={€y, Cy, -00, Cm, O4, O02, .0. OR}. 

Lette Pa and suppose ¢ is a Canenueiion: 

Since P, is a2 group with respect to permutation multiplication, 
therefore t@,, fez, ---, fm, t0y, f0g, ..., to, are al] elements of Pa. 
Obviously fey, fa, ..., tém are all odd permutations and f0,, fos, 

., to, are all even permutations, 

Now no two of the permutations fe,, féz, .... f@m are equal 
because 

te, =e; > e;=e, (by left cancellation Jaw in the group P,). 

Therefore if e;x4e;, then te; te,. 

Thus the m odd permutations /e, ..., fem are distinct elements 
of P,. But we have supposed that P, contains exactly k odd per- 
mutations. Therefore m cannot be greater thank. Thus 

ms k. wee(I) 

Similarly, we can show that the k even permutations to, {03, 

v, tox are distinct elements of Ppa. Therefore, we must have 


kam. oo0(2) 

t 

From (1) and (2), it follows that mak=". 
Note. If An is the set of all even permutations of degree n 


! 
then As C Pa and A, contains > elements. The set An is called 


t 
an Alternating set of permutations of degree n. 


Group of all even permutations of degree n. 
Theorem. The set An of all even permutations of degree n 
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JSorms a finite group of order oe 
plication. (Gorakbpur 1970; Banaras 70; Lucknow 69) 

Proof. The product of two even permutations is also an even 
permutation. Therefore the set A, is Closed with respect to multi- 
plication of permutations as composition. 

We know that multiplication of permutations is an associative 
composition. 

If I is the identity permutation of degree n then J is an even 
permutation. Therefore JE A, Now we have 

I fefafl ¥ fE An. 

.. J is the identity element. 

Let f be any even permutation of degree n. If f-? is the 
inverse of fin the group of all permutations of degree n, then f=! 
is also an even permutation because f—! f= 1 (an even permutation), 

Thus f E An > that there exists f-? € A, such that 

f fol=ffr. 
.. every element of A, possesses inverse. 
The total number of all even permutations of degree n is 


' { 
> Thus there are “5 elements in the set An. 


with respect to permutation multi- 


La 


«- Ap forms a finite group of order 3 with respect to multi- 


plication of permutations. 


Note. The product of two odd permutations is an even 
permutation. Therefore the set of all odd permutations is not 
closed with respect to multiplication, Therefore it will not bea 
group. 

Ex. 1. Write the following permutations as the product of dis- 
joint cycles. 


(1 2 3 4 5 6 7 8 9 

(a) f=(, 3 4 5 1 6 7979 9 4 
12 3 4 § 6 

(8) e-(, 5 4 3 4 2} 


Solution. (a) We have 
f= (6) (7) (1 23 4 5) (8 9) 
‘or f=(1 234 5) (8 9), omitting cycles of length 1 as they 
represent identity permutation. 
(b) We have g=(1 6 2 5) (3 4), 
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Ex. 2. Express the following permutations as the product of 
disjoint cycles : 

(2) f=(1 2 3) (4 5) (1 67 8 9) (1 5), 

(6) g=(1 2) (1 2 3) (1 2), 

(c) A=(1 3 2 5) (1 43) (2 5 1). 

Solution. (a) We shall start with the elemént 1. Under the 
first cycle 1 goes to 2, under the second cycle 2 goes to 2, under 
the third cycle 2 goes to 2 and under the fourth cycle 2 goes to 2. 
Therefore under the permutation f, 1 goes to 2. Now we are to 
find the image of 2 under f. In the first cycle 2 goes to 3, in each 
of the other three cycles 3 is left unchanged. Therefore under /, 2 
goes to 3. Now we are to find the image of 3 under f. In the first 
cycle 3 goes to 1, in the second 1 goes to 1, in the third 1 goes to 
6 and in the fourth 6 goes to 6. Thus 3 goes to 6 under f. Now the 
image of 6 under f is 7. The image of 7 under f is 8, the image 
of 8 under fis 9. Now in the first two cycles 9 is left unchanged. 
In the third cycle 9 goes to 1 and in the fourth 1 goes to 5. There- 
fore 9 goes to 5 under f. 

Now under f the element 5 goes to 4 and 4 goes to 1. 

Since we started with the element 1, therefore we stop at this 
stage and thus we have obtained the first cycle as 

(1236789 5 4). 

Since this single cycle contains all the symbols, therefore / is 

a cyclic permutation and we have 
f=(1236789 5 4). 

(b) We have g=(i1 3 2). 

(c) We have h=(1 2) (3 $ 4). 

Ex. 3. Determine which of the following are even permuta- 
tions : 

(a) f=(1 2 3) (1 2). (b) g=(1 2 3 4 5) (1 2 3) (4 5) 

(c) h=(1 2) (1 3) (1 4) (2 5). 

Solution. (a) We can write f=(1 2)(13)(1 2). The 
number of transpositions is 3 i.e.,odd. Therefore fis an odd 
permutation. 

(b) Wecan write g=(1 2) (1 3) (1 4) (1 5) (1 2) (1 3) (4 5). 

The number of transpositions is 7 i.e., odd. 

Therefore g is an odd permutation. 

(c) A=(1 2) (1 3) (1 4) (2 5). The number of transpositions is 
4i.e., even, Therefore i is an even permutation. 
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Ex. 4. Show that the set Ps of all permutations on three sym- 
bols 1, 2,3 is a finite non-abelian group of order 6 with respect to 


permutation multiplication as composition. 
(Rajasthan 1977; Meerut 72) 


Solution. We have Ps={/, (1 2), (2 3), (3 1), (1 2 3), (1 3 2)} 
where / is the identity permutation. There are 6 elements in the 
set Ps. Let I=f,, (1 2)=fe, (2 3)=fs, (3 =f, (12 3)=fs, 

(1 3 2)=/,. We now prepare a composition table for Ps. 


Product of | A hb ff Sh fo fe 


Permutations 

fi | Ah hf h fe fe 
fa if fh fe fs fa fe 
fs fs fe th fa th fe 
fa fe fe fe fh fe he 
fs ff fh fh h fk A 
fo hh hh hh hh Sf 


For preparing this composition table we have actually multi- 
plied the permutations. Thus 

fafa=(1 2) (2 3)= (13 2=fe, 

Afa=(l 2) 3B DN=(M 2 3)=fs, 

fafa=(2 3) (2 3)= identity permutation=/j, 

Asfe=(i 2 3) (1 2 3)=(1 3 2)=fe, and so on. 

Since all the entries in the table are elements of Ps, therefore 
Ps is closed with respect to multiplication of permutations. 

Multiplication of permutations is an associative composition. 

The identity permutation f, is the identity element since 
A= Ah=R—=fhhy Ahh= s=/s f,; and so on. 

Every element possesses inverse. The inverse of fy is fi, the 
inverse of f is fa, the inverse of fy is fa, the inverse of 7, is fa, the 
inverse of fs is fe and the inverse of fe is fs. [Note that/s fe=h=/efe, 
therefore fe4=fe and /6-?=/s]. 

The composition is not commutative since f2 fs=/e and 

fafe=fs. Thus fy faAfs fz. 

©. Ps is a finite non-abelian group of order 6 with respect to 
permutation multiplication. 
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Ex. 5. Write down all the permutations on four symbols 1, 2 
3, 4. Which of these permutations are even ? 

Solution. There will be 4 ! i,e., 24 permutations of degree 4. 
If P¢ is the set of al] these permutations, then 

Py={(t), (12), (13), (14), (23), (24), (34), (123), (132), (124), 
(142), (134), (143), (234), (243), (12)(34), (23)(14), (31)(24), (1234), 
(1243), (1324), (1342), (1423), (1432)}. 

If Ag is the set of all even permutations of degree 4, then Ag 
will have 4x4! /.e., 12 elements. 

Thus Ag={(1), (123), (132), (124), (142), (134), (143), (234), 
(243), (12)(34), (23)(14), (31) (24)}. 

Ex. 6. Show that the four perinutations I, (ab), (cd), (ab)(cd) 
on four symbols a,b, c,d form a finite abelian grcup with respect to 
the permutation multiplication. 

Solution. Let l=/fi, (ab)=f,, (cd)=/f3. (ab)'cd)=/4. To prepare 
the composition table, we observe that /2 and /g are transpositions. 
Therefore fa fz=fi, fafamfy. Also f2 and fs are disjoint cycles. 
Therefore fs fa=/fa fo=/s. 

Further f; fa=(ab) (ab) (cd)=I (cd) =(cd)=fs. 

Similarly fs fa=(cd) (ab) (cd) =(cd)(cd)(ab)= (ab) = (ab) =f, 

[°° (ab) (cd)=(cd) (ab)). 

Also fa fa=(ab) (cd) (ab) (cd) 

== (ab) (ab) (cd) (cd) =(1) (ND=J=fy. 
Similarly making all other calculations, the composition table is 


Product of he he fe ii 


permutations 
hi 1 sp fp fe 
Ss fp fh fa ffs 
Ss fp ia Lh fe 
Se hh A hh A 


From the table it is clear that 

(i) All the entries in the composition table are elements of the 
given set. Therefore the closure axiom is satisfied. 

(ii) fa is the identity element. 

(iii) Each element possesses inverse. In fact fy =/, fs *—=/2, 


if s =f; 3, fot=fe 
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(iv) The composition is commutative. 

Further the multiplication of permutations is an associative 
pompoatio: 

.. the given set is a finite abelian group of order 4 with res- 
pect to the permutation multiplication. 

Ex. 7. Show that the eight permutations (a), (abcd), (ac) (bd), 
(adcb), (ab) (cd), (bc) (ad), (bd), (ac) on four symbols a, b, c, d form 
@ finite non-abelian group with respect to permutatiun multiplication. 

Solution. Proceed as in Ex. 6. 


Exercises 
1. Write down all the permutations on three symbols a, J, c. 
Which of these permutations are even ? ‘(Rajasthan 1977) 


Ans, J (identity permutation), (ab), (6c), (ca), (abc), (acd); 
¢ven permutations are I, (abc), (ach). 

2. Find the orders of the groups : 

(i) the group Sq (symmetric group), (ii) the group 4, (alter- 
nating group). (Meerut 1976) 

Ans. (i) 24, (ii) 12. 

3. Define a-permutation. If A=(; 2.3 


> 3 ') and 


12 3 
= fe >) find AB aad BA. (Meerut 1973, 75) 


ie Both AB and BA are identity permutations. 
4. Find the inverse of each of the following permutations : 


(i) ({ : : 3)» CLuek. 1980) ii) (3 ; : >) 
{123 45 
an) (; 3°15 a} (Meerut 1976) 
1 2.3 (123 4 
Ans. (i) (4 42 3)> ii (; 4] ff 
jl 23 4 5 
(iii) (; 125 A} 


5. Decompose the following permutations into transpost- 
tions :— 


‘123 4 5 67 

(i) (6 § 243 1 7 (Meerut 1976) 
123 45 67 8 

(ii) ( 3147 2 5 8 5) (Meerut 1977, 80) 


Ans. (i) (1 6) (2 5) (2 3); 
(ii) (1 3) (1 4) (17) (2 8) (1 6) (1 5) (1 2). 
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6. Examine whether the following permutation is even or 
odd : 

# 2345 67 8 7 

254364179 87° (Madras 1974) 


Ans. Odd. 
7. Given that f=(1 3 2 5) (1 4 3) (2 5 1) is a permutation on 


five symbols. Express it aS a product of disjoint cycles. Also find 
the inverse of f and express it as a product of disjoint cycles. 

Ans. f=(! 2) (3 5 4); f-!=(1 2) (3 4 5). 

8. Prove that a cycle containing an odd number of symbols 
is an even permutation whereas a cycle containing an even number 
of symbols is an odd permutation. 

9. Show that the set Gof four permutations J, (1 2) (3 4), 
(1 3) (2 4), and (1 4) (2 3) on four symbols 1, 2, 3, 4 is an abelian 
group with respect to the permutation multiplication. 

(This group is known as the four group V, of Klein). 

10. Show that the » ! permutations of 1 objects forma group 
with respect to permutation multiplication. Verify this theorem 
by taking the set of all permutations of elements 1, 2, 3. 


(Meerut 1973) 
11. Prove that the set As of three permutations 


(a), (a 5c), (ac b) 
on three symbols a, b. c forms a finite abelian group with respect 
to the permutation multiplication. 

12. Show that if S has more thantwo elements, then the 
syinmetric group S, is not abelian. 

[Hiat. Refer Example 6 page 64]. 

13. Show that the group Ss is non-abelian. (Meerut 1977) 

14. Give an example of a finite non-abelian group. 

(Meerat 1978 ; G. N.D U. Amritsar 82) 

15. G is a group and a is a fixed element of G. Show that the 
mapping f, : GG defined by f, (x)=ax¥xGG is a permutation 
of G i.e., is a one-to-one mapping of G onto G. (Marathwada 1972) 

§ 26. Integral powers of an element of a group (composition 
denoted multiplicatively). 

Suppose G is a group and the composition has been denoted 
multiplicatively. Leta@G. Then by closure property @, aa, 
aaa, aaaa, etc. are all elements of G. Since the composition in G 
obeys general associative law, therefore aaa . a to n factors is inde- 
pendent of the manner in which the factors may be grouped. 
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If n is a positive integer, we define a"=aaa..a to n factors. 
Obviously a® € G. In particular 4a, a*=aa, a*=aaa=a"a and 
sO on. 

If e is the identity amen of the group G, then we define 

=€, 

If n is a positive integer then —n is a negative integer. Now 
we define a~*==(a") where (a")-! is the inverse of a inG. Thus 
a“ © G. 

Thus we have defined a® for all integral values of n positive, 
zero or negative. 

However, if isa positive integer, then accerding to our 
definition 

a7" e (q")-!=(aaa...a upto n factors)~} 
== (a~*) (a~!) (a7)...(a-!) upto n factors=(a-1)". 

Thus we are free to write (a~2)* or (a")"? in place of a. 

In particular a-*=(a*)-! = (a—2)}4. 

Integral multiples of an element uf a group. Composition deno- 
ted additively. 

If in a group G the composition has been denoted additively, 
then in place of using the word integral powers of an element of a 
group we use the word integral multipies of an element of a group. 
The difference is only of notation otherwise ‘the meaning is the 
same. Thus in this case ifm is a positive imteger we write ma in 
place of a* and we define na=a+a-+...4+a upto a terms. 

In place of a® we write Oa. Thus we define Oa=e where e is 
the identity of G. 

If n is a positive integer, then 1n place of a~* we write (—n)a. 

Thus we define (—n) a=—(na), where —(na) denotes the 
inverse of main G. Also we can prove that — (7a)=n (—a). 

Thus we can write —(na) or n (—a) in place of (—”) ¢. 

In particular 64=a+a+...+a upto 6 terms. 

(—6) a=— (6a) i.e., —(a+a+...upto 6 terms) 
or (—6) a=6 (—a) i e., (—a)+(—a)+...upto 6 terms. 

In multiplicative notation the following laws of indices can 
be easily proved : 

amut= i, 
and (a")*=a™, 

¥ a€ Gand ¥ m,n & I where Tis the set of integers. 

In additive notation the following laws of multiples can be 
easily proved : 
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ma+na=(m--n) a, 
n (ma)=(nm) a, 
¥aeEGand¥mneE I, 
§ 17. Order of an element of a group. Definition. 
(Guru Nanak 1982 ; Banaras 70 ; Kolhapur 73 ; 
Rajasthan 77; Meerut 79; Lucknow 80; Gorakhpur 70) 
Suppose G isa group and the composition has been denoted 
multiplicatively. By the order of an element aG@G is meant the least 
positive integer n, if one exists, such that 
a"=e (the identity of G). 
If there exists no positive integer n such that a"=e, then we say 
that a is of infinite order or of zero order. 
We shall use the symbol o (a) to denote the order of a. 
In additive notation we use the words na=e in place of a*=e. 
Important. If there exists a positive integer m such that a"=—e, 
then the order of a is definitely finite. Also we must have o(ajqm. 
When a"=e, then the question of order of a being greater than m 
does not arise. At the most it can be equal to m. If m itself is 
the least positive integer such that a"=e, then we will have 
0 (a)=m. 
In any group the identity element e is always of order one and 
it is the only element of order one. 
We have etme 2 0 (e)=1. Also if o (a2)=), then a=a=e, 
Example 1. Let us find the order of each element.of the multi- 
plicative group {1, —1, i, —é}. (Lucknow 1980) 
Since | is the identi'y element, therefore o (1)=1. 
Now (--1}?= —1, (—1)*=(—1)(— 1) = I(i.e., identity element). 
-. o(—l1)=2. 
Again (i=, (i)*=--1, #®=—i, i*=1 (i.e., identity element). 
-. O(i)=4. 
Finally (—i?=—i, (—i)?=—1, (—i}* =i, (—i*=1. 
. o(—i)=4. 
Example 2. Let us find the orders of some elements of the group 
{0, 1, 2, 3, 4, 5}, the composition being addition modulo 6. 
Since 0 is the identity element, therefore o (0)= 1. 
Now (1)!=1, 8=1-+¢ 1=2, alte le [= 1-+6 2=3, 
I= 1s le ls lls 3=4, =1+5 I 
male 4=5, 18=1-+¢ 1514-6 520 (i.¢., identity element). 
2. o(1)=6. 
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Again 2!=2, 28=2+4, 2=4, 28=2+, 27=2+, 4=0 (identity 
element). 
”. Oo (2)x3. 
Further 34==3, 3*=3-+, 3=0 (i.e., identity element) ; 
-- o(3)=—2. 
Similarly we can find orders of vuther elements. We have 
o (4)=3, o (5)=6. 

Example 3. In the infinite multiplicative group of non-zero 
rational numbers, the order of every element except the elements 1 
and —1 is infinite. 

We have (—1)?=—1J, (—1)2=1 (identity element). 

”" o(—1)=2. 

Now 2!=<=2, 27—4, 28=8 and soon. Thus there exists no 
positive integer m such that 2*=1 (identity element). Therefore 
o (2) is infinite. 

Example 4. In the additive group of integers the order of every 
element except 0 is infinite. 

O is the identity element. Therefore o (0)=1. 

Nowl1eEI. We have 1 (1I)=1, 2 (1I)=1+1—2, 

3 (1)=—1+1+1=3 and soon. Thus there exists no positive 
integer 7 such that m (1)=0 (identity element). Therefore o (1) is 
infinite. 

Note. In an infinite group elements may be of finite as weil 
as of infinite order. We shall now prove some important results 
on the order of an element of a group. 


Theorem1. The order of every element of a finite group is 
finite and is less than or equal to the order of the group. 
(Meerut 1971 ; Rajasthan 77) 


Proof. Let G be a finite group, the composition being denoted 
multiplicatively. Let 2€G. Consider all positive integral powers 
of a i.e., a, a*, a, at,.... All these are elements of G, by closure 
axiom. SinceG has a finite number of elements, therefore all 
these integral powers of a cannot be distinct elements of G. Let 
1. suppose that a’ =a? (r > s). 

Now a@=a* > afa*=a'q* [ss a*E€ Gj 

=> a? §=@® > g!“=e 
=> g®ace where m=r--s. 

Since r>5, therefore m is a positive integer. Thus there exists 

a positive integer m such that a”=e, 
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Now we know that every set of positive integers has a least 
member. Therefore the set of all those positive integers m such 
that a*=—e has least member, say n. Thus there exists a least 
Positive integer n such that a*=e. Therefore o (a) is finite, 

Now to prove that o (a) < o (G). 

Let o(a)=n where nD o(G). Since a & G, therefore by 
closure property a, a®,....a@" are elements of G. No two of these 
are equal. For if possible, let a=at,;]1<a¢s<r<gn. Then 
@-*=e, Since 0 < r—s <n, therefore a*=e implies that the 
order of @ is Jess than n. This is a contradiction. Hence a, a*,..., a® 
are nm distinct elements of G. Since 1 > o (G), therefore this is not 
possible. Hence we must have o (a) < o (G). 

Theorem 2. The order of an element of a group is the same as 
that of its inverse a7". (Meerut 1968 ; Sagar 77) 

Proof. Let and m be the orders of a and a™* respectively. 

We have o (a)=n => a*=—e (identity element) 

=> (a")-t=e-) > (a-1)"=e 
>o(a")gn>a>men. 

Also o (a-)=m => (a71)"=e 

> (a")'=e>a™=e [YF bo=e > b=e] 
>So’) cmrangm. 

Now mq nandn gc m> m=n. 

If the order of a is infinite, then the order of a™? cannot be 
finite. Because o (a-)=m => o (a) < m » 0O (a) is finite. There- 
fore if the order of a is infinite, then the order of a~) must also be 
infinite. 

Theorem 3. The order of any integral power of an element a 
cannot exceed the order of a. (Lucknow 1969 ; Garhwal 76) 
Proof, Let a* be any integral power of a. Let o (a)—n. 

Now o(a)=n > a"=e (identity element) 

=> (a")*=e* > qe 
=> (a*)"=e @ 0 (a*) < 7. 

Theorem 4. If the element a of a group G is of order n, then 
a™=e iff nis divisor of m. (Lucknow 1980) 

Proof. Let 1 be a divisor of m. Then there exists an integer 
q such that age. 

Now GA" = QT x (qh) = o'l ies oO (qjy=n => =] 

=, 


Conversely ict a" =e, 
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Since m is an integer and n is a positive integer, therefore by 
division algorithm there exist integers g and r such that 
MmM=ng-}+-r whereOQr<n. 
Now a@e=q'tr—a™g’ =(a")<a" 
seta’ [" a®=e] 
a= @Q! = Q’, 

A a@=e > a=e, 

Since 0 < r <n, therefore a’=e + r must be equal te zero 
because otherwise o (a) will not be equal ton. If o(a)=n, then 
there will exist no positive integer r <i n such that a’=e. 

& m=nq > nis adivisor of m. 

Theorem 5. The orders of the elements a and x ax are the 
same where a, x are any two elements of a group. (Gorakhpur 1970) 

Proof. Letn and m be the orders of a and x7 ax respect- 
ively. 

Now (x7? ax)*=(x7! ax) (x7? ax)=x-" @ (xx7}) ax 

= x~! (age) ax= x-) aax=x™! q®x., 
In general, we get 
(x7! ax)®=x71 a" x 
=x! ex [°° o(a)=n > game} 
mx} xy=e, 
e O(x7ax)<n>men. 
Again o (x7? ax)==m => (x7! ax)"=e 
=> xl g™ x=e > x7 Q™ x=x1 x 
> a" x=nx (by left cancellation law) 
=> a" x=ex 
=>a"™=e (by right cancellation law) 
» O(a) mM2en gm. 

Finally m <q nvn gg m> m=n. 

Cor. Order of abis the same as that of ba where a and b are 
any elements of a group. (Banaras 1970) 

Proof. We have a (ab) a=(a™ a) (ba)=e (ba)=ba. 

Thus basa (ab) a 

=> order of ba=order of a=? (ab) a 
=> order of ba=order of ab [*" 0 (x7 ax)=0 (a)] 

Theorem 6, Ifa is an element of order n and p is prime to n, 
then a? is also of order n. 

Proof, Let im be the order of a?. 
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Now o(aj=n > a*=e > (a")®=c? =e 
=> (a°)"=ero(@)gqgnwrmecn. 
Since p, n are relative primes, there exist integers x and y 
such that px-Pny == (Note] 
oo Gmgl=gretey a get QW gl" (Q*)Yagl™ eV = gl? es git —(qr). 
Now a@=([(a?)?]™=(a?)"* =[(a%)™]* 
=e* [*. 0 (a%)=m => (a°)" =e] 
=e, 
. O(a) mans 
Finally m < nandn < m » m=n. 


Solved Examples 
Ex. 1. Prove that if a8’=a, aGG, then a=e, 
(Kolhapur ' 1973) 
Solution. We have a'=a > aa=a 
=> aa=ac [*.” ae=a] 
=> a=e 
[by left cancellation law in G] 
Ex, 2. Given axa=b in G, find x. 
Solution. We have axa=b => a™! (axa)=a7' b 
=> (a a) (xa)=—a b = e (xa)=a" b > xa=aqq b 
=> (xa) a =a"! ba & x (aa) =a™ ba! =» xe=a-! ban 
=> x=q7! ba}, 
Ex.3. If a and b are any elements of a group G, then 
(bab-})* = ba* b=" for any integer n. 
Solution. (i) n=0. We have (ba b-)°=e, [by definition] 
Also 60° b3=be b4=bb7= 
. (bab=)°=ba® b=}, 
(Gi) n> 0. We have (bab“}!=ba b-4=bq! 57}, 
Thus the result is true for »=1. 
Let us suppose that the result is true for n=k f.e., suppose 
(ba b=1)k¥axba* 5-2, 
Then (6a b-?)*+2<=(ba 673) * (ba 6-3)}—=ba* b= ba b=? 
=ba* eab™=ba* ab-'!=ba** b-1, 
Therefore the result is true for n==k-+-1 if it was true for n=k. 
But we have seen that the result is true for fim. Hence by 
mathematical induction it is true for alln > 0. 
(iil) 2 <0. Let y=—m where m > 0, 
Then (ba b7')*=(ba b-3)-™=[(ba b-2)"]74=(Ba™ b-3)72 
s=(b-!)-2 (q™)-! b= ba™ b=! == ba" b=, 


[* ata] 
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Ex 4. Prove that if G is an abelian group, then for all a, bEG 
and all integers n, (ab)*=a* b*. 


Solution. (i) m=0. We have (ab)°=e [by definition] 
Also a® b°—ee=e, 
ae (ab)*=a° b°. 


(ii) n>O. If n—1, then (ab)!=ab—aqlpl, 
Now suppose for n=k, (ab)*=a* b*. 


Then (ab)*+2=(ab)* (ab)=a* b* ab 
=aqtabk¥b [°° Gis abelian>b*a=ah*] 
= ght! prt, 


Thus the result is true for n=k+1 if it was true for n=k. 
But it is true for n=1. Hence by mathematical induction for all 
n>0, (ab)*=a* 5", 
(ii) n<O. Let n=—m where m is a positive integer. 
Then (ab)®=(ab)-™=[(ab)"]-2=(a™ b™)-1 
==(b"a™)-* {°. Gis abelian > a” b™=5* g™] 
=(a™)~? (b")"? ["" (ab) =b™ a] 
=a ™ b-™= a" BF. 
Note. Siace a2, b € G, therefore a”, b" € G, 
Also Gis abelian. Therefore a™ b™=b™ q™, 
Ex 5. Prove that if for every element a ina group G, a*=e, 
then G is an abelian group. 
(G.N.D.U. Amritsar 1982; Nagarjuna 79; Madras 78; Gujrat 78) 
Selution. Let aand 5 be any two elements of the group G. 
Then ab is also an element of G. Therefore (ab)*=e, 
Now (ab)*=e => (ab) (ab)=e=> (ab)-!=ab 
=» b=) a t=ab. .--(1) 
But =e€ > qa=e > qi=a. 
Similarly b?=e = b-!=b. 
Therefore from (1), we get ba=ab. Thus we have ab=ba ¥ 
a,b € G. Therefore G is an abelian group. 
Ex. 6. Prove that a groupGis abelian if every element of G 
except the identity element is of order two. 
(Punjab 1970; Meerut 79; Osmania 72) 
Solution. Identity element e is of order 1. But e*=e Since 
every other element is of order two, therefore we have 
g@=evrae G. 
Now proceed as in Ex. 5. 
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Ex. 7. Show that if every element of a group G is its own 
inverse, then G is abelian. (Banaras 1970; Vikram 76; Raj. 78) 
Solution, Let a and b be any two elements of G. Then ab is 
also anelement of G. Therefore (ab)"4=ab as it is ‘given that 
every element is its own inverse. 
Now (ab) 1=ab = b“a1=ab 
=> ba=smab. [‘” a-*=a, b=] 
Thus we have ab=ba ¥ a,b€G Therefore G is an abelian 
group. 
Ex. 8. Show that ifa, b are any two elements of a group G, 
then (ab)*==a*b® if and only if G is abelian. 
(Meerut 1977, 81, 82; Nagpur 75; Kanpur 80: 

Madras 83; Sagar 77) 

Solution. Suppose G is abelian. 

Then (ab)*=(ab) (ab)=a (ba) b 

=a (ab) b [“° Gis abelian => ab== ba) 
= (aa) (bb)=a*b?, 

Conversely, let a, b be any two elements of G. 

Then (ab)*=a*h® > (ab) (ab)=(aa) (bb) @ a (ba) b=a (ab) b 
=> (ba) b=(ab) b [by left cancellation law] 
=> ba=ub [by right cancellation law] 
=> G is abelian. 

Ex. 9. Prove that a group G is abelian if 

b-1a-1 ba=e ¥ a,b © G. 

Solution, We have 

b=! "1 ba=e => (b-) g7}) (ba)=e 


=> (6 ¢)=ba [‘" ab=e > g3mnh] 
=> (a-3)72 (673)-2= ba f as ( ab)-1=b-1 a1] 
=> ah=ba 


[“° (a73)~*axg] 
=> G is abelian. 
Ex. 10. IfGisa group of even order, prove that it has an 
element axe satisfying a*=e. (Meerut 1983 P) 
Solution. Let G be a group of even order 27, where n is @ 
positive integer. We shall prove that G must have an element 
ae such that a~l=g, We shall prove it by contradiction. 
Suppose G has no element, other than the identity element e, 
which is its own inverse. Now ina group every element possesses 
a unique inverse, The identity element e is its own inverse, Fur- 
ther if b is the inverse of c, then c is the inverse of b. So exciud- 
ing the identity element é, the remaining 2n—1 elements of G must 


120 Modern Algebra 


be divided into pairs of two such that each pair consists of an 
element and its inverse. But we cannot do so because the odd 
integer 2n—1 is not divisible by 2. Hence our initial assumption 
is wrong. 

So in G there is an element a3€e such that 

a=a-} > aa=a4 a> aee. 

Ex. 11. (a) What is the order of an n—cycle ? 

(b) What is the order of the product of the disjoint cycles of 
lengths my, me,...,iM% 2 

(c) How do you find the order of a given permutation ? 

Solution. (a) Let f==(1 2 3...m) be a cycle of Jength n. 

Then f? moves every symbol two places along. Similarly f* 
will move every symbo! three places along and f* will move every 
symbol 7 places along. Thus f*=(1) (2) (3)... i.e., identity 
permutation. Therefore order of f is n. 

In particular if f=(1 2 3 45), then f?—=(1 3 5 2 4), f8=(1 42 
5 3), fé=(1 54 3 2), -fS=(1) (2) (3) (4) (S)= identity permutation. 

°. Order of f is 5. 

(b) Suppose a permutation fis the product of disjoint cycles 
of lengths 11, m,,..., mx. AS can be easily seen the order of f 
will be the L. C. M. (least common multiple) of the integers m, 
Ma,reryg Mk. 

(c) To find the order of a permutation we should first express 
it as the product of disjoint cycles and then we should apply the 
rule given in part (b) of this question. 

Ex. 12. Ifagroup G has four elements, show that it must be 
abelian. (Allahabad 1980; Kanpur 69; Delhi Hon’s 69) 

Solution. Let G={e, a, b, c} be a group of order four. Here 
e is the identity element. The identity element e is its own inverse. 
There must be at least one more element in G which is its own 
inverse. 


Let a=a. If b-!=b and cexc, then definitely G is abelian. 


[See Ex. 7]. 
If b= =c, then c-!=—5 and we have 
be=e=cb. Also at=a > aa=e. 


In this case the composition table for G will be as follows : 
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a a e Cc b 
b b c a e 
Cc c b e a 


Note that ab would have been either equal to 4 or equal to c. 

Since ab=b>a=e, therefore ab must be equal toc. Then ac 
will be equal to b. 

Now we can easily complete the table since in each column 
each element must be distinct and in each row each element must 
be distinct. From the table we see that composition in G is com- 
mutative. Therefore G is abelian. 

Ex. 13. IfG is a group such that (ab)"=a™b" for three conse- 
Cutive integers m for all a, b € G, show that G is abelian. 

(I. A. S. 1970; Kurushetra 69; Meerut 69, 80) 

Solution, Let a,b be any two elementsofG. Suppose m, 
m-+-1, m-+2 are three consecutive integers such that (ab)"=a"b*, 
(ab)"+1.. gmt B+) and (aby"*?2- qmtt pmts, 

We have (ab)"t#=(ab)™*? (ab) 

=> git? Ln+3.. gmt p+ (gh) (Given) 
ap gmt] ght] buag™tl prt) ab 

> ab@+1—h"+1 q [by left and right cancellation laws] 
=> a” (ab™*))=a" (b™+1 a) > gmtl pmtl oon gnfhm (ba) 

=> (ab)"t1=(ab)™ ba => (ab)™ (ab)=(ab)” ba 

=> ab=ba [by left cancellation law] 
=~ G is abelian. 

Ex. 14. In a group, if ba=a"b", prove that the elements 


aMhe-§, g™-* 59, ab-! have the same order. (Raj. 1978) 
Solution. We have a™b*"?=a"b"b-* 
==bab-* [‘2 bas=a™b*] 


= ba b7} b~!ca(b-1)-? (ab-4) b-?, 
Now we know that in a group o (a)==0(x~" ax), where a, x 
are any two elements of the group. 
2. 0 (a® F—*)=0 [(b-)-? (ab) b=] =0 (ab-*). oe(1) 
Further a”? b*=q7? a"b"=a™* ba=a™ ba*?=a~* ba-ta* 


122 Modern Algebra 


=(a*)-? (ba?) a’. 
ee 0 (a™ * b")=0 [(a*)"} (ba) a*]=0 (ba-1) 
== 9 [((ba~")-2}, since o (a~1)=0 (a) 
=o [(a71)“2 b-4J=0 (ab-). ooe(2) 
From (1) and (2), we get o (a b*-*)=0 (ab-)=0 (q™-* pe), 
Ex, 15. Jfin the group G, a’=e, aba“1=5' for a, b E G find 


o (b). (Meerut 1976) 
Solution. We have (ab a-})?=ab a“! ab a! =ab* a 
=aa ba @-! [°° ab a t=b}}] 
=g* bq, 


J. (ab a™)*={(ab a=)*}*= (a? ba-*)*=a? ba- g* ba-* 
==@* b* g™4=q* ab a g?=<' ba, 
& (a ba=?)8 = {(ab a) 48 =(a® ba-*)*= aba“ a3 ba =a? b* a-* 
=a® ab qq aq*=a‘ ba, 
ee (@ ba~*)'*®={(ab aa1)8}8aa(at ba-*)? = atha- 4g*ha-*= at b%q-4 
= q ba-) q-4=-a* ba-* 


=eb e [°° ab=e and so a =¢]} 
=p, 
Thus (aba—!)* =), 
«. (5*)*=5 [vy aba-=b5] 
=> b*=b 
=> H8loe, 


Since b"=e => o (6) | m, therefore o (5) | 31. 

But 31 is a prime integer. Therefore o (6)=—1 or 31. 

So if b=e, then o (b)=1 and if be, then o (b)=31.’ 

Ex. 16. Jf Gis a finite abelian group with elements ay, dg,..., 
Qn, prove that a,2...d, is an element whose square is the identity. 

Solution. We have (@1@2...an)*==(@1@2:..Gn) (a1@2--.€n). +» (1) 

Now each element in a group has a unique inverse. There- 
fore each of ay, ag,..., a, is the inverse of exactly one of them. So 
associating each of aj, de,..., da With its inverse, the relation ,1) 
becomes 

(yg... n)*=(430)7") (a2a9"*)...(dadn)=eee...upto m times=e. 

Ex. 17. Show that the equation xtax=a™ is solvable for x in 
@ group G if and only if a is the cube of some element in G. 

Solution. Suppose x*ax=q™ is solvable inG. Then there 
‘exists an element c € G such that c?ac=a-", 
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Now c*ac=a™ => ccadc=a™' @ ¢ (ca) ca=u™ a = ¢ (ca) (ca) 
ese => (ca) (ca)=c™* = (ca) (ca) c=c™c @ (ca) (ca) c=e > (ca) 
(ca) ca=ea > (ca)*=a > a is the cube of some element caEG. 

Conversely, let a=5* for some b E G. Then x57? is a solu- 
tion of x8ax=a-), For if x=b-* and a=B, then x*ax—b-*b*b-? 
= b-9e(5*)-l=a-, Thus x=5-? is a solution of x7ax=a™. 


Ex.18. Jf in a group G, xy?=y*x and yx*=x*y, then show 


that x=y=e where e is the identity of G. (Nagarjuna 1980) 
Solution. We have xy*=y®x => x*y?-=xyix 
> Py=xyxyl=xy*yxy te yxyxyt (1) 


Again yx?=x*y > yxte=xxty 
=> yxi=xy*xyxy71, substituting for x*y from (1) 
=> xt ym! xy®xyxy-) 
> x2y=y-lxytxyx, ...(2) 
From (1) and (2), we get 
Pxyxy7 ay xy *xyx 
=> yixyxem xyPxXYXYH=XVYXYXV=YXYAYXY. 
Cancelling y® from both sides, we get 
YXVX = XVXVXY 
=> (yx)?= (xy). -+-(3) 
Since the given relations are symmetrical in x and y, there- 
fore interchanging x and y in (3), we get 
(xy)?=(yx)?. (4) 
Now from (3) and (4), we have 
(xy)? == (yx) = (yx)* (yx)=(xy)® (yx). 
Cancelling (xy)* from both sides. we get 
e=(xy) (yx) =xy*x 
=> x~2=y?, 
Now xy*=y®x => xx73=yx7*x 
=> xT yx7!l » ye. 
Again yxt=x8y > ext=x'e > xt=x® > x—e. 
Ex. 19. LetG bea group and leta & G be of finite order n. 
Then for any integer k, we have o (a*)= GB where (n, k) denotes 


the H.C.F. of n and k. 


124 Modern Algebra 


Solution. Let (n, k)=m. Then we have n=pm, k=qm for 
some integers p and q such that (p, q)=1. Let 0 (a*)=I. 


We have o (a*)=/ > (a*)'=e » a!=e 


>| kl [ o(a=n; 2. akl=e > n| kl} 
=> pm|qml = p| ql 
=> pl [°° p and q are relatively prime] 


Again (a*)? a= (a?) a= Qt") an g@a=(g")? am et =e, 
Therefore o (a*) | p i.e., 1 | p- 
Now /|p and p|/=> l=p. 


sce O (a*) epee ee . 


Ex. 20. General law of commutativity of the elements of a 


group. [fin a group G, a, as,---, dn is any system of n elements, 
commutative in pairs, and 


1 2...m 
fe: “Wgcosle ) 
6s any permutation uf the set of n objects 1, 2,..., n, then 
Qy0q.--On=G;, Gi, ove, 


(Punjab 1970 ; Meerut 70) 
Solution. We shall prove the result by induction method. 
Suppose the result is true for products of n—1 or less elements, 
Then we shall show that it is also true for products of n elements. 
Two cases arise : 
Case I. Let i,=n, In this case we have 


@y Ag..-On==(0105...An-3) Oe [°.” composition in G is associative] 
=(a;, aj, ---G;,_,) au [*. according to supposition the result is 
true for n—1 elements] 
=(a;, ai, Gi) a;, [°° n=i,] 
=Gj, Oj, +-Fin_, Bi, [by associativity] 
Case II. Let isk where k -n. Then 
AyQq...Akny Op Ak,3.--On 
== (yQe...0p-1) (Ge Ogyy---Gn) [by associativity] 
= (0y0q-..0k-y) (g42-+-AnOx) [by supposition] 
w= (303°. 04-3): [(@k43++-Bn) a,|=[(aia2 -.@j;~1) (Gk.-1-+.@n)] ak 
ms (214g Ak Ghy3--. Gn) ay 


(a; aij) 414i, a;,°--2 


a;. 
ia- f 
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Now obviously the result is true for products of 2 elements. 
Hence the proof is complete by induction. 


Exercises 


1. Define the order of an element in (i) an additive group, 
(11) a multiplicative group. What is the order of the residue class 
[3] in the multiplicative group of non-zero residue classes modulo 
5 ? Ans. 4. (Gorakhpur 1970) 

2. Distinguish between the order of a group and the order 
of an element in a group. Prove that if a, x € G then a and xax-? 
have the same order in G. (Gorakhpur 1970; Meerut 70) 

3. Show that in a group G, we have 

ab=e @» a=6-! and b=a™. 
4. Show that in a group G, we have 
ab=a or ba=a > b=e, 

where e is the identity element of G. (Kanpur 1969) 

5. Ifina group G, the elementsa and b commute, then 
prove that (i) a? and 6b also commute. (ii) a=? and 6 also 
commute, (iii) a and b=! also commute. 

6. Ina group G, prove that a*=e for any integer n. 

7. Find the solution of the equation abxax==cbx in a group 
G, where a, b and c are given elements of G. 

Ans. x=b7 a cba. 

8. Prove that, if a group has an even number of elements, 
then at least one element, apart from the identity element must 
equal its inverse. 

9. Prove that in any group, e is the only element of order | 


16. Find the order of each element of the group 
({0, 1, 2, 3, 4}, +5). (Gorakhpur 1970) 
Aus. o (0)=1 and each other element is of order 5. 


11. Find the order of the permutation (| 23 sf ° 


13 42 
Ans. 3. 
12. Let G be a group and let ae E CG be such that ave, 
where p is a prime number. Prove that o (a)=p. 


13. Show by means of an example that it is possible for the 
quadratic equation x?=e to have more than two solutions in some 
group G with identity e. (Marathwada 1972; Meerut 81) 
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14. If the elements a, b and ab of a group are each of order 
2, prove that ab=ba. (Meerut 1973) 

15. Leta, b € G be non-identity elements with o (a)=5 and 
a" ba=b*, Find o (d). 


Ans, 31. 
16. Give an example of an infinite group each element of 
which has a finite order. (Poona 1970) 


(Hint. Let G={z:z€ Cand z"=1 for some positive inte- 
ger n}i.e., let G be the union of alla nth roots of unity where 
nGN. Then for multiplication of compiex numbers G is the 
desired group]. 

17. Letx & G, xe. Show that xx-1 if and only if the 
order of x is greater than two, where G is any group. 

(Poona 1973) 

18. Ifaisan element of a group, prove that the integral 
powers of a form a multiplicative group. (Meerut 1975) 

19. In Ss give an example of two elements x, y such that 
(xy)*~4x*y*, Here Ss isthe symmetric group of permutations of 
degree 3. 

20. In Ss show that there are four elements satisfying x’=e 
and three elements satisfying y®=c. 

21. Ina group G let a be an element of finite orderz. Ifa 
positive integer k is a divisor of n, prove that o (a*)=n/k. 

22. Show that the equation xax=b is solvable for x ina 
group G if and only if ad is the square of some element in G. 

23. Show that in an abelian group the product of two ele- 
ments of finite order is again an element of finite order. 

24. Prove that a group G is abelian if and only if 

(ab)"1=a"4 b-§ ¥ a, bE G, (Robilkhand 1981) 


§ 38. Isomorpbism of groups. 


Now we shall discuss the very important concept of isomorp- 
hism of groups. 


Isomorphic mapping. Definition. 
(Agra 1977 ; Osmania 72 ; Rohilkband 80 ; Poona 73) 
Suppose G and G’ are two groups, the composition in each heing 
denoted multiplicatively. A mapping f of G into G’ is said to be an 
isomorphic mapping of G into G’ if 
(i) fis one-toeonc i.e., distinct ciements in G have distinct 
f-lineges in G’, 
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(ii) f(ab)=f (a) f(b) ¥ a,b © Gi.e., the image of the pro- 
duct is the product of the images. 

It should be noted that when we say that f is a mapping of G 
into G’, we usually include in it the possibility that the mapping f 
may be onto G’. If an isomorphic mapping f of G into G’ is onto 
G’, then it is called an isomorphic mapping of G onto G’. 

If f:G—+G’ be such that f (ab)=f(a) f(h) ¥ a, b E G, then 
we say that the mapping / preserves the compositions in G and G’. 

Here f (ab) is an element of G’ and it is the /-image of ab which 
is an element of G obtained on multiplying @ and 6. Further f(a) 
and f(b) are elements of G’. Also f(a) f (5) is an element of G’ 
obtained on multiplying f (a) and f (8). 

Thus we can say that, a mapping f is said to be an isomorphic 
mapping of G into G’ if it is one-to-one and if it preserves the com- 
positions in G and G’. 

If fis an isomorphic mapping of a group G into a group G’, 
then f is also called an isomorphism of G into G’. If f is an iso- 
morphism of G onto G’, the group G’ is called an isomorphic image 
of the group G. Also then we say that the group G is isomorphic 
to the group G’. Thus we can give the complete definition of 
isomorphic groups like this : 

Isomorphic groups. Definition. 

(Meerut 1978, 81, 82 P; Osmania 72; Agra 71; I.A.S. 70) 

Suppose G and G’ are two groups. Further suppose that the 
compositions in beth G and G’ have been denoted multiplicatively. 
Then we say that the group G is isomorphic to the group G’ if there 
exists a ene-ta-one mapping f of G onto G’ such that 

f (ab) —fi2) f(b) ¥ a,bEG 
i.e., the mapping f preserves the compesitions in G and G’, 

If the group G is isomorphic to the group G’, symbolically we 
write G & G’. Another notation for isomorphism is =. 

Note 1. In our definition of isomorphism of two groups G 
and G’ we have denoted the compositions in G and G’ both multi- 
plicatively. The students can use different symbols to denote the 
compositions in G and G’. But there should be no confusion. 

Note 2. If G is isomorphic to G’, there may exist more than 
one isomorphisms of G onto G’. There may be many one-one onto 
functions from G to G’. But if there exists at least one function f 
which is one-one, onto and also preserves compositions, then G 
will be isomorphic to G’. 
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Note 3. If the group G is finite, then G can be isomorphic to 
G’ only if G’ is also finite and the number of elements in G is equal 
to the number of elements in G’. Otherwise there will exist no 
mapping f from G to G’ which is one-one as well as onto. 


Note 4. If the group G is isomorphic to the group G’, then 
we say that the groups G and G’ are abstractly identical, From 
the point of view of abstract algebra we shall regard them as one 
group and not as two different groups. 

Example 1. Jf R is the additive group of real numbers and R,. 
the multiplicative group of positive real numbers, prove that the 
mapping f : R-+R, defined by f(x)=e” ¥ x © Ris an isomorphism 
of R onto R,. (Gujrat 1970, Meerut 81, 82 P; Delhi 70, 

Kolhapur 73, Gorakhpur 70, Madurai 78). 

Solution. If x is any real number positive, zero or negative, 
then e* is always a positive, real number. Also e* is unique. 
Therefore if f (x)==e*, then f : R>R,. 

f is one-to-one. 

Let x1, X, € R. Then f (x3)=f (x2) 

=> e*1=e*s [*? by the def. of f, f(x)=e"l 
=> log e“1l=log e*8 > x, log ex, loge > x1=%2. 

Thus two elements in R have the same f-image in R,. only if 
they are equal. Consequently distinct elements in R have distinct 
J-images in R,. Therefore f is one-to-one. 

Sf ts onto. Suppose y is any element of R, i e., y is any positive 
real number. Then log y is a real number i.e., log y € R. 

Now f (log y)=e"o¥=y, Thus y € R, > thatd logy € R 
such that f (log y)=y. Therefore each element of R, is the f-image 
of some element of R. Thus f is onto. 

f preserves compositions in R and R,. Suppose x; and xs are 
any two elements of R. Then 

f (xa+x2) = eta [by definition of f] 
OT a e*2 
m= f(x). f'(xa) [0 S(xs)=e*4 and f(x2) eA]. 

Thus f preserves compositions in R and R,. Here the com- 

position in R is addition.and the composition in R, is multiplica- 


tion. Therefore f is an isomorphism of R onto R,. Hence 
R = R,. 
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Example 2. Let R, be the multiplicative group of all positive 
real numbers and R be the additive group of all real numbers. Show 
that the mapping g : Rs.—>R defined by 

& (x)=log x + x GE Ry is an isomorphism. (Meerut 1976) 

Solution. If x is any positive real number, then log x is defini- 
tely a real number. Also log x is unique. Therefore if g (x)=log x, 
then g : R,—>R. 

g iS one-to-one. Let x1, x. & R, Then g (x1)—g (x3) 

=> log xy=Jlog xg => e!O8 *100e!OB Xs => x, xy, 

Therefore g is one-to-one. 

gisonto. Suppose y is any element of R i.e., y is any real 
number, Then e” is definitely a positive real number i.e., e” € R,. 


Now g (c%)=log e’=y. Thus yG@ R= that there exists 
e’¥ € R, such that g(e¥)=y. Therefore each element of R is the 
g-image of some element of R,. Thus g is onto. 

g preserves compositions in R, and R. Suppose x1 and x2 are 
any two elements of R,. Then 


& (x1X_)=log (x1 x2) [by def. of g] 
=log x1log x, 
=f (X,)-+g2 (x9) [ly def. of g] 


Thus g preserves compositions in R, and R. Here the compo- 
sition in Ry is multiplication and the composition in R is addition. 
Therefore g is an isomorphism of R, onto R. Hence R&R. 

Ex. 3. Show that the additive group of integers 

G={..., —3, —2, —1, 0, 1, 2, 3,...} 
is isomorphic to the additive group 
G’={..., —3m, —2m, — 1m, 0, Im, 2m, 3m,...} 
where m is any fixed integer not equal to zero. (Agra 1971) 

Solution. If x © G, then obviously mx G G’. Let f: G->G’ 
be defined by f (x)=mx ¥ x E G. 

fis one-to-one. Let x3, x2 © G. Then f(x,)=/ (x2) 

> MXy=mX¢e [by def. of /] 
=> Xy=Xzs [v7 m3£0] 

Therefore f is one-to-one. 

fis onto. Suppose y is any element of G’. Then obviously 
ylmeEG. Also f (y/m)=m (y/m)=y. Thus yEG’ => that there 
exists y/m€& G such that f (y/m)=y. Therefore each element of G’ 
is the f-image of some element of G. Hence / is onto. 

Again if x; and x, are any two elements of G, then 
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Ff (x1-+ x)= (x44+x3) [by def. of f| 
==x -+mx, [by distributive law for integers] 
=f (xy)-+f (x2). [by definition of f] 


Thus f preserves compositions inG and G’. Therefore f is an 
isomorphic mapping of G onto G’. Hence G is isomorphic to G’. 

Ex. 4. Show that the set C of all complex numbers under 
addition is a group which is isomorphic to itself under the identity 
mapping as well as under the mapping which takes every complex 
number into its conjugate complex. 


Solution. The identity mapping f defined by f: CC such 
that f (z)=z ¥ z E C is obviously one-one onto. 

Also f (za+22)=21-+29=f (23) +f (22) ¥ 21, 22 E C. 

.. the identity mapping / is an isomorphism of C onto C. 

If z=x-+iy is any complex number, then 7=x—iy is called 
the conjugate complex of z. 

Let g : C-+>C be such that g (z)=7 ¥ zEC. 

Let 23, ze © C. Then g (2)=g (ze) > 21—=2, 

> (21)=(Z,) => 24232. 

Therefore g is one-to-one. 

If x+iy is any element of C, then x—iy is also an element of 
C. Also g [(x—iy)]=x-+iy. Therefore g is onto. 


Further if z4, ze € C, then g (z3+22)=(z1-+22)=744+7, 
= (Z,;)+8 (22). 
Hence g is also an isomorphism of C onto C. 
$19 Some Important Properties of Isomorphic mappings. 
Let f be an isomorphic mapping of a group G into a group G’. 
Then we have the following important properties. 
Mt) The f-image of the identity e of G is the identity of G’ i.e., 
fie) is the identity of G’. (Kanpur 1970; Banaras 66; Allahabad 70; 
_, Raj. 78; Berhampur 77; Meerut 68; Robilkhand 80; Lucknow 66) 
Proof, Let e be the identity of G and e’ be the identity of G’. 
Let a be any element of G. Then f(a) & G’. 
Now e’ f(a)=f(a) [°° e' is the identity of G’] 
«= f(a) [-. eis the identity of G] 
=f(e) f(a) [°° fis an isomorphic mapping] 
Now in the group G’, we have 
e’ f a)=f(e) f(a) 


; => e’ = f(e) {by right cancellation iaw in G’] 
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-. f(e) is the identity of G’. 

_* (ii) = The_f-image of the inverse of an element a of G is the 
inverse of the f-image of ai.e., f(a“) =[ f(a)}“"!. 

(Kanpur 1970; Garhwal 76; Berhampur 77; 

Rohilkhand 80; Mcerut 76) 

Proof. Suppose e is the identity of G and e’ is the identity of 
G’. Then f(e)=e’. Now let a be any element of G. Then a'GG 
and aa“'=e. We have 

e’=f(e)}—f (aa~*)= f(a) f (a~) [°“ fis composition preserving] 

Therefore f (a) is the inverse of f(a) in the group G’. Thus 
f(a )=[F (al? 

(iii) The order of an element a of G js equa! tu the order of its 
image f (a) (Poona 73) 

Proof. Suppose e is the identity of G. Then f(e) is the identity 
of G’. Let the order of a be finite and let it be equal to ua. 

Then a®=e¢ => f(a") =/\e) 

=> {(aaa ..n times)=/(e) 
=> f(a) fia). .n times-=f(e) 
=> [ f(a)]"--f(e) > order of f(a) < n. 
If now the order of f(a) is m7, then 
[ f(a" =f(e) 
=> f(a) f(a) f(a)...m times=fle) 
=> f (aaa...m times)=f(e)>f(a™) =fle) 
> a@=¢ [°° f is one-one] 
= order of asim. 

Thus m<in und n<m > m=n. 

If the order of a is infinite, then the order of f(a) cannot be 
finite. Because if the order of f(a) is finite and is equal tom, then 
we have a"=¢, Therefore the order of a is finite. Thus we get a 
contradiction. 

Hence in all cases order of a=order of f(a). 

Important Note Suppose we are to prove that a group G is 
isomorphic to another group G’. Then we should try to find a 
one-one mapping from G onto G’ which also preserves composi- 
tions in G and G’. While forming such a mapping we shoul! keep 
in mind the above three facts that an isomorphic mapping must 
preserve identiiies, inverses and orders. 

Solved Examples 

Ex. 1. Show that the multiplicative group G={1, —1, i, —i} 

iS isomorphic to the permutation group 
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G' ={I, (abcd), (ac)(bd), (adcb)} 
on four symbols a, b, c, d. (Banaras 70) 

Solution. We note that 1 is the identity of G and J is the 
identity of G’. Therefore if f is to be an isomorphism of G onto 
G’, then we must have f(1)=/ i.e., identity must go to identity. 

Inthe group G the orders of —1, i and —i are 2, 4 and 4 
respectively. While in the group G’ the orders of (abcd), (ac)(5d), 
(adcb) are 4, 2, and 4 respectively. In 2n isomorphic mapping only 
elements of equal order can be mapped on each other. Therefore 
we must have f (—1)=(ac)(bd). Now the f-image of i can be taken 
either (abcd) or (adcb). Let us take f(i)=(abcd) and {(—i)=(adcb). 
It should be noted that the inverse of i in G is —i while the inverse 
of (abcd) in G’ is (adcb). 

The mapping f : GG’ as defined above is obviously one-one 
onto. Now to show that / preserves compositions in G and G’ we 
proceed as follows : 


Let us write 4;=1, A4-=—1, As=i and A,=—i. We shall 
denote the corresponding f-images by writing B in place of A. So 
let us write By=f(A\)=J, B,=f(A2)=(ac)(bd), Bs=f(As)=(abcd) 
and B,=f(A4)=(adcb). 


Now we shall form the composition tables for the two groups: 


| A; A 3 As As B, B, Bs Be 


Ay Ay Ay As As By By Bo =o Be 
Ag Ax Ay Ag As B, B, By B, Bs 
As 
Aa 


As Ag An Ay Bs B Bh BB 


Aa Ay A; An Ba Bo Bo Bh 2&8, 
We see that the composiiion tables for G and G’ are identical 
i.e., if we replace Ay, As, 4s, Ag by By, 3s, Bs, Bg in the composi- 
tion table for G, we reproduce the complete composition table for 
G’. Therefore the mapping f preserves compositions in G and G’, 
Obviously f(A)A))=B,By=f(As) (As) ¥ Ai, AEG. . 
| For example, f(434.)=/(4))= Bi=B,Be=f( As) f( Aa). 
<. fis an isomorphism of G onto G’. Hence G is isomorphic 
to G’. 
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Note. The mapping ¢: G-+G’ defined by ¢(I)=/, ¢(—1) 
=(ac)(bd), ¢ (i)=(adcb), ¢ (--i)=(abcd) is also an isomorphism of 
G onto G’ as can be easily seen. Also it is obvious that in this case 
we can have only two isomorphisms of G onto G’. 

Ex.2. Show that the multiplicative group G={1, w, w*} is 
isomorphic to the permutation group G’={I, (abc), (acb)} on three 
symbols a, b, c. 

Solution. Proceed asin Ex. 1. Take the mapping f: GG’ 
defined as f(1)=1, f(w)=(abc), f(w*)=(acb). 

Ex, 3. Show that the group G=({0, 1, 2, 3},+«) is isomorphic 
to the group G’=({1, 2, 3, 4}, Xs). 

Solution. Here 0 is the identity of G and 1 is the identity of 
G’. Therefore if f/: GG’ is to be an isomorphism of G onto G’, 
we must have /(0)=]. 

In the group G the orders of 1, 2, 3 are 4, 2 and 4 respectively. 
In the group G’ the orders of 2, 3, 4 are 4, 4 and 2 respectively. 
Therefore we must take {(2)=4. Further let us take /(1)=2, 
S(3)= 3. 

The mapping /f is obviously one-one onto. To show that f 
preserves compositions in G and G’, we should proceed as in Ex. 1. 
§ 20. The relation of Isomorphism in the set of all groups. 

Theorem. The relation of isomorphism in the set of all groups 
is an equivalence relation. (Punjab 1970; Gorakhpur 70; 

Lucknow 68 ; Banaras 69; Meerut 81, 84) 

Proof. We shall prove that the relation of isomorphism 
denoted by ec: in the set of all groups is reflexive, symmetric and 
transitive. 

Reflexive. IfG is any group, then G&G. Let / be the iden- 
tity mapping onG i.e., let ff: GG such that f(x)=x ¥ xEG. 
Obviously f is one-one onto. Also if x, y are any elemenis of G, 
then f(x)=<x and f(y)=y. 

Also f(xy)=xy [v f is identity mapping] 

== f(x) f(y). 


.. jf is composition preserving also. Thus f is an isomorp- 
hism of G onto G. 


Hence GecG. : 

Symmetric i.e, G&G’ > G’a:G. Suppose a group G is 
isomorphic to another group G’. Let f be an isomorphism of G 
onto G’. Then f is one-one onto and preserves Compositions in G 
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and G’. Since fis one-one onto, therefore it is inversible iie., f-} 
exists. Also we know that the mapping f~ is also one-one onto. 

Now we shall show that f-1 : G’-G is also composition pre- 
serving. Let x’, y’ be any elements of G’. Then there exist elements 
x, yEG such that 


S73 (x’)=x, {7 (y=y ---(1) 
and I(x)=x’, f(y=y’. *  aee(2) 
Now fF (x! Y)=f™ [f(X) fO)] [From (2)] 
=f [ fixy)], since f(xy)=f(x) f(y) 
=xy [by def. of {74 
= f(x’) f(y’). [From (1)] 
.. {7} presetves compositions in G’ and G. 
Hence G’ &G. 


Transitive i.e, G e&G',G’ = G’ ~G&G". SupposeG is 
isomorphic to G’ ahd G’ is isomorphic to G’. Further suppose that 
f:G—-G' and g: G’->G" are the respective isomorphic mappings. 
We know that the composite mapping g o f : GG” defined by 

(go f) (x)=e [f(x)] ¥ xEG 
is also one-one onto if both f and g are one-one onto. 
Further if x, y ate ahy elements of G, then 


(g of) (xy)=8 [S(xy)] [by definition of g 0 f] 
=p | f(x) f(y)] [* f is Composition preserving] 
=z [ f(x)] ef /0)] [°° g is also an isomorphism] 


=((g of) (x)j (8 of) O)). 

Hence g o f preserves compositions in G and G”’. 

*. gofis an isomorphism of G onto G’ and G & G’ 

Hence the relation of isomorphism in the set of all groups is 
an equivalence relation. 

Note. The relation of isomorphism in the set of all groups 
will partition the set of all groups into disjoint equivalence classes. 
If G; is any group, then all the groups isomorphic to G, will form 
one equivalence class. If Gz is another group not isomorphic to 
G,, then aJl the grours fsomorphic to G, will form another equl+ 
valence class, and so on. 

§ 21. Transference of group structures, 

Theorem. If G is a group and G’ is a set equipped with a com- 
position (supposed denoted multiplicatively) and if there exists a ane- 
one mapping f of G onto G’ such that 

f(ab)=f(a) f(b) ¥ a, bau, 
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then G’ is also a group isomorphic to G for the composition in 
question. 

Proof. To show that G’ is a group we are to show that the 
composition in G’ satisfies the group postulates, 

Associativity. Suppose a’, b’, c’ are any three elements of G’. 
Since f is an onto function, there exist three elements a, b, c of G 
such that f (a)=a’, f(b)=b’, f (j=c’. 

Now (a’8’) c’=[ f(a) f(5)) fc) 

=[ f(ab)] fie) [‘.’ f preserves compositions] 
=f [(ab) c] [°. £ is composition preserving] 
=f [a (bc)] [by associativity in the group G] 
=f(a) [/(be)]}=f(@) [ (6) f(c=a’ (b’ c’). 

Therefore the composition in G’ is associative. 

Existence of Identity. Suppose e is the identity of G. Then 
f(e) is an element of G’. If a@’ is any element of G’, there exists an 
element a&G such that f(a)=a’. 

Now [ f(2)] @’=[f(e)] [S@]=/(ea)=f@=a’” 

Also a’ [ f(e)]=[f(@)] [fle)]=f(ae) =fia)=a’. 

.. j(e) which is the f-image of the identity e in G is the 
identity in G’. 

Existence of Inverse. If a’ is any element of G’, there exists 
an element a&G such that f (a)=a’. 

Now a&€G => a € G where a a=e=aa™, 

Also f(a“) is an element of G’. 

Now [f(a™)] a’ =[f(a)] [f(@l=f(a* a)=f(e). 

Also a’ { f(a~)]=| f(@)] [f(a] =f(aa) =f(e). 

.. flan) is the inverse of a’ in G’, Thus every element of 
G’ possesses inverse, 


Exercises 
1, Show that the mapping 
S: GG’ defined by f(x)=2x ¥ xEG 
is an isomorphism of G onto G’ where G is the additive group 
of integers and G’ is the additive group of even integers including 
zero. 
2. Show that the additive group G of all integers is isomor- 
phic to the multiplicative group 
G' ==f{..., 3-8, 3-8, 3-4, 30, 31, 32, 38,...}. 
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3. Show that the multiplicative group G={1, —1} is isomor- 
phic to the permutation group G’={I, (ab)}. 

4. (i) What do you understand by the statement : 

‘““When two groups are isomorphic, then in some Sense they 


are equal’’, (Allahabad 80) 
(ii) Are any two finite groups with the same number of ele- 
ments isomorphic ? (Meerut 1981) Ans. No. 


5. Show that the multiplicative group G={1, w, w*} is 
isomorphic to the group G’ of residue classes:(mod 3) under addition 
of residue classes. 

6. Show that the multiplicative group G={1, —1, i, —i} is 
isomorphic to the group G’={0, 1, 2, 3} with addition modulo 4 
as Composition. (Rajasthan 69, Meerut 80) 

7. If fis an isomorphism of a group G onto a group G’, show 
that /-2 is an isomorphism of G’ onto wu. . (Lucknow 68) 

8. Show that the product of two isomorphisms is also an 
isomorphism. (Lucknow 68) 

9. Let G be any group and a be any fixed element in G. 
Define a mapping / : G->G by the formula 

f(x)=axa™, ¥ x&G. 

Prove that f is an isomorphism of G onto itself. 

(1.4.S. 1970; Poona 73) 

10, Prove that the order of an element of a group is unalte- 
red by an isomorphism. 

11. Show that the mapping x-»x~ of G onto G is an isomor- 
phism ifand only if G is abelian, x being any element of the group 
G. (Poona 1973) 

12. Prove that the additive group of complex numbers a-ib 
(a, b integers) is isomorphic to the multiplicative group of ratio- 
nal numbers of the form 2° 3° (a, b integers). 


13. Let be an integer greater than 1. Prove that 
ae sin ~F 50 < Kg n-! 
is a group with respect to the multiplication of complex numbers, 
Show that G is isomorphic to Z/(m) —the additive group of inte- 
gers modulo n. (Meerut 73) 

14. Show that the multiplicative group G of 1 7" roots of 
unity is isomorphic to the group 

G’ =({0, 1, 2, seey n— I}, +a): 


G=Z, : 2e=COS 
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15. Show that the group G of four transformations fj, fo, Sas 
Sg defined by f,(z) =z, f(z)= —z, Jx(z)= 1/2, fa(z) = —1/z, with 
composite composition is isomorphic to the permutation group G’ 
of degree four consisting of the four permutations 
I, (ab), (cd), (ab) (cd). 


16. Show that rea] matrices of the type k 1} where a0 


form a multiplicative group which is isomorphic to the group of 
real non-zero numbers under multiplication. 


17, Show that the multiplicative group of all matrices 


[_° A! where a and b are real numbers (not both e “al to 


zero), is isomorphic to the group of non-zero complex numbers for 
multiplica‘ion. (Meerut 72) 
§ 22. Complexes and subgroups of a group. 


Suppose G is a group and the group composition has been 
denoted multiplicatively. 


Any non-empty subset H of a group G is called a complex of the 
group G, (Nagarjuna 1978) 
Let, now, H be any non-empty subset of a group G. Suppose 
Hf is closed with respect to the composition in G i.e., 
aeéAL,bEH = abe. 

Then we say that the complex H is stable for the composition 
in G and that the composition in G has induced a composition in 
H. This composition in H is called the induced composition. If for 
this induced composition H itself is a group, then H is called a 
subgroup of the group G. 


Subgroup. Definition. (Madras 1974; Usminia 72; 
ee eee Meerut 77, 82; Rajasthan 77; Garhwal 76) 

A non-empty subset H of a group G is said to be a subgroup of G 
if the composition in G is also a composition in H and for this com- 
position H itself is a group. 

Every subgroup of G is a complex of G but every complex is 
not always a subgroup. 

Now every set is a subset of itself. Therefore if G is a group, 
then G itself is a subgroup of G. Also if e is the identity of G, then 
the subset of G containing only one element i.e., e is alsoa sub- 
group of G. These two are subgroups of any group. They are 


——— 
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called trivial or improper subgroups. A subgroup other than these 
two is called a proper subgroup. 

Theorem. Prove that 

(i) The identity of a subgroup ts the same as that of the group. 

(ii) The inverse of any element of a subgroup is the same as the 
inverse of the same regarded as an element of the group. 

(iii) The order of any element of a subgroup is the same as the 
order of the element regarded as a member of the group. 

Proof. Let H be a-subgroup of the group G. 

(i) Let e and e’ be the identities of G and H respectively. 


aw aGH > e’ a=a. [°° e’ is identity of 17] 
w ae&H > aeG > ea=a [°° e is identity of G] 

. inG we have e’a=ea 
=> e’=e {by right cancellation law in G] 


(ii) Let e be the identity of G as well as of H. 

Let a@GH. Suppose 4 is the inverse of ain H and c is the 
inverse of ainG. Then we have ba=e and ca=e. 

.. in G we have ba=ca > b=c. 

(iii) It can also be easily proved. 

Some Examples of Subgroups. 

Example 1. The multiplicative group {1, —1} is a subgroup 
of the multiplicative group {1, —1, i, —i}. 

Example 2. The additive group of even integers is a subgroup 
of the additive group of all integers. 

Example 3. The multiplicative group of positive rational 
numbers is a subgroup of the multiplicative group of al] non-zero 
rational numbers. 

Example 4. The additive group of integers is a subgroup of 
the additive group of all rational numbers. 

Example 5. The alternating group 4, of all even permutations 
of degree n is a subgroup of the symmetric group P, of all permu- 
tations of degree n. 

Example 6. The subset {/, (1 2 3), (1 3 2)} is a subgroup of 
the symmetric group Ps. Other proper subgroups of Pe are 
UZ, (1 2)}, (4, (2 3)}, (7, (3: 1}. 

§ 23. Algebra of complexes of a group Miultiplication of 
complexes, if H and K are two complexes of a group G, then 

AK={xEG |x=hk, he HX, ke K}. 

Obviously HKEG. Thus HK is a complex of G consisting of the 
elements of G obtained on multiplying each member of A with 
each member of K. 
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Multiplication of complexes is associative i.e., /f H, K, L are 
any three complexes of G, then (HK) L=H (KL). (Nagarjuna 1978) 

Proof. Let h, k, / be any arbitrary elements of H, K, L res 
pectively so that (hk) 1 € (AK) L. 

But (hk) l=h (kl) © H (KL). 

(HK) L © H (KL). 

Similarly we can show that H (KL) © (HK) L. 

Hence (HK) L=H (KL). 

Note. If we say that HK=KH, then it does not mean that we 
should have hk=kh for allh € H and for all k © K. What we 
require is that each element of the set HK should be present in KH 
and each element of KH should be present in AK. 

Inverse of a complex. Let H be any complex of G. Then we 
define H-4={h-1:h € H} i.e., H-2 is the complex of G consisting 
of the inverses of the elements of H. 

Theorem 1. Jf H and K are any two complexes of a group G, 
then (HK)-1= K— H-1, (Nagarjuna 1978) 
Proof. Let x be any arbitrary element of (HK)"}. Then 

x=(hk), hE A, kEK 
=k-if-? € K-1 Ht (v kA€E€ K3,hO € A] 

.. (HK) © K7 An. 

Again let y be any arbitrary element of K-? H-}. 

Then yek7 Ih ke KkhEH 

= (hk) & (HK)~}. {‘: hk € HK] 

-« K 73H" C (AK)~“ 

Hence (HK)“!=K-1) H-}, 

Theorem 2 If H is any subgroup of G then H-=H. Also show 
that the converse is not true. 

Proof. Let 4- be any arbitrary element of H™. Then hE H. 
Now H is a subgroup of G. ThereforehG@ Hm h*€ H. Thus 
hic HH» hte H. Therefore H?C¢ H. 


Again hE Ha hte A [°. #7 is itself a group] 
=> (hA“4)"e€ AW [by def. of H-] 
»>he HH. 

f.. iC a7 

Hence H-1H. 


If H is a complex of a grour G and H-'=H, then it is not 
necessary that H is a subgroup of G. For example H={-- 1} isa 
complex of the multiplicative group G={—1I, 1}. Also H7™+={—]}- 
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since —1 is the inverse of —1 inG. But H={-—1} is not a sub- 
group of G. We have (—1) (—1)=1 ¢ H. Thus H is not closed 
with respect to multiplication. 

Theorem 3. Jf H is any subgroup of a group G, then 

HH=H. 

Proof. Let /,ha be any element of HH where 4G H, h,€H. 

Since H is a subgroup of G, therefore 
In,hoE H > hyhe © H. 
v. AH C dH. 

Now let # be any element of H. Then we can write h=he 
where e is the identity of G. Now he € HH, sinceh © H, eGH. 

Thus HCHH. 

Hence HH=H. 

§ 24. Criterion for a complex to be a subgroup. 

Theorem 1. A non-empty suhset H of a group G is a subgroup 
of G ifand only if 

(i) aGH, bEH => abed. 

(ii) a@H > a) & H where a“ is the inverse of ainG. 

(Lucknow 1970; Allahabad 69) 

Proof. The conditions are necessary. Suppose 77 is a subgroup 
o:G. Then H must be closed with respect to multiplication i.e., 
the composition in G. Thereforea €C H,bG H> abE H. 

Let a€ Hand let a@ be the inverse ofainG. Then the 
inverse of a in H is also a+. Since H itself is a group, therefore 
each element of H must possess inverse. Therefore 

ace H-ra'ieé dH. 

The conditions are sufficient. 

Sinceae€ H, bE€ H> ab E UH, therefore H is closed with 
respect to multiplication. 

Associativity. The elements of H are also the elements of G. 
The composition in G is associative. Therefore the same composi- 
tion must also be associative in H. 

Existence of Identity. The identity of the subgroup is the 
same as the identity of the group. 

Now @€ Heacic H. [From the giver condition (ii)] 

Further aE H,a*€EHr>actECH 

[From the given condition (i)] 
; >e€ H. 


. The identity e is an element of H. 
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Existence of inverse. Since ac H + a" & dH, therefore 
each element of H possesses inverse. Hence H itself is a group for 
the composition inG. So H is a subgroup of G. 


Theorem 3. (An important characteristic property of a sub- 
group). A necessary and sufficient condition for a non-empty subset 
H of a group G to be a subgroup is that 

a&H,b € H > ab" © A where b™ is the inverse of b inG, 

(I. A.S. 1972 ; Nagarjusa 79, 80 ; Lucknow 80 ; 

Marathwada 70 ; Osmania 72 ; Meerut 81, &4 ; Gorakhpur 70 ; 

Allahabad 79 ; Punjab 70 ; Rohilkhand 80 ; Garhwal 76 ; 
Kumayon 78 ; Poona 73) 

Proof. The condition is necessary. Suppose # is a subgroup 
of G. Leta € H,b€ H. Now each element of H must possess 
inverse because H/ itself is a group. 

. bB€ Ha bie Hu. 

Further H must be closed with respect to multiplication /.e., 
the composition inG. Thereforea @ H,b-'E€ H = abo e€ H. 

The condition is sufficient. Now it is given that 

aEGH,beE H=>ab' ed. 

We are to prove that H is a sub-group of G, 

Existence of Identity. . We have 

ac& Hae HvaaicH [by the given condition] 

>ee€E H. 

Thus the identity e is an element of H. 

Existence of Inverse. Let a be any element of H, Then by 
the given condition, we havee G@ H,aG H=>ea*ECH 

>ate H, 

Thus each element of H possesses inverse. 

Closure Property. Let a,b@H. Then as shown above 
be H>b'1€H. Therefore applying the given condition, we 
haveae€ Hb € Heal(b)"E€ H> abe H. 

Associativity. The elements of H are also the elements of G. 
The composition in G is associative. Therefore it must also be 
associative in H. 

Hence H itself is a group for the composition in G. Therefore 
His a subgroup of G. 

Note. Had we denoted the composition in G additively, the 
statement of the above theorem would have been 

aG H, bE H => a—beEH. 
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An Important Remark. The above theorem gives us a very 
important characterization Of a subgroup. Whenever we are 
required to show that a non-empty subset H ofa group G is a 
subgroup of G, we should make use of this theorem. Thus we 
should take any two arbitrary elements a, b G H and we should 
try to show that ab'GH. If we are able to show that 
a4bGEGH»ab "ER, itis sufficient to conclude that H is a 
subgroup of G. 

Cor. 1. A necessury and sufficient condition for a non-empty 
subset H of a group G to be a subgroup is that HH“! € H. 

Proof. The condition is necessary. Jt is given that H is a 


subgroup of G. Let ab- te any arbitrary element of HH~*. Then 
aGH, beH. 


Since 7] itself is a group, therefore bE H => b'e& H. 
Thus a@&@H, b"' © H => ab" € H, by closure property. 
ab-' GC HH~ = ab" € H. 

Hence HH" C dH. 

The condition is sufficient. It is given that HH-*? € dH. 

Let a,5@H. Then ab © HH-, Since HH-! C H, there- 
fore ab € HH- => ab € H. Thusa € H, bEH » ab? € H. 
Hence #7 is a subgroup of G, 

Cor.2. A necessary and sufficient condition for a non-empty 
subset H of a group G to be a subgroup is that HH-*=H. 

Proof. The condition is necessary Suppose H is a sub-group 
of G. Then by Cor. 1, HH-! C dH. 

Now H is a sub-group of G. Thereforee @ 7. if ff is any 
arbitrary element of H, then 


h=he=he € HH” [s AEH, ete A} 
”. HQHAA. 
Hence HH=H. 
The condition is sufficient. It is given that HH7=H. 
HH™CAH. 


Hence by Cor. !, H is a sub-group of G. 

Theorem 3. (Criterion in the case of finite complexes), 

A necessary and sufficient condition for a non-empty finite sub- 
set H of a group G (the composition inG being denoted multipli- 
catively) to be a sub-group is that H must be closed with respect to 
multiplication ie, @E HbeEeHamabeEe H. 


(Kerala 1970; Madurai 78; Meerut 78, 82; Rajasthan 77; 
Sagar 77; Kanpur 80; Banaras 70) 


Proof. The condition is necessary. Suppose H is a sub-group 


Groups 143 


of G. Then H must be closed with respect to multiplication i.e., 


the composition in G. Therefore uG H,bE H>abe H. 
Hence the condition is necessary. 


The condition is sufficient. It is given that H isclosed with 
respect to multiplication i.e, ae H, bE H > abe dH. 

Leta be any element of H. Then by the given cundition 
@=aa € H, &=aa® & H, at=aa® © H. Proceeding in this way 
we get a” © H where m is any positive ynteger. Thus the infinite 
collection of elements a, a?, 43,..., a7,... all belong to H. But H 
is a finite subset of G. Therefore there must be repititions in this 
collection of elements. If they are all distinct, then iJ will not be 


a finite set. Therefore for some positive integers r and s with 
r > s, we must have 


a’ =a! 

=> @ a~*=a’ a~ [." @aeG => (a)~ i.e., a *E G] 

> a'-*=Q°=e, where ¢ is the identity of G. 

*” r § 18 a positive integer, therefore @-'=e & H. 

Therefore the identity e i ¢., a° is also an clement of H. 

Now r—s > 1. Therefore r—s -] > 9. 

We have af-*-! g=a@rt#=e= gy! --, 

by the definition of inverse, @i=qt-*-! € H,. Thus each 
element of H possesses inverse, 

Finally the elements of H are also the elements of G. There- 
fore the composition in H must he associative. 

Hence H 1s a subgroup of G. 

Corollary. A finite non-cmpty subset H of a group G is a sub- 
group of G iff HH=H. 

An Important Remark. The criterion given in the above 
theorem 3 is valid only for finite subsets of a group G. It is not 
valid for infinite subseis of an infinite group G as is clear from the 
following examples : 

Example 1. Let G be the additive group of all integers and H 
be the subset of G consisting of all positive integers. Obviously H 
is closed with respect to addition i.e., the composition in G. But 
H is not a subgroup of G since the identity 0 ¢ H. 

Example 2. Let G={......2-8, 2-3, 2-1, 1, 2, 23, 23,...«+-} be the 
multiplicative group consisting of all integral powers of 2. Let 
fA={1, 2, 23, 2,...}. Then A C Gand H is closed with respect 
to multiplication. But H is not a subgroup of G since the inverse 
of 2 f.¢., 2-2 does not belong to H. 
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Example 3. Let G be the multiplicative group of all non-zero 
rational numbers, Then H={1, — 1} is a finite subset of G. Also 
ff is closed with respect to multiplication. Therefore H is a sub- 
group of G. 

Example 4, Let P, be the symmetric group of degree n i.e., 
the elements of P, are permutations of degree n. If A, is the set 
of all even permutations of degree n, then A,C Px and A, is closed 
with respect to multiplication of permutations. We remember that 
the product of two even permutations is also an even permutation. 
Therefore A, is a subgroup of Pa. Hence Ap is itself a group with 
respect to multiplication of permutations. A, is called alternating 


group Of degree n or Order a 


§ 25. Criterion for the product of two subgroups to be a sub- 
group. 
Theorem!. If I], K are two subgroups of a group G, then HK 
is a subgroup of G, iff HK=KH. (Vikram 1976; Madras 83; 
Nagarjuna 78; Raj. 78; Andhra 75; Meerut 78, 79) 
Proof. Let H and K be any two subgroups ofa group G. 
Let HK=KH. In order to prove that HK is a subgroup of G it is 
sufficient to prove that (HK) (HK)-1= AK. 
We have (HK) (HK)-2=(FIK) (K°? H7)=H (KK-) H-3 
=(HK)H 4[-s K isa subgroup > KK~=K] 
=(KH) H-) [to HK=KH] 
= K (HH 3) 
=KA['s H isa subgroup > HH-!=H}] 
=HK. 
°. HK=KH => HK is a subgroup of G. 
Conversely suppose that HK is a subgroup. 
Then (HK)"4=HK 
=> K-! H-1=HK 
=> KH=HK, [°. K is subgroup > K-*=K and 
similarly H-4=H] 
Hence the result. 
Corollary. Jf H, K are subgroups of an abelian group G, then 
HK is a subgroup of G. . 
Proof. We know that if H, K are two subgroups of a group 
G, then HK is a subgroup of G if and only if HK=KH. 
Since the given group Gis here abelian, therefore we have 
HKi=KH. Hence //K is a subgroup of G. 
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§ 26. Intersection of Subgroups. 
Theorem 1. /f H, and H, are two subgroups of a group G, then 
fy NH, is also a subgroup of G. 
(Meerut 1970; Rajasthan 75; Kumayon 77> Poona 73: 
Jabalpur 70) 
Proof. Let H, and H, be any two Subgroups of G. Then 
A, NHAzD, since at least the identity element e is common to 
both Ay and Hs. 
In order to prove that H,(Hs is a subgroup it is sufficient to 
prove thata € HH, H,.b © Ay) Aseabie HAN H,. 
Now a€& Aina, >-ae Hy, and a ec Ag, 
bE AOH,> bE H,andbe Ay. 
But Ay, He are subgroups. Therefore 
@@ Hb E H,»ab" E€ Ay, 
a4€ Hib © H.2xab" € A. 
Finally. ab-' € Hy, ab- © Hy2ab" € HiN\Hs. 
Thus we have shown that 
ae ANAL, bEHNH, > ab} Ee A," As. 
Hence My He is a subgroup of G. 
Theorem 2. Arbitrary intersection of subgruups i.e., the inter- 
Section of any family of subgroups of a givup is a subgroup. 
(Kerala 1970; Nagarjuna 78) 
Proof. Let G be a group and let {H,:t & T} be any family 
of subgroups of G. Here T is an index set and is such that y 1e€7, 
H, is a subgroup of G. 
Let H= (1) W,={xEG :xEH, ¥ tE T} 
eT 


be the intersection of this family of subgroups of G. Then to 
prove that H is also a subgroup of G. 
Obviously 14+ QZ, since at least the identity element e is in 
HH, ¥ te T. 
Now let a, b be any two elements of A. Then 
a& () H, > aE H; ¥ 1&T, 
‘ET 
and bE 1, > hE, ¥ tT. 
ET 


Bul v¥ 1E7, /, is a subgroup of G. Therefore 
ae LI, b Gc Hy => ab-} = H, ¥ (ET, 
Consequently abe 1 HW, 
‘eT 
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Thus we have shown that a, b&  H,; » ob ("E N HM. 
teT te'T 
Therefore () H, is a subgroup of G. 
teT 


Note 1. H; () Hg is the largest subset of G which is contained 
in A, as well as in Hz. Therefore H, 1 H, is the largest subgroup 
of G contained in H, and H,. By largest,we mean that it is con- 
tained in H, and Hs; and contains every subgroup of G contained 
in both H; and Hg. 

Note 2. The union of two subgroups is not necessarily a sub- 
group. (Allahabad 1979) 

For example, let G be the additive group of integers. 

Then H,={.... —6, —4, —2, 0, 2, 4, 6, ...} and 

H,={..., —12, —9, —6, —3, 0, 3, 6, 9, 12,--+} 
are both aubgroups of G. 

We have H, U H:—{..., —4, —3, —2, 0, 2, 3, 4, 6,---}- 

Obviously H, U H, is not closed with respect to addition as 
262 A,U H,.3 € Hy U MM, but 243 i¢.,5 ¢ HU As. There- 
fore #, U Hz is not a subgroup of G. 

However H, () H2={ .., —18, —12, —6, 0, 6, 12, 18,...} is a 
subgroup of G. 

If we take the subgroup Hs={ -., —8, —4, 0, 4, 8,...} of G, 
then 4; U Hs—H, and H, is a subgroup of G. We shall prove in 
one of the following examples that the union of two subgroups is 
a subgroup iff one is contained in the other. 

Solved Examples 

Ex.1. Let G be the additive group of integers. Then prove 
that the set of all multiples of integers by a fixed integer m is a sub- 
group of G. 

Solution. We have Ge={..., —3, —2, —1. 0, 1, 2, 3,--.} is 
the additive group of integers. Let m be any fixed integer. Let 
He{..., —3m, —2m, —m, 0, m, 2m, 3m,...}. Then H CG. To 
prove that H is a subgroup of G. Let a=rm and b=sm be any 
two elements of H where r and s are some integers. The inverse 
of sm in G is (—s) mi.e., —b=(—Ss) m. 

We have a—b=rm+(—s) m=(r—s) m € H since r—s 1s also 
some integer. Thus a€ H,bE H»a-beEH. Hence H is a 
subgroup of G. 

‘Ex. 2, Let a be an element of a group G. The set H={a" : n€EQ 
of all integral powers of a is a subgroup of G. 
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Solution. We have a&G. To prove that 

H={..., a-*, a-*, a-}, a®, a', a®, a®,...} is a subgroup of G. 

Let af, a? be any two elements of H, where r and s are some 
integers. The inverse of a* in G is a~*, Now 

at (a’)=a' a=a''E H since r—s is also some integer. 
Therefore H is a subgroup of C. 

Note. If G is a group and aG&G, then the subgroup 
H={a"* : n € I} of G is called the subgroup of G generated by a. 

IMustration. Let G be the multiplicative group of positive 
rational numbers. We have 3EG. Obviously 

H={..., 3-8, 3-3, 3-3, 3°, 3', 3%, 3°,...} is a subgroup of G. 

Ex. 3. Let G be the set of all ordered pairs ‘a, b) of real 
numbers for which a%0. Leta binary operation X on G be defined 
by the formula 

(a, b)x(c, d)=(ac, bc+d). 

Show that (G, x) is a non-abelian group. 

Does the subset H of all those elements of G which are of th 
form (1, 5) forma subgroup of G? (Madras 1974; Rajasthan 69) 

Solution. For the first part of the question see example 7 on 
page 65. The inverse of the element (a, 6) of G has been found 


b l b 
a ——— =} — or = 
to be( 5 ; 2). Thus (a, 5) -(7 ; -) . 
Now we are to see whether H is a subgroup of G or not. 


Obviously H is a non-empty subset of G. Let (1, 6) and (1, c) be 
any two elements of H. Then 


(1, B}x(1, e)-2=(1, byx(i, —$)=(, ) x1, ~d=(1, B~e) 


(by def. of the operaticn x on G] 

But (1, b—c) ts definitely an element of H. Thus 

(1, 5), (1, c) @ H > (1, b)x(l,o" € H. 
Hence H is a subgroup of G. 
Ex. 4. Let H be a subgroup of a group G and define 

T=(x € G: xH=Hx). 
Prove that T is a subgroup of G. 
Solution. Let x, x2 € T. Then x,xH=Hx, x2 '1=Hxz. 
First we show that x.7€ T. 
We have vel] = Hx, X37) (x,H) X72 ==x,7! (Hx.) X27? 
>Hx,-1=x, H»>x,;"€ T. 
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Now we shall show that x,x,~?€ 7. 
We have (x,x,7") H =x, (xg7? H) =x, (Hx27) 
= (xyH) x97} = (xy) Xe =H (% x47). 
ae x4x,E T. 
Thus x3, xs8© T>x3x—°27E7. Hence T is a subgroup of G. 


Ex. 5. Prove that those elements of a group G which commute 
with the square of a given element b of G forma subgroup H of G 
and those which commute with b itself form a subgroup of H. 

(Poona 1973) 

Solation. Let H={x € G: xb*=—b*x}. Then to prove that 
H is a subgroup of G. We see that H is not empty because 
eb'=b'=)*e>e€ H. 

Now let x1, xxE€H. Then x,b*=5%x, and x2b?=b* xg. 

First we shall show that x.7€ H. We have 

Xpb%= b¥ xg => x97? (xqb?) xQ72 = X27 (b8Xg) x27 
=> b*y_-1 = x,-3b* > x2 IE H. 
Now we shall] show that x,:x27€ H. 
We have X3x27) b8 = x,b8x,7? [°° b%7? ae x, 75] 
== b®y3x,7? [*.” Xb = b* x4] 
oe x4x27EH. 

Thus x1, x,.€ H>x4x,7! G H>H is a subgroup of G. 

Let N={yEG: ybh=by}. We have yb=by @ (yb) b=(b)') b 

=> yb*=b (yb) > vb*=b (by) > ybt=bty, 

Thus yEN > yEH. Therefore NCH. 

Now to prove that N is a subgroup of H. Obviously N is not 
empty since at least e€ N. 

Let ya, veEN. Then yyb—by, and yab=byvo. 

We have poh= byz>yg7? (J'2b) Vem? = P27? (bys) ya? 

=>by,~? == \'y7? b. 
Now yy Yom? b= yy bye? by yy2*. 

ee ywy2 (EN ‘ 

Thus yy, rE N>)ry's 1EN. Hence N is a subgroup of H. 

Ex. 6, Show that the union of two subgroups is a subgroup if and 
only if one is contained in the other. 

(Rajasthan 1976; Allahabad 79; Madras 83) 

Solution, Suppose Hy) and Ji, are two subgioups of a group 
G. Let H,GH, or H.C Ay. Then //,U Has Ay or Ay. But Ay, Hs 
are sul: rouns ane therefore Hy U //, is also a subgroup. 
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Conversely suppose //, U Hy is asubgroup. To prove that 
AGH; or AAG Ay;. 

Let us assume that H; is not a subset of H2 and H. is also not 
a subset of H,. 

Now A, is not a subset of H, > 3 a@H, and a¢ H, weo(L) 
and Hz is not a subset of H, > 3 bGH; and b¢& Aj. o+0(2) 

From (1) and (2), we have a€ H,U H. and b€ MU Ase. 

Since H,UA; is a subgroup, therefore ab=c (say) is also an 
element of H1U H;. 

But ab=cE H,UAs > ab=cE A, or Hs. 

Suppose ab=ceE A. 

Then b=a" cE Hy, [*.’ His a subgroup, 

therefore aE MH, > a € A,] 

But from (2), we have b& Hy. Thus we get a contradiction. 

Again suppose ab=cE Ad. 

Then a=cb? € H,. [°° Hs is a subgroup, 

therefore b& A, > b-1E H,] 

But from (1), we have ag H,. Thus here also we get a contra- 
diction. 

Hence either MG As or H,€ Ay. 

Ex. 7. Let G be the multiplicative group of all positive real 
numbers and R the additive group of all real numbers. IsG a sub- 
group of R? (Gujrat 1970) 

Solution. There is no doubt that the set G of all positive real 
numbers is a subset of the set R of all real numbers, But the group 
G is not a subgroup of the group R. The reason is that the com- 
position in G is different from the composition in 2. 

Ex. 8, (i) Can an abelian group have a non-abelian sub-group ? 

(Nagarjuna 1979, 80) 

(ii) Can a non-abelian group have an abelian sub-group ? 

(Nagarjuna 1979) 
(iii) Can a non-abelian group have a non-abelian sub-group ? 
(Nagarjuna 1980) 

Solution, (i) Every sub-group of an abelian group is abelian. 
ifG is an abelian group and A is a sub-group of G, then the 
operation on H is commutative because it is already commutative 
in G and H is a subset of G. Hence an abelian group cannot have 
a aon-abelian sub-group. 
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(11) A non-abelian group can have an abelian sub-group. 
For example the symmetric group Ps; of permutations of degree 3 
is non-abelian while its sub-group As is abelian. 

(iii) {A non-abelian group can have a non-abelian sub-group. 


For example P¢ is a non-abelian group and its sub-group 4, is also 
non-abelian. 
Exercises 


1. (i) Define a subgroup. Give examples. (Meerut 1975) 
(ii) What is the difference between a complex and a sub- 
group of a group ? (Meerut 1979) 
2. Show that a necessary and sufficient condition for a non- 
empty subset H of a finite group G to be a sub-group is that 
a&H, b€ H => abe dH. (Banaras 1971) 
3. (i) Define alternating group. Show that the alternating 
group 4, 1S a subgroup of the symmetric group S, of the permu- 
tations over m objects. Write down all the proper subgroups of 
S3. (Gorakhpur 1970) 
Ans. {I, (ab)}, {1, (bc)}, {7, (ca)}, {1, (abc), (acb)}. 
(ii) Give an example of a non-abelian group G which has the 
property that every proper subgroup of G is abelian. 
(Meerut 1980) 
4. H isa finite non-empty subset of a group G and is closed 
with respect to the group operation. Prove that H is a subgroup 
of G. Show also, by means of an example, that the above state- 
ment js not necessarily true when # is an infinite subset of G. 
(Kerala 1972; Marathwada 72) 
5. Verify the following statements for being true or false. In 
case a statement is false, write the corresponding correct state- 
ment. 
(i) A non-empty subset H of a group G, which is closed 
under the binary composition in G is a subgroup of G, 
(ii) If G is a group and #7 is a non-empty subset of G, then H 
will be a subgroup of G if H*=H. (Meerut 1976) 
Ans. (i) False ; (ii) False. 
6. IfG is a group, the centre of G, Z is defined by 
Z={zEG :zx=xz ¥ xEG}. 
Prove that Z is a subgroup of G. 


Or 
Show that the elements in a group G which commute with 
every element of G form a sub-group of G. (Meerut 1981) 
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7, If a€G we define N(a)={xEG : xamax}. 
Show that N(a) is a subgroup of G, 
(Punjab 1970; Meerut 76, 78, 79, $1; Delhi 70) 
8. Let G be a group, H a subgroup of G. Let for xEG. 
xHx~*={xnx-* : hE A}. 
Prove that xHx~* is a subgroup of G. (Meerat 1979) 


9. Show that the elements of finite order in any commutative 
group G form a subgroup of G. 


10. Show by means of examples that the union of two sub- 


groups may or may not be a subgroup. (Rajasthan 1976) 
11. Show that the integral multiples of 5 form a subgroup 
of the additive group of integers, (Meerut 1973) 


12. Let Aand B be subgroups of a group G and let AB be 
the subset of G consisting of all elements of the form ab, where a 
is in A and 5 is in B. Then 

(i) Show by considering the subgroups of the group of 
permutations of three elements, or otherwise, that AB need not be 
a subgroup of G. 


(ii) Show that AB is a subgroup of G if and only if AB=BA, 
(Gujrat 1971) 
13. Show that the 24 permutations on 4 symbo!s form a group 


with respect to permutation multiplication. Write down three 
proper subgroups of this group. (Kanpur 1970) 


14, Show that all those elements of an abelian group G which 
satisfy the relation a*— e constitute a subgroup of G, 


15. Show that a group can never be expressed as the union 
of two of its proper subgroups. (Poona 1973) 


16, Let the mapping mas, for a, b real numbers, map the reals 
into the reals by the rule, mgs (x)=ax-+0. 


Let G={r,) : a0}. Prove that G is a group under the com- 
position of product of mappings. Find the formula for me "cd. 


Let H={xeEG: ais rational}, Show that H is a subgroup 
of G. (1.4.8, 1973) 
17, Consider the set 


S= E : a is any integer, a is a fixed integer » of. 
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Show that S is a subgroup of the additive group of rational num- 
bers and that S contains the additive group of integers. 
( Meerat 1974) 
18. Let A be any non-empty set and xE A be a fixed element. 
Let 7,<{o | o : A->A is a permutation and o(x)=x} Show that 7, 
is a subgroup of the group of all permutations of A. 
(Meernt 1980) 


§ 27. Cosets. We shall now introduce the very important 
concept of right and left cosets of any subgroup. These are also 
known as residue classes modulo the subgroup. Cosets of a sub- 
group are only special types of complexes. 

Definition. Suppose G is a group and H is any subgroup of G. 
Let abe any element of G. Then the set Ha={ha: h€ H} is called 
a right coset of H in G generated by a. Similarly the set 
aH={ah : he H} is called a left coset of H in G generated by a. 

(Meerut 1972; Kumayon 77) 

Obviously Ha and aH are both subsets of G. 


If e is the identity clement of G, then He=H=eH. Therefore 
H itself is a right as well as a left coset. 


Siuce H is a subgroup of G, therefore e@ H. So if Ha isa 
tight coset of H in G, then ea is an element of Ha. Thus we see 
that a € Ha. Therefore if Hu is any right coset, then at least the 
element a€ Ha. Consequently no right coset can be empty. Similarly 
a is an element of the left coset aH. Therefore no left coset can be 
empty. 

If the group G is abelian, then we have ah=ha ¥ h © H. 
Therefore the right coset Ha will be equal to the corresponding 
left coset aH. However if the group G is not abelian, then we may 
have aH=Ha or aH=>Ha. 

Note. If the composition in the group G has been denoted 
additively, then the right coset of H in G generated by a is defined 
as H+a={h+a: hE H}. 

Similarly the left coset a+ H={a+h : hE H}. 

Example 1. (Rajasthan 1978) Let G be the additive group of 
integers 7.e., G={..., —3, —2, —1, 0, 1, 2, 3,..-}. 


Let H be the subgroup of G obtained on multiplying each 
element of G by 3. Then He{..., —9, —6, —3, 0, 3, 6, 9,...}. 
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Since the group G is abelian any right coset will be equal to 
the corresponding left coset. Let us form the right cosets of Hin G. 

We have 0€ G and 

H=H+0={..., —9, —6, —3, 0, 3, 6, 9,...}. 

Again 1 € G and H+1=—{..., —8, —5, —2, 1, 4, 7, 10,...}. 

Then 2€G and H+2={..., —7, —4, —1, 2, 5, 8, 1],...}. 

We see that the right cosets H, H+1 and 4+2 are all distinct 
and moreover these are disjoint 7.e., have no element common. 

Now 3€G and H+3={..., —6, —3, 0, 3, 6, 9, 12,...}. 

We see that H+3—H Also we observe that 3E H. 

Again 4EG and H+ 4={..., —5, —2, 1, 4, 7, 10, 13,...}. 

We see that H+4=H+1. Also we observe that 4E H+ 1. 

Similarly the right coset H+ 5 coincides with H+2, 7+6 with 
H, H+(—1) with H+2, H+(—2) with H-+-1 and so on. 

Thus we get only three distinct right cosets i.e., H, H+1, 
H+2. Obviously G=HU(H+1)U(A+2). 

Example 2. Let G be the group of all permutations of degree 3 
on three symbols 1,2,3. Then the elements of G are the permu- 
tations fu=(1), fo=(12), fe=(23), K=C31), f= (123), fo= (132). 

Let H be the subgroup of G consisting of the permutations fy 
and fs. Then H={f,, fo}. Let us form the right cosets of H in G 

Hf,=H, since f, is the identity element of G. 


Afhe={fi fa fa fh =i fo, AHH. 


Afs=={ fy fa, fe Sas= Se, Se}- [Note that fe /fa=/e] 
Hh=thhs Ss Sd= (fe, Ss}. 
Hfs—{ fits, fe fo}={ fe, Sa}- [Note that Hfa=Hfs] 


Afe={ hi fo, Sa Sassi fer fa}=Afs. 

Thus we get only three distinct right cosets i.e., H, Hfs, Hf,- 
Obviously G=H U (Hfs) U (Hf). 

Also note that the number of elements in each right coset is 
the same as in H. 

The left coset fpH={ 3 fi. fs fo} ={ Js, fr}- 

We see that Hfs+felt. 

Forming all the left cosets of H in G, we can see that we shall 
get only three distinct left cosets. 

Note. Suppose in example 2, we take H={ fi, fs, fe} Which 
is obviously a subgroup of G. Of course A is nothing but the 
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alternating group As. There will be only two distinct right cosets 
of H in G and each of them will contain three elements. It will be 
interesting to check that in the case of this subgroup of G each 
right coset is equal to the corresponding left coset. 


Theorem 1. Jf H is any subgroup of G and h & dH, then 
Bh=H=hs. 


Proof. Leth G@ H. Then to prove that Hh=H. Suppose hi’ 


any arbitrary element of H. Then h‘h is an arbitrary element 
of Hh. 


Since H is a subgroup, we have 
WeEeAheE HoawWhe H. 


Thus every element of Hh is also an element of H. Hence 
Ah C H. 

Again h’=h' (h7 A) [hot h=e] 

=(h’ hh 

E€ Ah[y heh € A and 

Wed,hie Hs h'l“eé A). 

Thus every element A’ of H is also an element of Hh. Hence 
HG Ah. 

Finally Hh € H and H © Hh > Hh=H. 

Similarly we can prove that hH=H. 

Note. If His any subgroup of G anda & G, thena € Ha. 
Now suppose Ha=H. Then each element of Ha belongs to H. 
Thereforea € H. Hence Ha=H >a €& H. 

Similarly GH=H >a € H. 

Theorem 2. Jf a, bare any two elements of a group G and H 
any subgroup of G, then 

Ha=Hb @ ab © Hand aH=bH @a ibe dH. (Raj. 78) 

Proof. Since a is an element of Ha, therefore 

Ha=Hb > a & Hb => ab © (Hb) b> 

=> ab-1 & H (bb-) > ab“ & He = ab" © HH. 
Conversely, ab G H > Hab@=H [° hGH > Hh=H) 
=> Hab b=Hb 
=> Hue=Hb > Ha=Hb. 

Similarly we can prove that a#H=bH « a*b & H, 

Note. His a subgroup. Therefore if ab~' & H, then (ab-3)-1 
i.e., (67)? at i.e., ba? E H. Similarly ifa-* 5 € H, then also 
b'ae H. | 

Theorem 3. if a, 5 are any two elements of a group G and H 
any subgroup of G, then 

a € Hb @ Ha=Hb anda © bH @ aH=bd. 
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Proof. We have 
a€ Hb=> ab" € Hbb-' > abc He 
=> ab} © H=> Hab3=H 
=> Hab-' b=Hb => Hae=Hb > Ha=Hb. 
Conversely, let Ha=Hb. Since a & Ha, therefore a © Hb. 
Similarly we can prove that a © bH <> aH=bH. 
Theorem 4. Any two right (left) cosets of a subgroup are 
either disjoint or identical. (Sagar 1966) 
Proof. Suppose H is a subgroup of a group G and let Ha and 
Hb be two right cosets of Hin G. Suppose Ha and Hb6 are not 
disjoint. Then there exists at least one element, say, c such that 
cG Haandc € Hb. Let c=Iya and c=hgb, where hy, hz A. 


Then hya=heb 
or hy? hya=hy71 heb 
or ea=(hy~* hg) b 
or a=(hy? hg) b. 


Since H is a subgroup, therefore 4,~1 hy & H. Let hy7* ha=hs. 
Then a=heb, 
Now Ha=Hhab =(Hhg) b 


ae [°° hee H » Hh] 
Therefore the two right cosets are identical if they are not dis- 
joint. Thus either Ha (\ Hb=@ or Ha=Hb. 
Similarly we can prove that either aH \ bH= or aH=bH., 
Theorem §. If H is a subgroup of a group G, thea G is equal to 
the union of all right cosets of H in G i.e., 
we U Ha VU Hb U Hewn..., where a, b, C,...+.. are elements 
of G. 
Proof. Gisagroup. Therefore each element of any right 
coset of Hin G is an element of G. Hence the union of ail right 
cosets of H in G is a subset of G. 
Also if x is any element of G, then x & Hx. Therefore x 


belongs to the union of all right cosets of HinG. Hence G isa 
subset of the union of all right cosets of H in G. 


Therefore G is equal to the union of all right cosets of H 


inG. Symbolically, we haveG= U Hx. 
xEG 


Similarly we can prove that G is also equal to the union of alt 
left cosets of H in G. : 

Right coset Decomposition of a group. Suppose H is a sub- 
group of a group G. No right coset of H in G is empty. Any two 
right cosets of H in G are either disjoint or identical. The union 


156 Modern Algebra 


of all right cosets of H in G is equal toG. Therefore the set of 
all right cosets of H in G gives us a partition of G. 

This partition is called the right coset decomposition of G 
with respect to the subgroup H. To obtain distinct members of 
this partition we should proceed as follows : 

First of all H itself isa right coset. If there is an element 
ae@Gsuch that a ¢ H, then Ha will be another distinct right 
coset. Again if there is an element b © G such that b ¢ H and 
also b ¢ Ha, then Hb will be another distinct right coset. Pro- 
ceeding in this way we can get all distinct right cosets of H in G. 
Then we shall have G=HU HaUHbUHce..., where a, 5, c,-.- ate 
elements of G so chosen that all right cosets are distinct. 

Si milarly we can also obtain left coset decomposition of G. 

Theorem 6. If H is a subgroup of G, there is a one-to-one 
correspondence between any two right cosets of H in G. 

Proof. Leta,b EG. Then Ha and Hb are any two right 
cosets of H in G. Let f: Ha—>Hb be defined by 

f(ha)=hb he A. 

The function / is one-one. If /y, 4g G H, then h,a, hga € Ha. 
Also by def. of /, we have f (4,a)=hAyb and f (h,a)=h,b. 

Now f (Aya) =f (hea) 

> Inb=hgb 
>h=hs [by right cancellation law in G] 
=> ha=lna. 

.. J is one-one since only equal elements oy 4a can have the 
same image in Hb. 

The function f is onto. Let h’b be any arbitrary element of 
Hb. Then h’b © Hb=>h' € Ha h'a E Ha. Nowf (h’a)@h’b, 
by definition of f- Thus h'b € Hb => that there exists h’a € Ha 
such that f (h’a)=h'b. Therefore f is onto Hb. 

Hence the result. 

Similarly it can be proved that there is a 1-1 correspondence 
Actween any two left cosets of H inG. (Kerala 1970) 

Note. H itself is a right as well as a left coset. Therefore if 
H is a finite subgroup of G, then the number of elements in H i.e., 
o (H) is equal to the number of elements in any coset of H inG 
(right or left). 

if H is an infinite subgroup of G, then we say that any two 
cosets of H in G have the same Cardinal number. 
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Theorem 7. Jf H is a subgroup of G, then there is a one-to-one 
correspondence between the set of left cosets of H in G and the set 
of right cosets of HinG. (Kumayun 1977 ; Kanpur 80 ; Meerat 80) 

Proof, Let us define a function { from the set of left cosets 
of H in G to the set of right cosets of H in G by the formula 

f(ah)=Ha ¥ @e G. 

First we shall show that this function f is well-defined. If aH 
is a left coset, then obviously Ha is a right coset. Further if aH 
and bH represent the same left coset, then we are to show that 
f (@H)=f (oH). 

We have aH=bH > abe H [see theorem 2, page 154] 
=> Hal b=H [°° hE H=> Ah=H] 
=> Ha bb2=Hb' > Ha=Hb" 

»> f(aH)=f(bH). [° f(aH)=Heetc.] 

& J is well-defined. 

Now to show that fis one-one. We have 


ff (aH) =f (bH) 
=> Ha i=Hb"! [by def. of /] 
=> a1(j“1)1€ H [See theorem 2, page 154] 
>aihe H 
> a'bH=H [° he H > hH=H] 


> aa! bHeaH = bH=aH > aH@=blH. 

Hence / is one-one. 

Now to show that / is onto the set of right cosets. Let Ha be 
any right coset. Then a-! H is a left coset. Also 

f(a? A)=H (a1)71 [by def. of J] 
= Ha, 

Thus each right coset Ha is the f-image of the left coset a-! H. 
Hence f ts onto. 

Note. From this theorem we conclude that if the number of 
distinct right cosets of H in G is finite, then it will also be equal 
to the number of distinct left cosets of H in G. It should be noted 
that in an infinite group G, it is possible that the number of 
distinct right cosets is finite. 

Index of a subgroup in a group. Definition. Jf H is a subgroup 
of a group G, the number of distinct right (left) cosets of 11 in G is 
called the index of H in G and is denoted by [G: H] or by ig (H). 

[Punjab 1966 ; Banaras 63 ; Meerut 76, 83 (P)] 
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§ 28. Relation of congruence modulo a subgroup H in a 
group G. 

Supppose H is a subgroup of a group G. If the element a of 
G belongs to the right coset Hbi.e., ifa€ Hb i.e., if ab € A, 
then we say that a is congruent to b modulo H. 

Definition. Let H bea subgroup of agroupG. Fora,beGG 
we say that a is congruent to b mod H if and only if ab! € H. Sym- 
bolically, we write 

a=b (mod H) if and only if ab-' € H. 
Theorem. The relation of congruency ina group G defined by 
a=b (mod A) iffab € H 
is an equivalence relation. 
(I.A.S. 1970; Meerut 68; Agra 70; Lucknow 69; Uikal 70) 

Proof, Reflexivity. Let a be any element of G. Then aa'=eGH 
since H is a subgroup of G. Therefore a=a (mod #) for all a&G. 
Hence the relation is reflexive. 

Symmetry. We have a=b (mod H) > ab“ € H 

=> (ab)-1 © H [° His a subgroup of G] 
=> ba © H > b=a (mod #H). 

Therefore the relation is symmetric. 

Transitivity. Let ab (mod H) and b=c (mod H). Then 
eb? © Hand be? € H. But H isa subgroup of G and thus H 
must be closed with respect to the composition in G. Therefore 

(ab?) (bc) EC Hw a(b bbc CG H=> acicH 

=> ac! © H => amc (mod H). 

Hence the relation 1s transitive. 

Therefore the relation congruence mod H is an equivalence 
relation in G. Therefore it will partition G into disjoint equivalence 
classes. If @ or [a] is the equivalence class corresponding to a€G, 
then we shall show that [a]= Ha. 

By the definition of equivalence classes, we have 

[aj={x € G: x=a (mod H)}. 

Let z be any arbitrary element of Ha. 

Then z € Ha + za? E€ Haa > za' € He m 20° EH 

=> z=a (mod HM) = z € [aj. 

-. HaG fal. 

Now let y be any arbitrary element of [a]. 

Then y € [a] > ya (mod A) 

» ya" cE 

> ya*ac€ Ha» y € Ha. 
“. fa] G Ha. 
Hence [a] = Ha. 
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Therefore the partition of G induced by this equivalence rela- 
tion is nothing but the right coset decomposition of G with respect 
to H. No right coset of H in G will be empty. Two right cosets of 
Hin G will be either disjoint or identical. The union of all right 
cosets of H in G will be equal to G. 

Note. We can show that the relation in G defined by 

a=b (mod A) iffa*be& H 
is an equivalence relation and gives us the left coset decomposition of 
G with respect to H. 

Illustrations. 1. If G is the additive group of integers and H 
is the subgroup of G obtained on multiplying the elements of G by 
5, then we have 

=HU(H#+ 1I)U(A+2)U0(44+3)U(4+4). 

The index of H in G is 5. 

2. Let G be the group of all permutations of degree 3 on 
three symbols 1, 2, 3 and H be the subgroup {(1), (1 2)}. The num- 
ber of elements in each right coset of H in G will be 2 and the 
number of elements in G ts 6. So we shall have three distinct right 
cosets, It can be seen that G=HU A(23)U A(31). 

The left coset decomposition of G with respect to H is 

G=HAU(23) HU(3)DA. 

§ 29. Lagrange’s theorem. 

(1.A.S. 1973 ; Nagpur 70; Punjab 70; Kumayun 78; Poona 73; 

Kanpur 80; Banaras 71; Rajasthan 77; Nagarjuna 79; Lack. 80; 

Delhi 70; Madurai 78; Madras 83; Meerut 77, 79, $1, 82, 83, 84; 
Garbwal 76) 

The order of each subgroup of a finite group is a divisor of the 
order of the group. 

Proof. Let G be a group of finite order n. Let H be a sub- 
group of G and leto(H)=m Suppose Ay, he, ..., hy are the m 
members of H. 

Let a@G. Then Ha is a right coset of H in G and we have 

Ha= {hya, hga, ..., hma}. 

Ha has m distinct members, since ha=hja>h,=h;. 

Therefore each right coset of H in G has m distinct members, 
Any two distinct right cosets of H in G are disjoint i.e., they have 
no element iu common. Since G is a finite group, the number of 
distinct right cosets of H in G will be finite, say, equal tok. The 
union of these k distinct right cosets of H in G is equal to G. Thus 
if Ha,, Hay, ..., Ha, 
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are the k distinct right cosets of H in G, then 
G=Ha,UHauU VJ Ha, 
e> the number of elements in G= the number of elements in Ha,+ 
the aumber of elements in Hag-+...+the number of elements in 
Ha,. [two distinct right cosets are mutually disjoint] 
=> o (G)=km=a>n=- 


n : we 
=> = => m 18a divisor of n 


=> o (H) is a divisor of a (G). 

Hence the theorem. 

Note 1. k is the index of HinG. We have 

m=n/k. Thus k is a divisor af 2. 

Therefore the index of every subgroup of u finite group is a 
divisor of the order of the group. 

Note 2. Very Important. If H is a subgroup of a finite group 
G, then the index of H in G=the number of distinct right (or left) 


in Ga? 
cosets of H in c= A)’ 
Cor.1. The order of every element of a finite group is a divisor 
of the order of the group. (GN.D U. Amritsar 1982; 


Punjab 70; Poona 70; Banaras 70; Meerut 74, 76) 

Proof. Suppose G is a finite group of order n Let a&G 
and let o (a)=m. To prove that m is a divisor of 7. 

Let H={..., a~3, a~4, a=}, a®, a, a, a?, ...} be the subset of G 
consisting of all integral powers of a. Then we know that # isa 
subgroup of G. We shall show that H contains only m distinct 
elements and that they are a, a7, u®, .... a™=e=<a°. 

Let lgor<gm, Il<s<gmand r>s. 

Then a’ =a! => aa-*=ata*=>at '=a">a' “=e, 

Thus there exists a positive integer r—s less than m such that 
af’-*=e, But m is the least positive integer such that a”=—e. 
Therefore a’s4a‘. Therefore a, a®, a®, .... a"==a°=e are all distinct 
elements of #. 

Now suppose a! is any element of #7, where ft is any integer. 
By division algorithm, we have 

t=: mp-+q where p and g are some integers and 0<q<m, 

{[Note. We can write t/m= p+ qin. 

We have af=a™tt= Q™Pqt = (a")?us = ca®=3u". Since 
O< g <m, therefore a¢ is one of the # e'ements a, a’, .., a®=a?, 
Hence f7 has only a distinct eiements. 
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Thus order of H is m. By Lagrange’s theorem mm is a divisor 

of 7. 
Cor.2. IfG is a finite group of order n and a&G, then a®=e. 
(Madras 1970, Meerut 70, Punjab 70) 
Proof. Ina finite group, the order of each element is finite. 
Let o (a2)=m. The subset A of G consisting of all integral powers 
of a is a subgroup of G and the order of H ism. By Lagrange’s 


theorem m isa divisor of m. Let kaa, Then n= mk. 


Now a®*=a™=2(a")*ee* [°° o (a)=m > a*"=e] 

=, 

Note. Lagrange’s theorem has very important applications. 
Suppose G is a finite group of order n. If m is not a divisor of n, 
then there can be no subgroup of G of order m. Thus if G is a 
group of order 6, then there can be no subgroup of G of order 5 
or 4. Similarly if G is a group of prime order p, then G can have 
no proper subgroups. For suppose H isa proper subgroup of G 
and o(H)=m. Then l<m<p By Lagrange’s theorem, m must be 
a divisor of p. But if !<m<p and p is prime, then m cannot 
divide p. So a group of prime order can have no proper subgroups. 

However the converse of Lagrange’s theorem is not true. 

(Kanpar 1969) 

If m is a divisor of n, then it is not necessary that G must have 
a subgroup of order m. For example the alternating group A, of 
degree 4 is of order 12. It can be seen that there is no subgroup of 
A, of order 6, though 6 is a divisor of 12. 


Cor 3. Euler’s Theorem. If 2 is a positive integer and a is any 
integer relatively prime to n, then 
ae") 1 (mod n), 


where > is the Euler $-function. 

Proof. For any integer x let [x] denote the residue class of 
the set of integers mod ». Let G={[a] : 2 is an integer relatively 
prime to 7}. 

Then we kuow that with respect to multiplication of residue 
classes Gis a group of order ¢c(n). The identity element of this 
group is the residue class [1]. We have 

[@] € G > [apM=[1} > [a] 4 —[1] 
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=> [a] [a] [a]...upto ¢ (n) times=[1] 

=> [aa...upto ¢ (n) times]=[1] [Note that [a] [b] = [ab] 

=> [at] =[1] => at] (mod n). 

Cor. 4. Fermat’s Theorem. Jf pis a prime number and a is 
any integer, then a?=a (mod p). (Allahabad 1980) 

Proof. Let G be the set of non-zero residue Classes of integers 
modulo p. If p is a prime number, then with respect to multiplica- 
tion of residue classes G is a group of order p—1. The identity 
element of this group is [I]. 

Now suppose a is any integer. 

Case 1. pisa divisor ofa. In this case {a]=[0] and so {a} 
is not an element of G. But 

p | a=>p | a?=>p | (a?—a)>a’=a (mod p). 

Case 2. p is not a divisor of a, In this case [a];4[0] and so 
{a] is an element of G. Therefore we have 

[a}%O) = [1] > [a]?-4 [1] > [a7-4]=[1]>a-4=1 (mod p) 

=> gv-1—] is divisible by p=a (a?! — 1) is divisible by p 

= a?—a is divisible by p> a?ma (mod p). 

§ 30. Order of the product of two subgroups Of finite order. 

Theorem. Let H and K be finite subgroups of a group G. 

o (H) 0 (K) 
0o(H 1 K) 
(I.A.S, 1973 ; Meerut 78, 82 P, 83; Andhra 75; Kanpur 80) 

Proof. HK is a subset of G. It is not necessary that it will 
be a subgroup of G. By o (HK) we mean the number of distinct 
elements in AX. 

Let D=H 1) K. Then Dis a subgroup of G and DC K. 
Therefore D is a subgroup of K. Since K is finite, therefore the 
number of distinct right cosets in the right coset decomposition 
of K with respect to Dis finite. Let it bem. By Lagrange’s 
theorem, we have m=) 

If Dky, Dks,..., Dkm are the distinct right cosets of D in K, 


Then o (HK)= 


then K=Dk,UDK,U «..U Dkp= U Dky. 
a | 
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Observe that ky, ke,-.., Km are some distinct elements in A. 


Now HK=H (UW Dk)= UO HDk, 
im] i=] 


= U Hk; [fo DCH HD=H) 


i=] 
= Hk, U Hke U...U Hkm. »» (1) 
We shall show that the cosets /ky, Hkz.,..., [ikm are pairwise 
distinct. We have 
Hk, = Hk; > kiky*€CH 
> khkotjeHn kK (*o ki, KE K>kiky EK] 
=> kjky-1 € D > Dk,;=Dk; 
=> kyoksy = [* Dky,..., Dkm are distinct cosets] 
Thus Hk, Hkz,..., Hkm are distinct right cosets and so they 
are pairwise disjoint also. The number of elements in each of 
them is equal to o(H) i.e., the number of elements in H. Therefore 
from (1) we conclude that the number of elements in HK is equal 


tomxo(H). ae 
. _e(K _ of) o (K) 
«. OHK)=mxo (1)= spy : o( H) = — KR) (Hf K) 
Corollary. Let H and K be subgroups of a finite group G and 


leto(H) > +/[o (G)], 0(K) > V[o(G)]. Then H (\ K#¥{e}. 
(Meerut 1980) 


Proof. Since HKCG, therefore o (HK) < o (Q). (1) 
0 (H)o(K) 
ma 0 =F HN K) — 2) 
oO Oo 
From (1) and (2), we get o (G) > oH K)’ (3) 
But (H)o (K), vio (GV [o (G)) 
o(H (1) K) 0o(H 1) K) [by hypothesis] 
- o (H) 0 (K) o (G) 
_ o(HN K) o(H kK) .. (4) 
o (G) 


From (3) and (4), we get 0 (G) > OAK) 


Therefore o (H (1 K) > 1 and this implies that 41 Q K#{e} 
because order of {e}=1. 

We apply this corollary to a very special group. 

Example. Let G he a finite group of order pq where p and q are 
prime numbers with p > q. Then G has at most one subgroup of 
order p. In particular a group of order 6 has at most one subgroup 
of order 3. | (Meerut 1972, 76) 
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Solution. If possible, let H and K be the two subgroups of 
G of the same order p. Since p > gq and o (G)=pgq, therefore 
o (H) > +/[o (G)] and o (K) > +/[o (G)j. 
So by the above corollary H ) K+¥{e}. 
Now H () K is a subgroup of H. Since H is of prime order p, 
therefore either HQ K=H or Hf K={e}. But HN KAf{e}. 
Therefore H 1 KH and this implies that H € K. Similarly we 


can prove that K C H. Hence H=K. Therefore there can be at 
most one subgroup of'G of order p. 


As a special case a group of order six has at most one sub- 
group of order 3 since 6=3 X2 where 3 > 2 and both 3 and 2 are 
primes. 

Solved Examples 


Ex. 1. Show that two right cosets Ha, Hb are distinct if and 
only if the two left cosets a~* H, b= H are distinct. 

Solution. In order to prove the given statement we shall 
prove that two right cosets Ha, Hb are equal if and only if the 
two left cosets a~! H, b"1 Hare equal. We have 

Ha=Hb @ ab“ € H [See theorem 2, page 154] 
@ ab H=H [°° hEH @ hH=H}) 
@ @1 ab H=a1 HH 
@ b) H=a! Hea) H=b-" H. 

Hence the required result follows. 

Ex. 2. Show that the set of the inverses of the elements of a 
right coset is a left coset; or more precisely show that (Ha)™*=a™ H. 

Solution. Suppose Ha is a right coset of H in G where a€G. 

Let ha be any element of Ha, where h € H. 

We have (ha)!=a71 h-}. 

Since H is a subgroup, therefore hE H => hE H, 

° @4hAXE ar. 

Thus the inverses of all the elements of aa belong to the left 
coset a~1 H. Hence (Ha) © a7 HH. 

Conversely, let a~1 4 be any element of a H. 

Then a= hea (hu!) = (h-3 a)? E (Ha), 
since h-4 © H and therefore h-1 a G Ha. 

Therefore every element of a~' H belongs to the set of the 
inverses of the elements of Ha. 

. @iHG (Ha). 

Hence (Ha) = a7" H. 
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Ex. 3. Given that G=HHazVU Hag)... Ha. is the right 
coset decomposition of G relative to the subgroup H, show that 
G=HUa,1H VU ast HYU...U axe H is a left coset decomposi- 
tion of G relative to the subgroup H. 

Solution. We know that two right cosets of H in G are either 
disjoint or identical. Therefore if there are two equal right cosets 
in the given right coset decomposition of G, then one of them can 
be omitted. So let us assume that all the right cosets in the given 
right coset decomposition of G relative to H are distinct. Then 
there are k distinct right cosets of Hin G. But the number of 
distinct right cosets of H in G is equal tothe number of distinct 
left cosets of Hin G. Therefore there are k distinct left cosets in 
the left coset decomposition of G relative to H. 

Now we know that two right cosets Ha and Hb are distinct if 
and only if the two left cosets a"! H and b= H are distinct. Since 
the right cosets H, Haz,..., Hag are all distinct, therefore the left 
cosets H, a,7} H,..., a.) H are all distinct. Since they are k in 
number, therefore they are the only distinct. left cosets of H inG. 


Now the union of all the distinct left cosets of H in G is equal to 
G. Hence 
G=HUae-! HUas HU...Ua,7! H 

is a left coset decomposition of G relative to the subgroup H. 

Ex. 4 Prove that the only right (or left) coset of a subgroup 
H in a group G which is also a subgroup of G is HI itself. 

Solution. Suppose Ha is a right coset of /1 in G. Let J/a be 
a subgroup of G. Then e © Ha. ButeGH. Since H is itself a 


right coset and two right cosets are either disjoint or identical, 
therefore H-==Ha. 


Similarly a/7 is a subgroup of G>aH=/]/, 

Ex.S. /f H © Kare two subgroups of a finite group G, then 
show that {G : H]=[G : K) [K: H]. 

Solution, Since 17 © K are two subgroups of a group G. 
therefore H is also a subgroup of K. 

Now #/ is a subgroup of a finite group G. Therefore hy Lag- 
range’s aes Pe re 

. 0 i) oO ; 

[G ° HN =H) a(K) : o(Hy~ : K] {K ° H]. 

Ex. 6. Let H and K be two subgroups of a group G. Show thay 
any eset relative to H(\K is the intersection of a coset relatiye to 
H with a coset relative to K. (Jabalpur 1970) 


a 
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Solution. Leta be any element of G. Then (HNK) 4 is aby 
right coset of G relative to the subgroup H(\K. We shall prove 


that (H(\K) a=(Ha)((Ka). 
We have (HONK) CH > (H(\K) a © Ha 
and (AN K)C K> (HK) a © Ka. 
s (HNK)aG Ha(\ Ka. (1) 


Again let x be any element of Ha ) Ka. Then x © Ha and 


xe Ka. 
»  y=ha=ka for some hE H, kE K. 


xa twh=k. 
_. xem EHNk > (xa) ae(HN\kK)a=> xe(HN 4K) a. 
Consequently Haf\ Ka G (HN K) 2. (2) 


From (1) and (2), we conclude that (7K) a= Ha(\ Ka. 

A similar proof can be given in the case of a left coset. 

Ex.7. Prove that the intersection of two subgroups, each of 
finite index, is again of finite index. (Meerut 1973 ; Madras 83) 

Solution. Let H and K be two subgroups of a group G. Let 
[G: H|=m and [G : K]=n. Let Hay,---, Ham and Kby, +++» Kb, 
be the distinct right cosets of Hand K respectively. We are to 
show that the number of distinct right cosets of HOMK in G ts finite. 
Let (HX) @ be any right coset of HONK in G. Then it can be easily 
shown that (HM K) a=Ha(\ Ka. Thus each right coset of HK 

is given by the intersection of a right coset of H and a right coset 
of K. Since the number of distinct right cosets of H is m and the 
number of distinct right cosets of K is n, therefore the number of 
distinct right cosets of HK can be at most equal to mn. Hence 
H(\K 3s of finite index in G. 
Ex. 8. Use Lagrange’s theorem to prove that a finite group can- 
be expressed as the union of two of its proper subgroups. 

(Poona 1973) 
Solution. Let G be a finite group of order a. Suppose G is 
the umon of two of its proper subgroups H and K. 

Since e© both H and K and G-=HwU K, therefore at least one 
of H and K (say, H) must contain more than half the elements of 
G. Let o (H)=P. Then n/2 <p <1. (Note that H is a proper 
subgroup of G). | 

Since n/2 <P < %s therefore p cannot be a divisor of n. This 
contradicts Lagrange’s theorem which states that the order of each 
subgroup of a finite group ‘5 a divisor of the order of the group. 


not 
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Hence our initial assumption is wrong and so a finite group 
cannot be expressed as the union of two of its proper subgroups. 

§ 31. Cayley’s Theorem. Every finite group G is isomorphic 
to a permutation group. (G.N.D.U. Amritsar 1982 ; LA.S. 69 ; 

Allahabad 68 ; Delhi Hons. 69 ; Punjab 69 ; Kanpur 80 ; 
Madrés 83 ; Meerut 78, 81, 83 P) 

Proof. Let G bea finite group. If a&G, then for every x in 
G the product ax is also an element of G. Now consider the func- 
tion f, from G into G defined by 

fa(xX)PaxV¥x€EG. 
The function fg is one-one because if x, y € G, then 
fa (x)=fa (y) > ax=ay | 
>x=y. [by left cancellation law in Gj 

The function fa is also onto because if x is any element of G, 

then 3 an element a=! x in G such that 
fa (a7? x)=a (a7) x)=(aa™) x=ex=—x. 

Thus fa is a one-one function from G onto G. Therefore f, is 
a4 permutation on G. Let G’ denote the set of all such one-one onto 
functions defined on G corresponding to every element of G i.e., 

7'={fg :a=G}. 

First we shall show that G’ is « group with respect to the 
operation known as composite or product of two functions. 

Closure property. Let fo, /sEG’ where a, b@G. From our 
definition of product of two functions, we have 

(Sa fo) (x) =fa [fo (x)] =fa (bx) =a (6x) = (ab) x 
=fap (x) for all xEG. 

Therefore by the definition of equality of two functions, we 
have Sa fo=fab. -(1) 

Since ab € G, therefore fas € G’ and thus G’ is closed with 
respect to the product of functions. 


Associativity. Let fo, fo, fe & G’ where a, b, cEG. Then 


fa (fo fe)=fa fre [‘. from (1), fo fo=fie] 
=fa¢bc) [from (1)] 
=f (ab) [by associativity in G] 
=fab fe [from (1)] 
=( fo fo) Se. (from (1)] 


Therefore the or¢cration in G’ is associative, 
Existence of Identity. Ife is the identity of G, then f, is the 
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identity of G’ because for every fa in G’, we have 
Safamfra=Sa and fa femfeeSa- 
Existence of Inverse. Ifa”! is the inverse of ain G, then 


fo-1 is the inverse of f, in G’ because 
farh=leia=Se and fa fleimSeei=hr- 

Thus G’ is a group. 

Now we shall show that Ge&=G’. Consider the function ¢ from 
G into G’ defined by ¢ (a)=fa ¥ GEG. 

¢ is one-one. If a, beG, then 

$ (a)=$ (b) > fa=lo > Se (x)=fo (x) ¥ EG 

=> ax=bx ¥ xGG => a=b. 

:. ¢ is one-one. 
¢isonto, Let fa be any element of G’. 
Then a€G and we have ¢(a)=fz. Therefore ¢ is onto. 
$ preserves compositions in GandG’. If a, bEG, then 


¢ (ab)=fes [by def. of ¢] 
=fafo {from (1)] 
= (a) ¢ (5). [by def. of 4] 
:. ¢ preserves compositions in G and G’. 
ee e G’. 


Definition. The permutation group to which G is isomorphic is 
called a regular permutation group. 

Note 1. While forming the function f. we have multiplied the 
elements of G on the left hand side by u and not on the right hand 
side. Thus we have taken fa (x)=aa and not fo (x)=xa. If we 
take fa (x)=xa, we shall get fafo—foa. Then while defining 
the mapping ¢ : G->G’ we should set ¢(a)=f,-1 and not ¢(a)=fa. 


Note 2. Important. Cayley’s theorem is true even if the group 
G is not finite. The same proof can be given in that case because 
while proving the theorem we have not assumed that G is finite. 
But if G is not finite, then the word permutation should be 
omitted from the statement of the theorem. In that case we should 
state the theorem like this : 
Every group is isomo rphic to a group of one-one onto functions. 
(Sagar 1966, 68 ; Dibrugarh 67 s Jabalpur 69) 
Example. Find the regular permutation group isomorphic to 
the multiplicative group G={l, —1, i, — i}. (Raj. 1978) 
Solution. By Cayley’s theorem the regular permutation group 
G’ isomorphic to G consists of the following four permutations 


Sites Safe . 
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1 —! i —i i-li-i 
rn aeyp a@ ayo) “(i —li el 
4 ; 


1 i -—§ 
(—)t (-DED (-Di —D(-d 
EP Lp a)aG. -DG, -0. 


( I —1 i —i 
@Mi1@™() ti @CA| 
1 —1 i -i : : 
=(; ot at aa. —l, —i). 
( l —1 i —i 
(Pt (IED CHE CA(-d 
—1 é -i : , 
= i] 7 )=a, —i, —1, i). 
Exercises 
1. What is a coset ? Give an example. (Meerut 1972) 
2. What are the left cosets and right cosets of a subgroup H 
ofa group G? Prove that any two left cosets of H in G are 
identical or have no elements in common. Show that there is a 
I-] correspondence between any two left cosets of H in G. 


(Kerala 1970) 
3. Correct the foliowing statement : 


If Gis a group and His a subgroup of G, then o(H) isa 
divisor of o (G). (Meerut 1976) 
4. Answer the following questions : 
(7) What is the order of the group P, ? 
(ii) What is the order of the group Ag ? 


(iii) Is 4g a subgroup of P,? If yes, what is the index of Ag 


in Py? Ans. (i) 24, (ii) 12, (iii) 2. 
5. Use Fermat’s theorem to determine the remainder, if 8? 

is divided by 103. (Meerut 1977) 
Ans. 8. 

6. Prove that any group is isomorphic to a transformation 
group. (Kumayan 1977 ; Allahabad 80) 


7. (i) Show that every group is isomorphic to a subgroup of 
A(S) for some appropriate S. Here A(S) is the group of all one- 
one functions of S onto itself. (Meerut 1973 ; Vikram 76) 

(ii) Let G be a finite group. Prove that G is isomorphic to 
a subgroup of Sa, the symmetric group of degree n, for some n. 

(G.N.D.U. Amritsar 1982) 


8. Let G be the group of integers under addition and let N 
be the set of all integral multiples of 3. Prove that N is a sub- 
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group of G and determine all the cosets of N inG. (I.A.S. 1973) 
9. Let G bea finite group, a@G; show that the order of a 
equals the order of the subgroup H of G generated by a. Hence or 
otherwise deduce that o (a) divides oa (G). (Meerut 1975) 
10. Consider two subgroups H={I, (1 2)} and K={/, (1 3)} 
of Ss. Determine HK. Using Lagrange’s theorem or otherwise 
prove that HK is not a subgroup of Ss. (Meerut 1976) 
11. If H and K are subgroups of a finite group G, give an 
example to show that o (HK) need not divide o (G). (Meerut 1973) 
12 Ifa finite group G contains an element of even order, 
Show that G must also be of even order. 

13. Ifa finite group possesses an element of order 2, prove 
that 1t possesses an odd number of such elements. 

14. S is a subset of a given groupG and one defines a rela- 
tion a ~ b in G if and only if ab-! € S. Show that the necessary 
and sufficient condit‘on that this is an equivalence relation is that 
S is a subgroup of G. (1A.S. 1975) 

15. Use Lagrange’s theorem to show that any group of 
prime order can have no proper subgroups. 

§ 32. Cyclic groups. 

Definition. A group G is called cyclic if, for some a E G, every 
element x € G is of the form a", where nis some integer. The 
element a is then called a generator of G. 

(I.A.S. 1974; Meerut 81; Garhwal 76; Madras 74; 
Kumayon 78; Madras 77; Bombay 70; Rajasthan 77) 


There may be more than one generators of a cyclic group. If 
G is a cyclic group generated by a, then we shall write G= {aq} or 
G=(a). The elements of G wil! be of the form 
.--9 a78, a7?, a7}, @=e, a, a®, a®, .., 
Of course they are not necessarily all distinct. 
Example 1, (Vikram 1978). The multiplicative group G={i, 
—1, i, —i} is cyclic. We can write G={i, i?, 8, i. Thus G is a 
cyclic group and i is a generator. Also we can write 
G={—i, (— 7)’, (—7)?°, (—i)4$. 
Thus —i is also a generator of G. 
Example 2. The multiplicative group {1, w, w*} is cyclic. The 
generators are w and w%, | | 
Example 3. Suppose G is any group anda € G. Let H be 
the subgroup of G consisting of all integral powers of a i.e., 
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H={aq"*:in © 1 (the set of integers)}. Then H is a cyclic subgroup 
of G generated by a. 
Example 4. The group G=({0, 1, 2, 3, 4, 5}, +6) is cyclic. 
This group is generated by 1. Another generator is 5. 
We see that Ji=1, 1?=1+6 1=2, P=14, 1%==3, 
[4 1+, 18d +4 3=4, 18=]+¢6 14=5, 18=0, 


Thus G=({l, 17, 1°, 14, 15, 160}. 
Example 5. The multiplicative group of n ath roots of unity 
is cyclic, a generator being e®*!/*, (Allahabad 70; Raj. 78) 


Example 6. The additive group G of all integers is cyclic, a 
generator being 1. We have 1°=0, P=1, l?=141=2, 
=x1+1--1=3 and so on. Similarly 1-!=inverse of 1=—1, 
19=(1*)-t=— 2, 1-#=(18)-1.(3)-1= —3 and so on. | 

Thus each element of G can be expressed as some integral 
power of 1. Also —1 is a generator. 

§ 33. Some Properties of Cyclic Groups. | 

Theorem 1. Every cyclic group is an abelian group. 

(Meerut 1976; Allahabad 80; Vikrem 78) 

Proof. Let G={a} be a cyclic group generated by a. Let x, y 
be any two elements of G. Then theie exist integers r and s such 
that x=a', y=a*. Now xy=@ at==art!=—ait ag’ a’=yx. Thus we 
have xy=yx ¥ x, yEG. Therefore G is abelian. 

Theorem 2. Jf ais a generarer uf u cyclic group G, then a- is 
also a generator af G, 

Proof. Let G={a} be a cyclic group generated by a. Let a" be 
any element of G, where r is some integer. We can write a =(g71)-', 
Since —r is also some integer, therefore each element of G, is 
generated by a1, Thus a7! is also a generator of G. 


Theotem 3. A cyclic group G with generator of finite order n, 
is isomorphic to the multiplicative group of n nth roots of unity. 
(Meerut 1971; Poona 70; Madurai 78) 
Proof. Let a be a generator of the cyclic group G, Since the 
order of a is n, therefore 1 is the least positive integer such that 


a"=e, 
We shall show ‘that the group G has exactly n distinct elements 
a, a’, a®, ..., a&®*=e=a*, »»(1) 


No two elements of (1) can be equal. For if possible, let 
aaae,los<rgn Then al '-d=e. 
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Since 0<r—s<n, therefore a-'=e implies that the order of a 
is less than mn. Hence ata*. 
Therefore all the n elements in (1) are distinct. 


Again let a‘ be any clement of G. By division algorithm, there 
exist two integers p and q such that 

t=np-+q, O<q <Q. [Note. We can write t/n=p- qjn] 

ee B= gett — Qn" — (q")%at= el gt = ent =a. 

Since 0 < q < a, therefore a* is one of the x elements in (1). 
Thus each element of G is equal to some member of (1). Tihere- 
fore G has exactly m elements given in (1). Thus o (a)=0 (G}. 

We shall now show that G is isomorphic to the multiplicative 
group G’ of the 7 ath roots of unity, namely 

1 =e%**e/e erwin etntla, sas ettrija ee e8a(n—1)i/a 

Consider the mapping f : GG’ defined by 

f(@)=e8*"!", where 0 <r<n—l. 

The mapping f is one-one. Since 

Jia) =f(a*), where O<r<n—1, OSs<n—1 

=> efwirlA a et8lsle => p=s > =a’. 

Again the number of elements in G is equal to the number of 
elements in G’. Therefore f is one-one implies f must be onto G’. 

Finally f(a" a*)=f(a**)=f(a™***), where u is some integer 

andgQ<k<n 
[Note. We can write (r+s)/n=u+k/n] 
= f(a"*a*) =f [(a")* a*] 


=fia') [" at=e] 
ox githifa [by def. of f) 
= e*wantjn otwki/s [*.. emul ]] 


a= GPW Ruth)/8 oy, ptH1(s+3) [Ne ep Bir ia piwis/a f(a’) f(a"). 

Therefore { preserves compositions inG and G’. Hence G is 
isomorphic to G’, 

Since every finite cyclic group of order n is isomorphic to the 
multiplicative group of n nth roots of unity, therefore we can Say 
that there is one and only cne cyclic group of order n. 

Cor. If ais a generator of an infinite cyclic gioup G, then 
the order of a must be infinite. If the order of a is finite, then 
the cyclic group generated by a will be of finite order. Therefore 
the order of a cyclic group is equal to the order of its generating 
element. (Rohilkband 1980) 
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Theorem 4. A cyclic group G with a generator of finite order n, 
is isomorphic to the additive group of residue classes modulo n. 
(Punjab 1970; Jiwaji 78; Meerut 73) 
Proof. First to prove that the group G has exactly n distinct 
elements, give the same proof as in theorem 3. The group G’ Is 
here the group of residue classes modulo a. 


For any integer a let [a] denote the residue class of the set of 
integers modulo n. Then G’={[a]: a € I where I is the set of 
integers}. The group G’ has only n distinct elements and we have 
G’ ={[0], {1], [2], ..., (2—1]}. Also G={a@ : rel}. 

Consider the mapping f: G->G’ defined by 

Ki@)=[r] ¥ rel . 

First we must show that the mapping f is well-defined. 

Let r, s € J be such that a’=a’'. 

Then we must show that /(a")=/(a’). 

We have a’=a' @ ala*=a'a* > a *=e 

=> niga divisor of r—s [°’ o (a)=n] 
=> r=s (mod n) > [rJ=[s] > f(e)=/(@’). 

.. the mapping f is well-defined. 

J is one-one. Let a’, a be any two elements of G where r, sel. 

We have f(a") =f(a*) > [r] =[s] > r—s is divisible by z 

=> r—s=kn where kel 

=> ai-§= gk" => gfa-*=(a")* 

=> ga S=e* => ala s=e > a =a’ > f is one-one. 

f is onto. Let [r] be any element of G’. Then r is an integer. 
We have @&&G and /(a)=[r]. Therefore f is onto G’. 

J preserves compositions. 


We have f(a'a*)==f(a'*) = [r+] =[r] +[s]=/(e") + fia’). 


" GG’. 
Theorem 5. If a finite group uf order n contains an element of 
order n. the group must be cyclic. (Banaras 1970) 


Proof. Suppose G isa finite group of ordern. Leta GG 
and let n be the order of a. If His the cyclic subgroup of G gen- 
erated by ai.e., if H={a" : réJ}, then the order of H is n because 
the order of' the generator aof His. Thus H is a cyclic sub- 
group of G and the order of H is equal to the orderofG. Hence 
H=G and therefore G itself is a cyclic group and a is a generator 
ol G. 
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Note. Suppose G is a finite group of order n and we are to 
find whether G is cyclic or not. We should find the orders of the 
elements of &. If weare able to find an element a EG such 
that o (a)=n, then G will be a cyclic group and a will be a gene- 
rator of G. 

Theorem 6. Every group of prime order is cyclic. 

(I.A.S. 1972; Kanpur 80; Gura Nanak 75; Madurai 78; 
Rajasthan 76; Meerut 76, 80, 81; Gorakhpur 70) 


Proof. Suppose G is a finite group whose order is a prime 
number p, then to prove that G is a cyclic group. Note that an 
integer p is said to be a prime number if p40, p>=+1, and if the 
only divisors of p are +1, +p. 

Since G is a group of prime order, therefore G must contain 
at least 2 elements. Note that 2 is the least positive prime integer. 
Therefore there must exist an element a € G such that afthe 
identity element e. 

Since a is not the identity element, therefore o(a) is definitely 
2. Let o(a)=m. Then H={a} is acyclic subgroup of G and 
o (H)=o (a)=m. By Lagrange’s theorem m must be a divisor of p. 
But p is prime and m>2. Hence m=p. 

.. H=G. Since H is cyclic therefore G is cyclic and a is a 
generator of G. 

Note. Every group of prime order p is cyclic. Also every 
cyclic group of order p is isomorphic to the additive group of resi- 
due classes modulo p. Therefore we can say that if p is prime then 
there is one and Only one group of order p. 

Theorem 7. Every finite group of composite order possesses 
proper subgroups. (Delhi Hons, 1970; Alluhabad 80; Meerut 70) 

Proof. Let G bea finite group of composite order mn where 
neither m nor” is 1. Note that a non-zero integer « is said to be 
acomposite number if there exist two integers 8, y such that 
asBy while |B| > 1,|/y]|> 1. 

Suppose G is cyclic and a is a generator of G. Then 

0 (a)=o0 (G)=rn. 
. a *=e 
> (a","=e > o (a") is finite and is < m. 
Let o (a")=r wherer<cm. Then (ajfuce > ae, 
But r<m sare nin. 
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Thus a"’'=e where ar<mn while o(a)=mn. This is not pos- 
sible because mn is the least positive integer such that a™"=e, 


-.» Wemust have r=m. Thus o(a")=m. 


“. H={a"} is acyclic subgroup of G and the order of H is 
equal to the order of its generatora”®. Thuse(H)=m. Since 
2<m<mn, therefore H is a proper subgroup of G. 


Suppose G is not cyclic. Then the order of each element of 
G must be less than mn. SoG will contain at least one element, 
say b, of order p where 2p <mn. Then H={b} is a subgroup of 
Ganto(H)=p. Therefore H is a proper subgroup of G. 


Theorem 8. /f a cyclic group G is generated by an element a of 
order n, then a™ is a generator of Gif andonly if the greatest come 
mon divisor of mand nis 1 i.e., iff mand n are relative primes. 

(Bombay 1970; Calicut 75; Kumayon 78; Meerut 74, 79; 
Nagarjuna 79; Rajasthan 77) 

Proof Suppose m is relatively prime tom. Consider the 
cyclic subgroup H/={a"} of G generated by a”. Obviously HCG 
since each integral power of a” will also be an integral power of a. 

Since m is relatively prime to n, therefore there exist two in- 


tegers u, v such that um+ya=t1. 
*_ quite ql ) 
=> (a”)"=a; since a™=(a")"=e"=e. 


”. each integral power of a will also be some integral power 
of a™. Therefore G € H. Hence H=G and a” is a generator of G. 


Converse. Suppose a” is a generator of G. Let the greatest 
common divisor of mandn be dand d#1i.e.,,d>1. Then m/d 
and n/d must be integers. | 

Now (a™)*/¢=:(a%)"/¢=e"l4=e, Obviously n/d is a positive 
integer less than v itself. Thus 0 (a") <n. Therefore a” cannot 
be a generator of G because the order of a™ is not equal to the 
order of G. Hence d must be equal to !. Thus 7 is prime to n. 


Note. If G is acyclic group of order a, then the total number 
of generators of G will be equal to the number of integers less than 
nand prime tom. For example if a is a generator of a cyclic 
group G of order &, then a®, a5, a? will be the only other generators 
of G. Since 4 is not prime to & therefore a* cannot be a generator 
of G. Similarly a, a§, a® cannot be generators of G. 
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If G is acyclic group of prime order p generated by a, then 
a, a*,...,.a7"* are all generators of G and thus G has p—1 generators. 

Theorem 9. If G is an infinite cyclic group, then G has exactly 
two generators and G is isomorphic to the additive group of integers. 

(1.A.S, 1974; Panjab 76; Sagar 77; Madras 74; Meerat 75) 

Proof. Let G={a} be an infinite cyclic group generated by a. 
The elements of G will be integral powers of a. We claim that no 
two distinct integral powers of a can be equal. 

For, if possible, let a’=a", r>s. 

Then at a“*=a" a*=q® =e, 

J. ate, 

Since r—s is a positive integer, therefore a-*=e implies that 
o (a) is finite. Soacannot bea generator of an infinite cyclic 
group G. Hence a’ a’, unless r=s. 

Therefore we can write G={...,a~*, a~*, a7}, a®=e, a, a*, a’, ...}. 

If a is any element of G, we can write a =(a"!)". Thus a~? 
is alsoa generator of G. Also as proved above a and a are 
distinct elements of G. 

Now if m#1 or —1, then a” cannot bea generator of G. If 
a” is to be a generator of G, there must exist an integer k such 
that (a™)*¥=a, i.e., a™*—a. Now m1 or —1, » mk-41. There- 
fore two distinct integral powers of a are equal and this contradicts 
the statement we have just proved. Hence a™ cannot be a genera- 
tor of G if m1 or —1. Thus G has exactly two generators i e., a 
anda™*. Let I be the additive group of integers i.e., 

I={..., —3, —2, —1, 0, 1, 2, 3,--.}. 

To prove that G =I. 

Consider the mapping ¢ : GI defined by 

¢ (a&*)=m ¥ me I. 
The mapping ¢ is one-one because 
¢ (a")=¢ (a")> mean > a™=—a", 

Obviously ¢ is onto I. 

Also ¢ (a"a")=¢ (a"**)=m-+n=¢ (a")+¢ (a*). 

Hence ¢ is an isomorphism of G onto I. 

Note. Since every infinite cyclic group is isomorphic to the 
additive group of integers, therefore we can say that there is one 
and only one infinite cyclic group. 
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Theorem 10. Every subgroup of a cyclic group is cvelic. 
(Punjab 1970: Osmania 72; Ajlababad 79, 

Bombay 70; Indore 70; Madurai 7§; Madras 74; Meerut 73, 78) 

Proof Suppose G={a} is a cyclic group generated by a. If 
H=G or {e}, then obviously H is cyclic. So let H bea proper 
subgroup of G. The elements of H are integral powers ofa. It 
a’ & H, then the inverse of a® i.e., a~*G H. Therefore H contains 
elements which are positive as well as negative integral powers of 
a. Let m be the least positive integer such that a™ @ H. Then 
we shall prove that H={a"} i.e., H is cyclic and is generated by 
a™. 

Let af be any arbitrary element of H. By division algorithm, 
there exist integers g and r such that t=mq+r, O<r<m. 


Now amEGH > (a"Y Ee H [by closure property] 
2sa%’CH > (a) 1EC H 
za~a™e H, 
Also ate H,am™ € H=>ata "tC H > at" CH 
=> a CH. (o r=t-— mq] 


Now #7 is the least positive integer such that a" & H and 

0<r<m. Therefore r must be equal to 0. Hence t= mq. 
J. at==amts-(qmye, 

Thus every element at € H is of the form (a™)*. Therefore 
H is cyclic and a” is a generator of 7. 

Theorem 11. Every proper subgroup of an infinite cyclic group 
is infinite. 

Proof. Let G=ja} be an infinite cyclic group. Let H bea 
proper subgroup of G. Then H is cyclic and if m is the least posi- 
tive integer such that a™ € H, then H={a""}, 

Suppose # 1s a finite group of order p. Since a™ is a genera- 
tor of H, therefore (a)? =e i e., a’=e where mp > 0. 

. Order of a is finite and consequently G is finite, contrary 
to the hypothesis. Hence H must be an infinite cyclic subgroup of G. 

Note. Since every infinite cyclic group is isomorphic to the 
group of integers, therefore any two proper subgroups of an infinite 
cyclic group are isomorphic, even isomorphic to the group itself. 

Solved Examples 

Ex.1. Show that the group ({1, 2, 3, 4, 5, 6}, 2) is cyelic, 

Flow many generators are thzre 
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Solution. Let us denote the given group by G . If there exists 
ap element a € G such that o (a)=6 i.e., equal to the order of the 
group G then the group G will be a cyclic group anda will bea 
generator of G. 

We see that o (3)=6 because 3!=3, 3°=3xX,73=2, 39=3? 
X3=2% 73 =6, 34=6X73=4, 38 4 xX 735, 365 X73) i.., 
the identity element. 

.. Gis cyclic and 3 is a generator of G. We can write 

G={3, 37, 3%, 34, 35, 36}. 

Now 5 is prime to6. Therefore 3° i.e., 5 is also a generator 
of G. 

Ex. 2. How many generators are there of the cyclic group G of 
order 8? 

Solution, Let abe a generator of G. Then o (a)=8. We can 
write G={a, a?, a°, a*, a®, a®, a’, a}. 

7 is prime to 8, therefore a? is also a generator of G. 

5 is prime to 8, therefore a® is also a generator of G. 

3 i8 prime to 8, therefore a® 1s also a generator of G, 

Thus there are only four generators of G i.e., a, a®, a5, a’. 


Ex. 3. Show that every isomorphic image of a cyclic group is 
again cyclic. (Punjab 1970; Vikram 78) 
Solution, Let G={a} be a cyclic group generated by a. Let 
G’ be an isomorphic image of G under the isomorphism f. The ele- 
ments of G’ are the images of the elements of G under the function 
f. Let f(a") be any element of G’. We have 
F (a")=f (aaa...to n factors)=f(a) f(a) f(a)...to n factors=[ f(a)]*. 
Thus we see that every element of G’ can be expressed as an 
integral power of f(a). Thus G’ is cyclic and f (a) is a generator 
of G’, 
Ex. 4. If G={a} be a finite cyclic group of ordern, then for 
any divisor d of n, there exists a unique subgroup of G of order d. 
(Banaras 1963; Meerut 76) 
Solution. Existence. Since dis a divisor of m, therefore we 
have n==dm for some.-integer m. 
Since G=={a} is of order n, therefore 
o (aj=n 
a> Qg*e¢ 
=> ge" — ¢ [*. n=dm] 
=> (a")¢me > 9 (a) < da. 


Groups 179 


Let o (a™)==s where s < d. Then 
(a™)*=e => a™ =e where ms < mdi.e., ms <n. 
Now o(a)=n. Therefore if ms <a, then we cannot have 
ae, 
’. o (a™) cannot be less than d and it must be equal to d. 
Now a™ € Gand o (a™)=d, Therefore {a"} is acyclic sub- 
group of G of order d. 
Uniqueness. We know that every subgroup of a cyclic group 
is Cyclic. 
If possible suppose there is another subgroup {a*} of G of 
order d where n=dm. 
We shall show that {a*}={a"}. By division algorithm, there 
exist intecers g and r such that 
k=mq-+r where O<r<m. .(1) 
Therefore kd=mgqd+rd where O<rd<md. 
So Qea = QiMia+ré gp qmtagré — (qma)e a't= (a")* ara 
= elgré — grt, .-(2) 
Since the subgroup {a*} is of order d, therefore its generator a* 
is also of order d. Therefore a®4=e. 
So from (2), we get 
aft =e, 
which 1s impossible unless r=0 because rd < md i.e., rd <4 nand 
o (a)=a. Putting r=0 in (1), we get 


k=mq. 
2. at=a™=(a™), 
“ a@Ef{a"}. 
a. {a} {a”}. ++(3) 


But number of elements of {a*}—=number of elements of {a™}. 
c. (3) implies {a*}—{a™}. 
Ex. 5. LetG bea group,G#{e}. Then G has no proper sub- 
groups if, and only if, G is a finite cyclic group of prime order. 
(Punjab 1970) 
Solution. ‘If? part. Let G bea finite group of prime order 
p- ThenG is cyclic. By Lagrange’s theorem the order of every 
subgroup H of G must be a divisor of the order of G. So if H is 
any subgroup of G, we must have cither o (H)=1 or o (H)=p. 
Note that p is prime. Thus G can have no proper subgroups. 
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‘Only if? part. Suppose G has no proper subgroups. Then to 
prove that G must bea finite cyclic group of prime order. Let 
x &G be such that xx¢e. Then the cyclic subgroup {x} of G 
generated by x is all of G because it is given that G has no proper 
subgroups. Note that xxe => {x}A{e}. Thus G is acyclic group 
generated by x. Now if x is of infinite order, then x? generates a 
Proper subgroup of the cyclic group G and this again contradicts 
the hypothesis that G has no proper Subgroups. So o (x) must be 
finite, say nm. Since xe, therefore n > 1. Suppose n is not p'ime. 
Then we must have n==rs where r and s are some positive integers 
such thatl <I r<adn,l<s<n. Nowo(x)=n and risa posi- 


tive integer which dividesm. So we must have o (xf)=— ms, 
r 


Then x" generates a proper subgroup of G of order s which again 
contradicts our hypothesis. So m must be prime. Thus G is a cyclic 
group whose generator x is of prime order. But the order of a 
cyclic group is equal to the order of its generator. Hence G must 
be a finite cyclic group of prime order. 


Ex. 6. Show that every finite group of order less than six must 
be abelian. (Meerut 1971) 

Solution. We know that every group of prime order is cyclic 
and every cyclic group isabelian. Since 2,3 and 5 are prime 
numbers, therefore all groups of order 2, 3 and 5 must be abelian. 

To show that every group of order 4 must be abelian, see 
example 12 on page 120. 

Ex. 7. Taking a group {e, a,b, c} of order 4, construct two 
conip sition tables which are not isomorphic. (Meerut 1980. 82) 

Solution. Every group of order 4 is abelian. But a group of 
order 4 may be cyclic or it may not be cyclic Suppose {e, a, b, c} 
iS @ group of order 4. It must contain an element, other than e, 
which is its own inverse. Let a~1=a. Then a*=e and o (a)=2. 

Now two Cases arise. If b-1=b, we must have c7=c Jn this 
case the group contains no element of order 4 and so it is not cyclic. 

But if b-2=c, then we must have c2?=5. Also in this case 
o (b) cannot be 2 and so it must be 4, Thus in this case the group 
is cyclic. 

The composition tables for the two groups of order four are 
as given below ; 
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e a 5 c 


e e a b c e e a b c 
a a e c b a a e c b 
b c¢ ae b b c @ @ 
Cc b e a c c b a e 


The two types of groups given above are not isomorphic. We 
see that one group is cyclic while ihe other is not cyclic, 
Ex. 8. Give an example of a finite abelian group which is noe 


cyclic. (Meerut 1979, 83P) 
Solution. Let G be the set of the four real matrices 


1 0 —}] QO } 07 = --] 0 
=| 9 1 A-| 0 | B=(4 = c=| 0 - '} 
It can be easily seen that G is an abelian group with respect to 
multiplication of matrices. The identity clement of this group is 
the identity matrix /, Let us find the order of each element of G. 
We have o(/)=1. Also 


ef) [8 tLe tee % ans 
B=| 4 “a lo l(a 1 {a4 “. 0 (B)=2; 


elmo il [o —alelo fee + ene. 


Now G isa group of order 4 and Gcontains no element of 
order 4. Therefore Gis not acyclic group. Hence G is a finite 
abelian group which is not cyclic. 

Ex. 9. Leta and b be to elements of finite order, of a group 
G. If 0 (a) and o (b) are co-prime and ab=ba, prove that 

o (ab)=0 (a) o (6). 
Solution. Suppose o (a)=m and o (b)=n, where m and n are 


relatively prime. Consider the cyclic subgroup H of G generated 
by ab. We have 


(ab)m == ymmpms [° abesba] 
=(a™ n (b")"=e"%e™ {" o(a)=m => a” =e and 


similarly O* a= e] 
== @, 
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’. 0 (ab) | mn. 
But o (ab)=o (H), ab being a generator of the cyclic group H. 
’. o(H)| mn. voe(1) 

Again ab is a generator of the cyclic group H=> (ab)"EH 
=> a"hb"G H=> eb"E€ H=> MEH. Since b is of order n and m is 
relatively prime to n, therefore o(b*)=n. But we have just shown 
that b®@ H. Therefore by a corollary to Lagrange’s theorem, 
o (b™) | o(Hf) i.e.,n|0(H;. Similarly we can show that m | o(/7). 
But m and n are relatively prime. Therefore m | o (H) and n | 0(H) 

=> mn|o (ff). «+-(2) 

From (1) and (2), we conclude that o (H)=mn. Consequently 
o (ab)=mn. 

Ex. 10. Jf an abelian group of order six contains an element of 
order 3, show that it must be a cyclic group. 

Solution. Let G bean abelian group of order 6. Let aGG 
be such that o (a)=3. To prove that Gis cyclic. SinceG is of 
order six (even), therefore G must contain an element 6 other than 
e such that b-!=h i.e., b'=e i.e., o(b)=2. We shall show that 
o (ab)=6 and consequently G will be acyclic group generated by 
ab. 

We have b-!=4a, since o (b-*)=o0 (b)=2 while o (a)=3. Thus 
ab=e. Now (ab)*=a*b*=a"e=a*e, since o (a)=3. Again (ab)* 
= @*h*=<eb*b=-eehab~e. Therefore we must have o (ab) > 3. 
But o (ab) must be a divisor of o (G) i.e., 6. So o (ab) can neither be 
4 nor it can be 5. Hence we must have o (ab)=6 and consequently 
G is cyclic. 

Exercises 

1. Show that any two cyclic groups of the same order are 

isomorphic. (Jabalpur 1970 ; Marathwada 70 ; Mysore 70) 
. 2. Show that all finite cyclic groups of order m are isomor- 
phic to the additive group of integers modulo m. = (Kerala 1970) 

3, Find the order of each element in the multiplicative group 
of residues 1, 2, 3, 4, 5, 6 prime to 7. Show that the group is cyclic 
of order 6 and that it can be generated by 3 and 5 and not by any 
of the other elements. (Kerala 1970) 

4. “Agroup may be isomorphic to one of its proper sub- 
_ gtoups”. Either disprove this statement or give an example to 
< prove it. (Nagpur 1970) 
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5. Explain the statement, “every element of a group gene- 
rates a subgroup”’. (Nagpur 1970) 

6. Define a cyclic group ; 

Let a be a generator of acyclic group G. Let¢: na" bea 
mapping of the additive group of all integers I onto G. (i) ‘If ¢$ is 
one-one, prove that G is isomorvhic to I, (ii) If ¢ is not one-one, 
prove that G is a finite cyclic group. (Kerala 1970) 

7. Give an example to show that a group of order 4 is not 
necessarily cyclic. 

8. Give an example of an infinite non-abelian group and one 
example of an abelian group which is not cyclic. (Mysore 1970) 

9. If w be the cube root of unity, show that the set {1, aw, a} 
is a cyclic group of order 3 with respect to multiplication. 

(Meerut 1975) 

10. Show that the set U, of 7 nth complex roots of unity forms 
a cyclic group with respect to multiplication. (Allahabad 1970) 

11. Prove that a non-commutative group has at Icast six 
elements. (Banaras 1971) 

12. What is the least order of a non-abelian group ? Show 
that all proper subgroups of a group of order 8 must be abelian. 

(Meerut 1976, 80) 

13. Show that the group ({1, 2, 3, 4}, xs) is cyclic. 

14, Show that the residue classes {1}, {3}. {5}, {7} modulo 8 
form a multiplicative group. Is this acyclic group? Ans. No. 

(Kanpur 1970) 


15, (i) How may generators are there of the cyclic group of 


order 10 ? Ans. Four i.e., a, a*, a’, a®. 
(ii) How many generators can a cyclic group of order 12 
have 7 Ans. 4, [Meerut 3980, 82 (P) ; Rajasthan 77] 


16. How many elements of the cyclic group of order 6 can 
be used as generators of the group ? Ans, Two i.e., a and a, 


17. Prove that each element 5e in an infinite cyclic group 
{a} is of infinite order. 
18. Verify that the six matrices 


1 O67 f-1 ') & “1) ~1 ‘} 
(0 J L~-1 ov Li -t1 o — 
0 


fo oh Lt] 
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form a group for multiplication of matrices, Show that this group 
is cyclic and that it may be generated by either of the last two 
matrices. 

19. Define a cyclic group. Let G=(a) be a finite cyclic 
group of order n. Show that the number of subgroups of G equals 


the number of divisors of n. (Meerut 1976) 
20. Show that ifG is a group of prime order p, then G is 
cyclic and has ( p—1) generators. (1.A.S. 1972) 


21. Explain the notion of isomorphism of groups. 

Prove or disprove the following statements : 

(i) Any infinite cyclic group is isomorphic to the group I of 
integers under addition. 

(ii) Any two finite groups with the same number of elements 
are isomorphic, (I.A.S, 1972) 

22. LetG be a group having no proper subgroups. Show 
that G must be a finile group of order where n is either 1 or a 
prime number. (Punjab 1970) 

23. Prove that the order of a cyclic group is equal to the 
order of its generator. 

24, Show that the number of generators of a finite cyclic 
group of order m is ¢ (m) where ¢ is the Euler’s ¢-function. 

(Meerut 1979) 

25. Prove that a cyclic group with only one generator can 
have at most two elements. (Meerut 1980) 

26. If the generator of acyclic group G ts of infinite order 
(or of order zero), prove that G is jsumusphic to the additive 
group of integers. 

§ 34. Subgroup generated by a subset of a group. 

Definition. Let M be any arbitrary subset of a group G. Then 
a subgroup H of G is called the smallest subgroup of G containing 
M if H contains M and if H is contained in every subgroup of G 
containing M. (Osmania 1972) 

The smallest subgroup of G containing M ts called the sub- 
group generated by }/f and will be denoted by {A/} or by (M). 

Theorem 1. Let M be any subset of a groupG. Prove that 
the smallest subgroup of G containing M exists and is unique. 

Proof. Let {iM} be the smallest subgroup of G containing M. 
Let F be the family of all subgroups of G which contain M. The 
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family F is not empty because at least G belongs to this family. It 
should be noted that G itself is a subgroup of G and G definitely 
contains M. Let H be the intersection of the family F. Then H 
is a subgroup of G. Also obviously M G HZ. 

Let K be any subgroup of G containing M. Then A is a mem- 
ber of the family F. Since H is the intersection of the, family F, 
therefore H © K. 

:. H={M)} i.e., H is the smallest subgroup of G containing M. 

Uniqueness. Let H,, Hz be two smallest subgroups of G con- 
taining M. Then we have Hy © Ha and A: © Ay. 

ee Hy=fr. 

Theorem 2. Ler M be a subset of a group G. Then the set of 
elements of G expressible as products of positive and ‘negative inte- 
gial powers of finite numbers of elements of M is the smallest sub- 
group of G containing M. 

Proof. The proof is easy, Let H be the set of those elements 
of G which can be expressed as products of positive and negative 
integra] powers of finite numbers of elements of M. Let a, b & H. 
Then obviously ab-1 G H. Therefore, H is a subgroup of G. 
Obviously M © H. Also if K is any subgroup of G containing M, 
then definitely H must be contained in K Therefore, 

H={M}. 

§ 35. Generating system of a group. 

Definition, A set Mof a group Gis said to bea generating 
system of G, if the subgroup generated by M coincides with G i.e., 

G=({M}. 

Every arbitrary group possesses at least one generating system, 
namely, the group itself. 

Independent generating system. A generating system is said 
to be irreducible or independent if no proper subset of it can gene- 
rateG. Thus if G={M} and if no member of M belongs to the 
subgroup of G generated by the set of remaining members of M, 
then M/ is an independent generating system of G. 

It can be easily seen that every finite group possesses an in- 
dependent generating system. An infinite group may or may not 
_ possess an independent generating system. A finife group may 
possess several distinct independent generating systems containing 
different numbers of elements. It willbe clear from the following 
example. 
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Example. Let G be the cyclic group of order 6. 

Let Ge{a, a*, a*, a*, a5, ame}. 

The elements a and a* are both generators of G. We have 

G={a}, G={a5}. 
Both these are independent generating systems of G. Also 
G=={q’, a*}. 

The two elements a*, a also form an independent generating 
system because any Of these elements does not lie in the subgroup 
generated by the other. The subgroup’ generated by a’* is 
{a*, a*, a'me} and a® is not in it. The subgroup generated by a® 
is {a®, a®=e} and a® is not in it. 


Solved Examples 


Ex. 1. Show that the set of permutations 
(1 2), (1 3),..., (1m) 
is an independent generating set for the symmetric group Pe of per- 
mutations of degree n. 

Solution. We know that every permutation in P, can be 
expressed as the product of disjoint cycles. 

Now we shall show that every cycle can be expressed as pro- 
duct of members of the given set. Then the given set will generate 
Pa 

For a cycle containing the symbol 1, we bave 

(1 Gy Gg...0%)=(1 ay) (1 ag)...(1 ax). 
For a cycle not containing the symhol 1, we have 
(by b,...b;)==(1 5y) (1 Bg bg...By 53) 
m(1 Dy) (1 Bg) (1 ba).. (1 by) (1 54). 

Thus every permutation in ?, can be expressed as a product 
of members of the given set. 

Also we see that each member of the given set of permutations 
contains an element not contained in any of the others. Therefore 
P, cannot be generated by a proper subset of the given set of per- 
mutations. Hence the given set of permutations is an independent 
generating system of Py. 

Ex. 2. Show that the (n—1). permutations 

(1 2), (2 3),+ 9 (n—I n) 
constitute a set of independent generators of Pa. 
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Solution. We have 
(2 3) (1 2) (2 3)=(1 3), 
(3 4) (1 3) 3 4=(1 4), 
(n—1 n) (1 n-—1) (x2—1 1)=(1 vn). 
Therefore each member of the set of permutations 
(1 2), (1 3), ... (I a) 
is generated by the given set of permutations. 
Now as shown in exercise 1, the set of permutations 
(1 2), (1 3),..., (1 7”) 
generates Pr. 
Therefore the set of permutations 
(1 2)s (2 3) gseey (n—1 n) 
also generates Pn. 

Also we see that each member of the given set of permutations 
contains an element not contained in any of the others. Therefore 
P, cannot be generated by a proper subset of the given set of 
permutations. Hence the given set of permutations is an indepen- 
dent generating system of Pp. 

Ex. 3. Let Ss be the group of permutations of the set {1, 2, 3}. 
Prove that {(1 2), (1 2 3)} generates Ss. (Meerut 1973) 


3 
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$1. Normal subgroups. Let G be an abelian group the 
composition in G being denoted multiplicatively. Let /7 be any 
subgroup of G. If x is any element of G, then Hx is a right coset 
of Hin G and xH isa left coset of HinG. AlsoG is abelian, 
therefore we must have Hx=xH ¥ x € G. However it is possible 
that Gis not abelian, yet it possesses a subgroup H such that 
Hx=:xH x & G, Such subgroups of a group G come under the 
category of normal subgroups and these are very important. 

Normal subgroup. Definition. 

(I. A. S. 1970; Guru Nanak 82; Nagarjuna 78, 80; 
Meerut 81, 82, 83, 84; Kanpur 80; Allahabad 80) 

A subgroup H of a group G is said to bea normal subgroup of 
G if for every x & G and for every h & H, xhx © H. 

From this definition we can immediately conclude that H is 
a normal subgroup of G if and only if xHx? @ H¥ xEG. 

Remark. We have x @G>x7€ G. Therefore H is a 
normal subgroup of G if xh (xO) be, wo hWxeE H¥ XE G 
and ¥ fh E H. 

Every group G possesses at least two normal subgroups 
namely G itself and the subgroup consisting of the identity ele- 
mente alone. These are called improper normal subgroups. 
There exist groups for which these are the only normal subgroups. 
Such groups are known as simple groups. 

Simple Group. Definition. A group having no proper normal 
subgroups is called a simple group. 

Every group of prime order is simple. By Lagrange’s theorem 
such a group has no proper subgroups. 

Theorem 1. A subgroup H of a group G is normal if and only if 

xHx3=H ¥ x & G. (Rajasthan 1978; Meerut 84) 

Proof. Let xH#x7I=H ¥ x € G. ThenxHx? CG HV xEG. 
Therefore H is a normal subgroup of G. 

Converse. Let H be a normal subgroup of G. 

Then xx IG H¥xeE G. (1) 
_ Also xe@G2x I€ 6. Therefore we have 

IH CHyxE Geax Hx QCHy¥xEeG 
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=> x (x7) Ax) x7? © xx) ¥ VEG 
> HC xx? for allx€ UG. «oe(2) 
From (1) and (2), we conclude that xHx~!=H for all xEG. 
Theurem 2. A subgroup H ofa group G isa normal subgroup 
of G if and only if each left coset of Hin G isa right coset of Hin 
G. (Kanpur 1980; I A.S. 72: Nagarjuna 79; Vikram 76; 


Meerut 77, 79, 82) 
Proof. Let H be a normal subgroup of G. 


Then xHx7=H ¥ xEG => (xHvx) x=Hx for all xEG 
=> xH=Hx for all xEG 
=> each left coset xH is the right coset Hx. 
Conversely suppose that each left coset of Hin G is a right 
coset of Hin G. Let x be any element of G. Then 
xH=Hy, for some yEG. 
Since e@ H, therefore xe=xE xH. 


xe Hy. [‘° Hy=Hx] 
But xe€ Hy © Hx=Hy [See theorem 3, page 154] 
oe Sx=xH. [°° Ay=xA] 


Thus we have 

xH=Hx ¥ xEG > xHvt=HAxx? ¥ x EG 

> xH\7=H ¥ x € G => Hisa norma! subgroup of G. 

Thus #7 is a normal subgroup of G @ xH=/Hix ¥ xGG, 

Theorem 3. A subgroup H of a groupG is anormal subgroup 
of G if and only if the product of two right cose:s of H inG is again 
a right coset of Il inG. 

(Kanpur 1971; Andhra 77; Meerut 79, 80, $3) 
Proof. Let H be a normal subgroup of a group G. Let a, b 


be any two elements of G. Then Ha and Hh are two right cosets 
of HinG. We have 
(Ha) (Hb)=H (al?) b 
= Hf (Ha) b [°° ff 4s normal > Ha=aH] 
= HHahb= Hah, [-° HH=H} 
Since aeG, bEG => abeEG, therefore Hab ts also a right coset 
of HinG. Thus the product of the right cosets Ha and Hb is 
the right coset Hab, 
Converse.' Let [J be a subgroup of G such that the product of 
two right cosets of H in G is again a right coset of //inG. Let x 
be any element of G. Then x~'G@G. Therefore Hx and Hx-? are 
two right cosets of Hin G. Consequently, by hypothesis /7xHy~2 
is also aright coset of // in G. Since cEH, therefore ervey te 
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is an element of the right coset HxHx—. But H itself is a sight 
coset of Hin GandeEH. Also if two right cosets have one 
element common they must be identical. Therefore we must 


have 
AxAx3=H ¥ xEG 
=> Iyxhx € H¥ xEG and ¥ A, AEH 
=> hy? (hyxhx-)) Eh AY xEG and ¥ m, hEH 
> xhxaAEH ¥ xEG and ¥ ACH 
[o hy) H=A as hy EA since h,€ H] 

=> H is a normal subgroup of G. 

Theorem 4. The intersection of any two normal subgroups of a 


group is a normal subgroup. 
(Madras 1983; Rajasthan 71; Sambalpur 77) 


Proof, Let H and K be two normal subgroups of a group G. 
Since H and K are subgroups of G, therefore H{\K is also a sub- 
group of G. Now to prove that HO K is a normal subgroup of G. 
Let x be any element of Ganda be any element of HMK. We 
have nE HONK => nGH, n€K. Since H is a normal subgroup of G, 
therefore xO G, nEH > xnx7I€H. Similarly xmx7€ K. 

Now xnx7eEdH, xnxt€ K > xnx EE ANK. 

Thus we have xEG, nE HANK=> xnxI€ HANK. 

Hence H1)K is a normal subgroup of G. 

Theorem 5S. The intersection of any collection of normal sub- 
groups is itself a normal subgroup. 

(Raj. 1976; Meerut 80; Kanpur 80) 

Proof. Let G be a group aad let {H, : t€ 7} be any family of 
normal subgroups of G. Here T is an index set and is such that 
w £eT, H; is a normal subgroup of G. 

Let H= See :@€GH, “1 € T} 

f 


be the intersection of this family of normal subgroups of G. Then 
to prove that H is also a normal! subgroup of G. 

We know that the intersection of any collection of subgroups 
is itself a subgroup. Therefore H isa subgroup of G. Now to 
prove that H is a norma! subgroup of G. 


Let x be any element of G andhk be any element of H= () H;. 
tET 


We have hE oe >heH; + tET. Since H; is a normal 
te 


subgroup of G, therefore xE G, HGH, > xhx? € H,. 
Thus we have xEG, hE 1) AW, > xhx © HH, ¥ 1ET 
teT 
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=> xhx* & OM H, > (\ His a normal subgroup of G. 
teET teT 
Solved Examples 
Ex. 1. Show that every subgroup of an ahelian group is normal. 
(Kanpur 1980; Meerut 79; Guru Nanak 75) 

Solution. Let G be an abelian group and H a subgroup of G. 
Let x be any element of G and & any element of H. We have 

xhx-l== xx h [°° Gis abelian > x“h=hx-*] 

=eh=-h & H. 

Thus x€G, hE => xhx EH. Hence H is normal in G. 

Note. Since every cyclic group is abelian, therefore every 
subgroup of a cylic group is normal. 

Ex.2 Let Pa be the symmetric group on n symbols. Prove that 
A, is a normal subgroup of Pe. (Rajasthan 1977; Nagarjuna 79) 

Solution. Let a be any element of Ps and B any element of 
A,. Then B is an even permutation and « may be odd or even. 
We claim that «fa-? is an even permutation. 

If « is odd, then 2? js also odd. Now af is odd and conse- 
quently afe-? is even. 

If 2 is even, then a is also even. Now a8 is even and conse- 
quently «B2x~? is even. 

Thus e€ P,, BE Apafa-? € Ay. Hence A, is anormal sub- 
group of P,. 

Ex 3. If Gis a group and H is a subgroup of index 2inG, 
prove that H is a normal subgroup of G. 

(Nagarjuna 1978: 1.A S. 74; Panjab 70; Poona 73; 
Bombay 70; Kanpur 80; Raj. 78; Meerat 82P, 83P, 84P) 

Solution. Let H be a subgroup of index 2 in a group G. Then 
the number of distinct right (left) cosets of Hin G is2. Let x be 
any element of G. If xE H, then we have 

xH= H= Hx. 

If x ¢ H, then the right coset Hx is distinct from H and the 
left coset xH is distinct from H. But H is of index 2; therefore the 
number of distinct right (left) cosets in right (left) coset decomposi- 
tion of G will be 2. Therefore the cosets H, Hx, xH are such that 
Gx=HYJAx=HUxH. But there is no element common to H and 
Hx and also there is no element common to H and xH_ Therefore 
we must have Hx=xH. Thus we have Hx=xH ¥ xEG. Hence 
H is a normal subgroup of G. 

Ex. 4. His anormal subgroup of G and K is a subgroup of G 
such that H G K C G. Show that H is also a normal subgroup of K. 
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Solution, His anormal subgroup of G. Therefore H is a 
subgroup of G. But K is a subgroup of G and H ¢ K. Therefore 
H is also a subgroup of K. Now to show that His normal in K. 
Let x be any element of K. Thenx€ K> xEG. Since H is 
normal in G, therefore we have Hx=xH. Thus H is a subgroup 
of K and we have Hx=xH “x G@ K. Hence H isa normal sub- 
group of K. 


Ex.5. If His a subgroup of G and N is anormal subgroup of 
G, show that H (\ N is a normal subgroup of H. 

(Meerut 1979, 81; Punjab 66; Sagar 68) 

Solution. Since H and N are subgroups of G, therefore HON 

is also a subgroup of G. Also we have H(1\N € H. Therefore 

H(\N is a subgroup of H. Now to show that HON is a normal 
subgroup of H. 

Let x be any element of H and a any element of HON. Then 
a€ H andaEN. Since N is a normal subgroup of G, therefore we 
have xax-1 € N. Also His a subgroup of G, Therefore, we have 
xGH, aGH=> xax GH. 

Thus xax-? GE HNN. Thus we have shown that 

x€ H. aG@ HNN => xax™ € HNN. 

Consequently HON is a normal subgroup of H. 

Ex. 6. “Show that @ normal subgroup is commutative with every 
complex. (Meerut 1979) 

Solution. Suppose N is a normal subgroup and Hf is any 
complex of a group G. Then to prove that HN=NH. 

Let nk © NH where nEN, hEH. We can write nh=hh-* nh 
=h (h-!nh). But N is a normal subgroup. Therefore A-*ah € N. 
Hence nhE HN. Therefore NHC HN. 

Again let AnG@HN where AEH, n€N. We can write 
hn=(hnh-1)h But Anh-? EN because N is noriaal in G, 

Therefore hnG@ NH. Thus HNGNH. Hence HN=NH, 

Ex.7. If Nis anormal subgroup of G and His any subgroup 
of G, prove that NH is a subgroup of G. 

Solution. We know that a normal subgroup is commutative 
with every complex. {For proof see Ex, 6] 

Since N is a normal subgroup of G and H is any subgroup of 
G, therefore we must have NH=HN. Now WN and H are two sub- 
groups of G such that NH=HN. Therefore N/i is also a subgroup 
of G. [See Theorem | on page .44 of first chapter on groups]. 
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Ex. 8. Jf H is a subgroup of G and N is a normal subgroup of 
G, show that 

(i) HN is a subgroup of G. 

(ti) Nis anormal subgroup of HN. (Punjab 1956) 

Solution. (i) Preceed as in Ex. 7. 

(ii) Since e € H, therefore obviously N © HN. Because if 
nEN, then we can write n=en which is an element of HN. 

Now HN is a subgroup of G and N is also a subgroup of G. 
Also N © HN. Therefore N is a subgroup of HN. Now to show 
that N is a normal subgroup of //N. Let fy be any element of 
HIN and n be any element of N. Then EH, nyEN and we have 
(hyn) n (fyny)-2=hy (manny) Ay E N since N is normal in G and 
mnny EN, eG. Therefore N 1s a normal subgroup of HN. 

Ex.9. If Nand M are normal subgroups of G, prove that NM 
is also a normal subgroup of G. (Nagarjaiaa 1978) 

Solution. We know that a normal subgroup is commutative 
with every complex. Therefore we have NM=M.. Now N and 
M are two subgroups of G such that NM=MN. Therefore NA is 
a subgroup of G, 

Now to show that NM is a normal subgroup of G Let x be 
any element of G and mm be any element of NAf. ‘InennEN, 
mE M and we have 

xX (nm)x7) =(xn x71) (xm x7) 

Ee NM [°° Nis normal > xnx7eWN and 

M is normal > xmx71& M]. 

Hence NM is a normal subgroup of G, 

Ex. 10. Suppose that N and M are two normal subgroups of G 
and that NOM ={e}. Show that every element of N commutes with 
every element of M. (Meerut 1971, 79, 81; Lucknow 70) 

Solution. Let be any element of NV and om any element of /, 
Then to prove that am=mn. Consider the element nmn— m=, 

Since N is normal, nn=2 mm" € ON. Alson EN. Therefore 
nmnimic N. 

Again M isnormal> nnn4+ ce M. Alsom-'€ M. There- 
fore nnn= m1 GM. Thus 

nmna m7) & N and nnn! m € M 

>aminieEe Nn M 

=> non) m-l=e ["° {e}=N QM] 
> AN= Mi. 
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Ex. 11. Let G be a group, H a subgroup of G. Let, for 
& & G, ghg={ghe- ; he H}. 

Prove that gHg- is a subgroup of G. (Meerut 1979) 

Solution. Let ghig-}, ghae-} be any two elements of gHe~. 
Then jy, hs € H. Also we have 
(Shy 8-7) (gheg-t)-2=ghyg™* (9-1)! hy-1g-1a=ghyg-Ighe-lg- 

=ghyh,-) g-2€ gHg-} since hho EH. 
gHg-! is a subgroup of G. 

Ex. 12. Suppose Hi is the only subgroup of finite order m in the 

8roup G. Prove that His a normal subgroup of G. 


(Gajrat 1970) 

Solution, # is a subgroup of G and o (H)=m. Ifx is any 
element of G then as in Ex. 11, xH1a7} is also a subgroup of G. 
We shall show that 0 (xHx~)=m. Let H={hy, ha. ..., hm}- 

Then xHx—"={xhyx71, xhtex7}, ..., Xhtmx7}. 

The number of distinct elements in xHx~} is m because 

Xhyx7l= xhjyx7? > hy=hj. 
es O(xHx)=o (H)=m. 
But H is the only subgroup of G of order m. Therefore we 


must have xHx-!=H ¥ xEG. Hence H is a norma) subgroup 
of G. 


Ex.13, If His a subgroup of G, let 
N (H)={geEG : elie =H}. 
Show that 
(i) N(H) isa subgroup of G. 
(ii) J7 is a norinal subgroup of N (#1). 
(iii) If H is anormal subgroup of the subgroup K in G, then 
K © N(H)i.e., N(H) is the largest subgroup of G in which H is 
normal, 
(iv) His normal in G if and only if N (H)=G. 
(Poona 1973) 
Solution. Let a, bE N(//). 
Then by def. of N (H) we have aHa-?=H and bHb-3=H. 
Now bHba? = HH 
= bm) (bHb~*) b=b 1Hb > H=b-* Hb. 
We have (ab7?) H (ab=1)-? =ab 1H ba-* =a (b-? Hb) a-* 
s= gHa~* ies He}-' Hb} 
=z H, 
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. ab & N(R). 

Thus a,b € N (A) > ab" © N(R). 

Hence N (#1) is a subgroup of G. 

(ii) Let A be any element of H. Since hHh= =H, therefore 
he N(#). Thus C N(A). Therefore H is a subgroup of 
N (H). Now to show that # is normal in N(H). Let x be any 
element of N (#7). Then by definition of N (H), we have xHx =H. 
Therefore H is a normal subgroup of N (H). 

(iii) Let KEK. 

Since H is a normal subgroup of K, therefore we have 
kHk*=H»keEN(H). Thusk € K>k € N (A). Therefore 
K C N (A). 

(iv) Let H be normal inG. Letx EG. Then 

xHx =H ig 
>xeEN (fA). 

Thus x€ G > xG@ M(H). Therefore GC N(HA). But 
N (4) C G. Therefore G=N(H). 

Conversely let N(H)=G. Thenx € Gs x € M(A) 
=> XHx4=H. Thus we have xHx7?=H ¥ x EG. Therefore H 
iS a normal subgroup of G. 

Ex, 14. If acyclic subgroup N of G is normal inG, then show 
that every subgrcup of N is normal inG. 

Solution. Let a be a generator of N. Let H be any subgroup 
of N. We know that every subgroup of acyclic group is cyclic. 
Therefore H is cyclic and a” will be a generator of H where m is 
the Jeast positive integer such that a” € H. 


Now to show that H is normal inG. Suppose x is any arbi- 
trary element of G and & is any arbitrary element of H. Then 
h=(a™)® where k is some integer. 

We have xhtx72=x (a™)* x72=x (a*)™x7) 

== (xa* x7) (xa¥ x71)...to m factors==(xa* x7"), o(1) 

Now a is a generator of N. Theretore a* & N, 

Also N is normal inG. Therefore, we have 

xEG, HEN => xa* x EN. 

.. xatx-l=a* for some integer s because a is a generator of 
N. Then from (1), we get xhx7!2=(a*)™=(a")* & H because a” is 
a generator of H. Qs 


Thus x € G,h EE H => xhx © HH. Hence I is a normal 
subgroup of G, 


H is normal in G] 
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Ex. 15. Give an example to show that if H isa normal sub- 
group of Gand Kisanormal subgroup of H then K may not be a 
normal subgroup of G. (Allahabad 1980) 

Solution. Consider the following subgroups of Sy, the sym- 
metric group of permutations on four symbols a, 5, c, d: 

G={I, (abed), (adch), (ab)(cd), (ac)(bd), (ad)(bc), (ac), (ba)}, 

H-={I, (ab) (ed), (ac\(bd), (ad)(bc)}, 
and K={i, (ab) (cd)}. 

It can be easily seen that H is a subgroup of G and K is a sub- 
group of H. Further any subgroup of index two ina group is a 
normal subgroup of the group. Here the index of H in Gi.e., 

[G : HJ=o (G)/0(H) =8/4=2. 
Therefore H is normal in G. Also [H: KJ=o0 (A)/o (K)=4/2=2. 
Therefore K is also normal in H. But here K is not a normal sub- 
group of G as can be easily seen. Take the element (abcd) € G 
and the element (ab)(cd)EK. We have 

(abed) (ab)(cd) (abcd)~} =(abcd)(ab)(cd) (dcba)=(ad)(bc) ¢ K. 

Therefore K is not a normal subgroup of G, 


Exercises 
1. Show that a subgroup H of a group G is normal if and 
only if the set G/H of all its left cosets is closed under (complex) 
multiplication. (Punjab 1970; Dibrugarh 76; Meerut 78) 
[Hint : Proceed as in Theorem 3 on page 189]. 
2. Determine the coset decompositions of the subgroup 
H={I, (1 2)} 
in Ss the permutation group of degree 3 ; and further show that 7 
is not normal in Ss. (Rajasthan 1977) 
3. Show that a subgroup of index 2 is always an invariant 
(normal) subgroup. Hence show that alternating group As is an 
invariant subgroup of Sp, the symmetric group of degree n. 
(Lucknow 1970) 
4, If M and N are two normal subgroups of G and MN N=(e), 
then prove that for any "EN, mE M 
nm=mn. 
5, Let G be a group and Na subgroup of G. Prove that the 
following statements are equivalent : 
(i) gng € N for all gEGneEN. 
(ii) gNg2=N for all g € G. 
(iii) Every left coset of N in G is a right coset of N in G, 
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(iv) Product of two right cosets of VN in G is again a right 
coset of N in G. (Meerut 1974) 
6. Show that if H and N are subgroups of a group G, and 
N is normal inG, then HN is normal in. Show by an 
example that H () N need not be normal in G. (I.A.S, 1971) 
7, Give an example of each of the following : 
(i) A-sub-group A of some group G, which is not normal 


in G 
(ii) A non-trivial sub-group H of a non-abelian group G, 
which is normal in G, (Guru Nanak 1975) 
§ 2. Conjugate elements. 
Definition. (Agra 1969; Banaras 61) 


If a, b be two elements of a group G, then b is saidto be conju- 
gate to a if there exists an element x © G such that 

b=x7! ax, 

If b=x-! ax, then b is also called the trausform of a by x. 

If 6 is conjugate to a then symbolically we shall write b~wa 
aud this relation in G will be called the relation of conjugacy. Thus 
5~a iff b=x~? ax for some xEG. 

Theorem 1. The relation of conjugacy is an equivalence rela- 
tion on G, (Vikram 1976; Banaras 61) 

Proof. Reflexivity. If ais any element of G, then we have 

a=e"lae=> a~a, 

Thus a~a ¥ ae&G. Therefore the relation is reflexive. 

Symmetry. We have a~b > a=x™" bx forsome x E G 
=> xax7ha: x (x7) bx) x71=> xax71=b=> b=(x~)-* ax! where x-1EG 
=> b~a. 

Therefore the relation is Symmetric. 

Transitivity. Let a~b, bc. Then a=x bx, b=y-'cy for 
some x, y & G. From this we get 

a=x™ (y7tcy) x [. b=y"? cy] 
=(yx) ¢ (yx) where yxEG. 

°, aewc and thus the relation is transitive. Hence the relation 
of conjugacy in a group G is an equivalence relation. Therefore it 
will partition G into disjoint equivalence classes called classes of 
conjugate elements. These classes will be such that 

(i), any two elements of the same class are conjugate. 

(ii) no two elements of different classes are Conjugate. 

The collection of all elements conjugate to an element a € G 
will be symbolically denoted by C (a) or by a. Thus 
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C (a)={xEG : x~a}. 
C(a) will be called the conjugate class of ain G. We have (yay)~a 
forall y€ G. Also if b~a then b must be equal to y~" ay for 
some y © G. Therefore C (a)={y—ay : yEG}. 
_ If G is a finite group, then the number of distinct elements in 
Cla) will be denoted by ce. 

Normalizer of an element of a group. 

Definition. Ifa € G, then N (a), the normalizer of a inG is 
the set of all those elements of G which commute witha. Symboli- 
cally N (a)={xEG + ax=xa}. 

(I.A.S. 1975; Nagarjuna 78; Meerut 81, 84) 
Theorem 2. The normalizer N (a) of aGG is a subgroup of G. 
(I.A.S. 1972; Nagpur 70; Delhi 70; Meerut 84; Punjab 70) 

Proof. We have N (a)={x € G : ax=xqa}. 

Let x1, X%2. & N(a). Then @xy=2x.0, ax,=x24, 

First we show that x,~? € N(a). 

We have @xe=X_2 => X27 (aXxX2) Xs =x27} (x,4)x_71 

=> xo a=axe) > x. € N(a). 
Now we shall show that x3x.72€ NM(a). 
We have @ (x,X972)=(ax,) X371=(x,a) x27 
=X (@x277) = xy (X27) = (4x27) a. 
o.  X4X22 & Na). 
Thus x3, x3 € N (a) > xx27! E N (a). 
'. WN (a) is a subgroup of G. 

Note t. It should be noted that N (a) is not necessarily a 
normal subgroup of G. 

Note 2. Since ex=xe v xO, therefore N (e)=G. 

Note 3. If G is an abelian group and a&G, then 

xa=ax ¥ x EG. Therefore N (a)=G. 

Theorem 3. Let a be any element of a group G. Then two 
elements x, y & G give rise to the same conjugate of a if and only if 
they belong to the same right coset of the normalizer of a in G, 


o(G)_ ., 
Hence show that if G is a finite group, then c,= IN or i.é., 
the number of elements conjugate to a inG is the index of the nor- 
malizer of ainG. (Nagarjuna 1978; 1.4.S. 72; Meerut 74) 
Proof. We have 
x, y € G are in the same right coset of N (a) in G 
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[*’ x € N(a)x, y& N(a)y. Note that 
if Ff is a subgroup, then x © Hx.] 

[°. if H is a subgroup, then 
Ha==Hb<eab™ © H] 

[by def. of N(a)} 


<> N (a)x=N(a)y 
a xy € N(a) 


<< axyt=xy"a 

<> x71 (axy) p= x7! (xy7a) y 
<> x7“lax=y lay 

<> x, y give rise to the same conjugate of a. 
Hence the first result follows. 


Now consider the right coset decomposition of G with respect 
to the subgroup NW (a). We have just proved that if x, y & G arein 
the same right coset of N (a) in G, then they give the same con- 
jugate of a. Further if x, y are in different right cosets of N (a) in 
G, then they give rise to different conjugates of a. The reason is 
that if x, y give the same conjugate of a, then they must belong to 
the same right coset of M(a) inG. Thus there is a one-to-one 
correspondence between the right cosets of N (a) in G and the con- 
jugates ofa. SoifGisa finite group, then 

¢az=the number of distinct elements in C (a) 
=the number of distinct right cosets of N (a) in G 


See - _o(G) 
athe index of N (wv) in G= aN N (a)j 
Corollary. Jf G is a finite group, then 
Gee 
o [N (a)] 


where this sam runs over one element a in each conjugate class. 
(Punjab 1970 ; Meerut 84 P) 
Proof. We know that the relation of conjugacy 1s an equiva 
lence relation on G. Therefore it partitions G into disjoint conjugate 
classes. The union of all distinct conjugate classes will be equal 
to G and two distinct conjugate classes will have no common 
‘Jement. Since G is a finite group, therefore the number of distinct 
conjugate classes of G will be finite, say equal tok. Suppose C (a) 
denctes thé conjugate class ofa in G andca denotes the number 
of elements in this class. If C («), C (Gz), -.0+ , C (dx) are the & 
distinct conjugate classes of G, then 


G=C (a) U C (a2) U saree J C (ae) 
-» the number of elements in G==the number of elementsi 1 
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C (a;)+the number of elements in C (a,)+...... +the number of 
Slements in C (ax). 

[* two distinct conjugate classes have no common element] 

=> 0 (G)= cg, the summation being run over one element g in 

each conjugate class 
_0(G) 
° O=2 TN al 
Note. The equation in this corollary is often called the class 
equation of G. 
Self-conjugate elements. 
Definition. An element a & G is said to be self-conjugate if a 
is the only member of the class C (a) of elements conjugate to a i.e., 
if C(a)={a}. 
Thus, a, is self-conjugate if and only if@=x“lax ¥x EG 
or xa=ax ¥ x G, 
Thus a self-conjugate element is one which commutes with 
each element of the group. Ifa is a self-conjugate element, then we 
have @=x"tax ¥x€E G. 
Thus the transform of @ by every element of G remains equal 
toa. Therefore sometimes a self-conjugate element is also called 
an invariant element. 
The centre of a group. 
Definition. The set Z of all self-conjugate elements of a group 
G is called the centre of G. Symbolically 
Z={z € G: zx=xz ¥ xX EG}. (Punjab 1968; B.H.U. 71) 
Theorem 4. The centre Z of a group G is anormal subgroup 
of G. (Banaras 1971; Meerut 81) 
Proof, We have Z={z © G: zx=xz ¥ x & Gh}. 
First we shal] prove that Z is a subgroup of G. 
Let 24, 2s € Z. Then zyx=x2; and zax= xz, for all x E G. 
We have z2%¥=xz3 ¥ XEG | 
=> zg") (zx) zg-2= 2972 (xz) zy7} 
ma xzgtezly¥xeEG 
> zo € Z, 

Now (23297?) x==2y (Ze7lx)=ez2y (xza7)e=(2yx) za (xzy) 2471 

=X (247,71), 
°. mae Z. 
; Thus 12E Z> 4297? € Z. 

-» 2 iS a subgroup of G. 


by previous theorem. 
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Now we shall show that Z is a normal subgroup of G. Let 
x€ Gandze Z. Then 
Xzx~1==(xz) x-4=(zx) x I=z E Z. 

Thus xEG,zEZ=> xxx" CE Z. 

-. #£i8 anormal subgroup of G. 

Theorem §. a€Z if and only if N (a)=G. If G is finite, a&Z 

if and only if o [N (a)]=0 (G). (Nagarjuna 1978) 

Proof. Leta eZ. Then by def. of Z, we have 

 ax=xa¥x€EG. 

Also WN (a)={xG&G ; ax=xqa}. 

Now @@ Z@rxv=xavxEG [by def. of Z] 
@oxEeN(a)¥xEG [by def. of N(a)] 
<> N(a)=G. [°° N(a) & G and each element 

of G is in N(a)] 

If the group G is finite, then N(a)=G <> 0 (G)=o0 [N(a)]. 

Therefore if the group G is finite, then a € Z if and only if 

o [N(a)}=o (G). 
Theorem 6. Let G be -a finite group and Z be the centre of G. 
Then the class equation of G can be written as 
9 (G) 
Oo (G)=o ee °o o [N(a)]. 
where the summation runs over one element a in each conjugate class 
containing more than one element. 


Proof. The class equation of G is 
o (G) ‘ ; 
0(G)=Z2 oIN (ayy the summation being extended over 
one element a in each conjugate class, 
Now @€&Z @ o[Na)]—o (G) @ 0 (G)/o [N (a]=1 @ the 
conjugate class of @inG contains only oneelement. Thus the 
number of conjugate classes each having only one element is equal 
too(Z). If ais an element of any one of these conjugate classes, 
we have o (G)/o [N(a)]=1. Hence the class equation ,of G takes 
‘the desired form .- 
o _9(G) | 


Theorem 7. /f o ae = m1 where p is a prime number, then the 
nive ZF {e}. (I.A.S. 1972 ; Punjab 78 ; Meerut 74) 
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Proof. By the class equation of G, we have 


o (G) 
o (G)=o aie ne one (1) 


where the summation runs over one element a in each conjugate 
Class containing more than one element. 

Now ¥ae€G, Ma) is a subgroup of G. Therefore by 
Lagrange’s theorem, of[N(a)] is a divisor of o(G). Also 
ag Z > N(a)4G > o [N(a)] <0 (G). Therefore if a € Z, then 
o [N(a)] must be of the form p" where ng is some integer such 
that 1 < me <n. Suppose there are exactly z elements in Z i.e., 
let o(Z)=z. Then the class equation (1) gives 


a 
p.=z4+2 om , where each n, is some integer such that 


lSnm<n. 
—p7Aa_v pe 9 
eee pa (2) 
where Mas are some positive integers each being Jess than x. 

Now p|p". Alsop divides each term inthe 2 of the right 
hand side of (2) because each mz <n. Thus we see that pisa 
divisor of the right hand side of (2). Therefore p is a divisor of 7. 
Now e€Z. Therefore -5-0. Therefore = is a positive integer 
divisible by the prime p. Therefore = > 1. Hence Z must contain 
an element besides e. Therefore Z#{e}. 

Corollary. /f o(G)=p®. where p is a prime number, then G is 
abelian. (Kumayun 1977 ; Kanpur 80 ; Meerut 81) 

Proof. We shal! show that the centre Z of G is equal toG 
itself. Then obviously G will be an abelian group. 

Since p is a prime number, therefore by the previous theorem 
Z ie}. Therefore o(Z) > 1. But Z is a subgroup ofG, therefore 
o (Z) must be a divisor of o (G) i.e., o (Z) must be a divisor of p’. 
Since p is prime, therefore either o (Z)=p or :?. 

If o (Z)=p*, then Z=G and our proof is complete. 

Now suppose that o (Z)=p. Then 0(Z)<o iG) because p<p’*. 
Therefore there must be an element which is in G but which is not 
in Z. Let a&G and a€Z. 

Now N(a) is a subgroup of G and a € Ma). Alsox E Z 
=> xa=ax and this implies x © N(a). Thus ZC Ma). Since 
a ¢ Z, therefore the number of elements in M(a) is > p ie., 
o[N(a)] > p. But order of N(@) must be a divisor of p*, Therefore 
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o [N (a)] must be equal to p?. Then N (a)=G. Therefore aG Z and 
thus we get a cOntradiction. 

Therefore it is not possible that o(Z)=p. Hence the only 
possibility is that 

o (Z)=p? > Z=G => G is abelian. 

Ex. Isa group of order 121 abelian ? (Meerut 1977) 

Ans. Yes. 

§ 3. Conjugate subgroups : 

Definition. If A, B be two subgroups ofa group G, then Bis 
said to be conjugate to A if there exists an element x © G such that 

Bux~! Ax. 

If B=x-! Ax, then B is also called the transform of A by x. 

If B is conjugate to A, then symbolically we shall write B~A, 

Theorem 1. The relation of being conjugate is an equivalence 
relation on the set of subgroups of a group G. 

Proof. Proceed as in theorem 1 of § 2, page 197. 


The relation of conjugacy inthe family of subgroups of a 
group G will partition the family into disjoint equivalence classes. 
The collection of all subgroups conjugate to a subgroup A of G 
will be symbolically denoted by C (A). Obviously 

C (A) ={x-! Ax : xEG}. 

Normalizer of a subgroup of a group. 

Definition. Jf Aisa subgroup of a group G, then N (A), the 
normalizer of AinG is the set of all those elements of G which 
commute with A. Symbolically N (A)={xEG : xA=Ax}. 

Theorem 2. The normalizer N (A) of a subgroup A of a group 
G is a subgroup of G. (Punjab 1969) 

Proof. Proceed as in Theorem 2 of § 2. 


Theorem 3. Suppose A is a subgroup of a group G. Then there 
is a one-to-one correspondence between the right cosets of N (A) inG 
and the conjugates of A. (Punjab 1969) 

Proof. Proceed as in Theorem 3 of § 2. 

Self-conjugate subgroups. 

Definition. 4 subgroup A of a group G is said to be self-conju- 
gate if A is the only member of the class C(A) uf subgroups conjugate 
to A. 

Thus, 4, is self conjugate itf 

A=x7) Ax ¥ xEG 
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or xA=Ax ¥ xEG 
or A is a normal subgroup of G. 

If A is a self-conjugate subgroup of a group G, then we have 
A=x Ax ¥¢ xEG. Thus the transform of A by every element of 
G remains equal to A. Therefore sometimes a self-conjugate sub- 
group is also called an invariant subgroup. It is quite obvious that 
a subgroup of a group G is invariant if and only if it is normal. 
Therefore sometimes a normal subgroup is also called an invariant 
subgroup. 

§ 4. Quotient Groups. We are now going to introduce the 
very important concept of Quotient Groups. 

Let H be any normal subgroup of a group G. If ae&G, then 
Ha is a right coset of H in G. Also H being normal in G, the left 
coset aH will be equal to the right coset Ha. Thus there is no 
distinction between right and left cosets. So we can say that Ha 
is a coset of H inG. Let G/H be the collection of all cosets of H 


in G i.e., let G/H={Ha : a&G}. 
If a, b € G, then we have 
(Ha) (Hb)=H (aH)b 
= H (Ha) b [. Ha=aH as H is normal] 
=: HHab= Hab. [‘. HH= Hy] 


Now abeG, therefore the product of two cosets of H in G is 
again a coset of Hin G. We shall presently see that the set G/H 
is a group with respect to multiplication of cosets. 


Theorem. The set of all cosets of @ normal subgroup is @ group 
with respect to multiplication of complexes as the composition. 
(Meerut 1979; Kanpur 80; Nagarjuna 80; Rajasthan 78) 
Proof. Let H be a normal subgroup of a group G. Since H 
is normal in G, therefore each right coset will be equal to the cor- 
responding left coset. Thus there is no distinction between right 
and left cosets and we shall call them simply as cosets. Let G/H be 
the collection of all cosets of H in G ie., let G/H={Ha : a&G}. 
Closure Property. Let a,b € G. Then 
(Ha) (Hb) =H (aH) b=H (Ha) b= HHab= Hab. | 
Since ab & G, therefore Hab is also a coset of HinG. So 
Hab G/H. Thus G/H is closed with respect to coset multiplica- 
tion. . 
_ Associativity: Leta, b,c € G, Then Ha, Hb, Hc GG/H. We 
have Ha [(Hb) (Hc)]=Ha (Hbe)= Ha (bc) 
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==H (ab) c [" a (bc)=(ab)e] 
==(Hab) Hce=([(Ha) (Hb)} He. 
Thus the product in G/H satisfies the associative law. 
Existence of Identity. We have H=HeEG/H. Also if Ha is 
any element of G/H, then 
H (Ha)=(He) (Ha)= Hea=Ha and similarly 
(Ha) H=(Ha) (He) = Hae= Ha. 
Therefore the coset AH is the identity element. 
Existence of Inverse. Let Ha€@G/H. Then Ha“GGI/H. 
Wehave (Ha) (Ha™)=Haaq?=He=H 
and (Ha~) (Ha) = Ha'a= He=H. 
*. The coset Ha! isthe inverse of Ha i.e., (Ha)7!=Ha". 
Thus each element of G/H possesses inverse. 
Hence G/H is a group with respect tc product of cosets. 
Definition. Quotient Group. 
(1.A.S. 1970; Meerut 79; Garhwal 76; Mysore 70) 
If G is a group and H isa normal subgroup of G, then the set 
G/H of all cosets of H inG is a group with respect to multiplication 
of cosets. It is called the quotient group or factor group of G by H. 
The identity element of the quotient group G/H is H. 
Solved Examples 
Ex. 1. Let I be the additive group of integers. Let H be a sub- 
group of 1 such that H={mx:xEV} where m is a fixed positive 
integer. Write the elements of the quotient group 1/H. Also prepare 
a composition table for 1/H when m=). (Meerut 1976) 
Solution. Since I is an abelian group, therefore H is normal 
in I. The elements of 1/H are the c_sets of H in I namely 
H40=H={...-2m, —m, 0, m, Im, ...} 
H+1={..., -2m+1, —m+1, 1, m+, 2m+I,...} 
H+i2={..., —2m+2, --m+2, 2, m+2, 2m-+-2,...} 


eas eee a2 


H+(m—2)={..., —m—2, --2 m—2, Im—2, 3m—2, see} 
H+(m—1)={..., —m—1, —1, m—1, 2m—1, 3m—1, «.-}. 
These are the only distinct cosets of H in I. Because if s is 
any integer, then by division algorithm there exist integers q and r 
such that s==mq+r where 0 € r < m--l. 
We have H+s=H+mqtr 
=Htr ["° mgGH and this gives H+mg=H]. 
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Thus H-+s is one of the above m cosets of H in I, Thus there 
are m distinct elements in the set I/H. 

When me 5, the distinct elements in I/H are 

H, H+1, H+2, H+3, H+4. 

If a, b € I, then (4 +a)+(H +))=H+(atd). 

Also H+a=H+be@a—bedH. Thus H4+-2=H+7, H+3=H+8 
and so on. 

Hence the composition table for {/H is as given below : 


H H+l H+2 H+3 H+4 
H | H H+1 H+2 Hi3 A+4 
H+1 H+1 H+2 Hi3 H+4 aA 
H+2 H+2 Ht3 H+4 dH H+1 
H+3 H+3 H+4 4H H+1 H+2 
H+4 H+4 H H+1 H+2 443 


Ex. 2. Let Ps be the symmetric group on three symbols a,b c 
and As be the alternating group on three symbols a,b,c. Form the 
composition table for the qu:tient group Ps/As. (Rajasthan 1977) 

Solution. Let Ps={ fi, fo, fs, fa, fc, fo} where f,=identity per- 
mutation, /2=(4b), fa=(be), fe=(ca), fe=(abc), fe=(ach). 

We have As=set of even permulatiuns belonging to Ps. Thus 
As={ fi, Ss, fe}. 

As is a normal subgroup of Ps as we have already proved. 

The elements of Ps/ 3 are the cosets of As in Ps. By Lagrange’s 
theorem As will have only two distinct cosets in Ps. One is As 
itself and the other is As fe. Thus As, As fe are the only two 
elements of P3/Ay. It should be noted that 

As fim As fe=As, As fo= As fa= As Sa- 
The composition table for P3/As is aS given below : 


As As fs 


As As As Ss {Note that (As f A) (As Ss)] 
= As fe fom Ag i= As 
As fe Asf: As 


Groups (Continued) 207 


Ex. 3. IfG is a finite group and His anormal subgroup of G, 


then o (G/H =e i? . (Mecrut 1977, 80, 82; Kumayun 77) 


Solation. We have 


o (G/H)=number of distinct right cosets of H in G 
_. Number of elements in G 


ee 


Number of elements in H 


[by Lagrange’s theorem] 


ee) 
o (H) 
Ex. 4. Show that every quotient group of an abelian group is 
abelian and the converse is not truc. (Rajasthan 1974). 


Solution. Let G be an abelian group and H be a‘subgroup of 
G. Then H is anormal subgroup of G. If a, bE G, then Ha, Hb 
are any two elements of G/H. We have 
(Ha) (Hb)=Hab=Hba [ Gis abelian > ab=ba] 
= (Hb) (Ha). 
-. G/AT is abelian. 


The converse is not true. For example if Ps be the symmetric 
group of degree3 and As be the alternating group of degree 3, 
then P3/As is an abelian group while Ps is not an abelian group. 
The group Pa/As is of order 2, and every group of order 2 is 
abelian. 

Ex. 5. If N is normal in G and a& G is of order n, prove that 
the order, m, of Na in G/N is a divisor of n. 

Solution. The identity of the quotient group G/N is N. Ife is 


the identity of G, then o(a)=n > a"=e. 
~- Na*=Ne=N,., 
Bot Na" = N(aaa...upto n times) 
=(Na) (Na) (Na)...upto n times==(Na)*. 
Thus (Na)"=N (identity of G/N). 


Since order of Na in G/N is m and (Na)*=N, identity of G/N, 
therefore m must be a divisor of n. [Refer Theorem 4, page 115]. 

Ex. 6. Show that every quotient group ofacyclic group is 
cyclic and the converse is not true. ( Jodhpur 1970; Meerut 78) 

Solution. Let G be a cyclic group and a be a generator of G. 
Let H be a subgroup of G. Since every cyclic group is abelian, 
therefore H is a normal subgroup of G. Let a" be any element of 


208 Modern Algebra 


G where m is some integer. Then Ha® is any element of G/H. As 
can be easily seen Ha"=(Ha)" for every integern. Therefore G/H 
iS a Cyclic group and Ha is a generator Of it. 

The converse is not true. For example Ps3/As is cyclic while Ps 
is not cyclic. 

Ex. 7. Let Z be the centre of a groupG. If ac Z, then prove 
that the cyclic subgroup {a} of G generated by ais anormal subgroup 
of G, - 

Solution. We have 

Z={z © G: zx=xz ¥ x € G}. Let a © Z and let H={a} be 
the cyclic subgroup of G generated by a. Let h be any element 
of H. - Then ha" for some integer n. 

Let x be any element of G. We have 

xhx1= xa"x74 


=(xax71)" [See Ex. 3 page 117 of first 
chapter on groups] 
== (axx—})* [oe a€ Z > ax=xa) 


=(ae)"=@" © H. 
Thus xh? € HY hE Hand ¥ x EG. 
-. fis a normal subgroup of G. 

Ex. 8. Let abe any element of G. Show that the cyclic sub- 
group of G generat:d by aisa normal subgroup of the normalizer 
of a. (Punjab 1970) 

Solution. We have the normalizer of a 

= N (aj={x € G: xu=ax}. 

Let H be the cyclic subgroup of G generated by a. Let h be 
any element of H. Then h=a’ wherd n is some integer. We have 

a"a=a"tl= qa", 

oe @=heE N (a). 

Now N (a) and #H are subgroups of G. Alsoh € Hah N(a). 

Therefore H © N (a). Hence H is a subgroup of N (a). 

Now to prove that H is a normal subgroup of N (a). Let x be 
any element of N (a) and k=a* be any element of H. We have 

xhx~ t= xaQ"y~) a (xax-')" 
== (axx7!)* [2 x € N(a)j>ax=xa] . 
==(age)"=aa* € H, , 

.. # isa normal subgroup of N (a). 

Ex. 9. Show that two elements are conjugate if and only if they 
can be put inthe form xy and yx respectively where x and y are 
suitable elements of G. (Punjab 1970) 
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Solution; Let a, b be two conjurate elements of a group G. 
Then a=c~!be for some c © G, 


Let cib=xandcey. Then a=xy. Also 
yx=c (c7'b)=(cc) be eb=b. 


Conversely suppose that a=xy and b=yx. We have 
b=yxe> yb=y yi y"W=x. 
Now a=xy 
=>a=y-! by>a and b are conjugate elements. 


Ex.10 Give anexample to show that ina group G the nor- 
maliser of an element is not necessarily a normal subgroup of G, 


Solution. Consider the group Sa, the symmetric group of 
permutaticns on three symbols a, b,c. We have Ss= {J, (ab), (dc), 
(ca), (abc), (acb)}. Let N (ab) denote the normaliser of the ele- 
ment (ab) G Ss. We shall show that N (ab) is not a normal sub- 
group of Ss. Let us calculate the elements of N(ab). Obviously 
(ab)EN (ab). Also IGEN (ab) because | (abj—=(ab) I. 

Now (bc) fab)=(abe), and (ab) (bc)=(atb). Thus (bc) does 
not commute with (ab). Therefore (bc) € N (ab). Again 

(ca) (ab) =(acb) and (ab) (ca) = (abe). 
Thus (ca) (ab)(ab) (ca) and therefore (ca) & N(ab). Similarly 
we can verify that (abc) @ N (ab) and (acb, ~ N (ab). Hence 

N (ab) ={1, (ab)}. 

Now we shall show that N (ab) is not a normal subgroup of 
Ss. Take the element (bc)@Ss3 and the element (ab)EN (ab). We 
have (bc) (ab) (bc)"4=(bc) (ab) (cb)=(abc) (cb)=(ac) E N (ab). 
Therefore N (ab) is not a no-mal subgroup of Ss. 

Ex. 11. Let N, and N, be twonormal subgroups of a group G. 
Prove-that G/Ny=G/N¢ if and only if Ny=N2. 

Solution. If Ny=N2, then obviously G/Ny=G/N,. 

Conversely suppose that G/Nia=G/N,. Then we are to prove 
that MWa=Ns. We have NyEG/N,. But G/Ny=G/Ns. Therefore 
NM: & G/N i.e., Ny is equal to some coset of NginG. But two 
cosets of N, in G are either disjoint or identical. Since e@ N, and 
e& N,, therefore N, and Nz are not disjoint. So we must have 

2 Ny = Ng. 
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Ex. 12. Let Z denote the contre of a groupG. If G/Z is 
cyclic prove that G iz abelian. (Meernt 1978, 81) 
Solution. kt is given that G/Z is cyclic. Let Zg be a genera- 
tor of the cyclic group G/Z where g is some element of &. 


Let a, b&G. Then to prove that ab=ba. Since a€G, there- 
fore ZaEG/Z. But G/Z is cyclic having Zg as a generator. There- 
fore there exists some integer m such that Za=(Zg)"=Zg™, because 
Z is a normal subgroup of G. Now a€Za. Therefore 


Za=Ze"=»ake Zee a= 2g" for some zs€ Z. 
Similarly b=zgg* where z7,@Z and n is some integer. 


Now ab=(z.g") (zag")=218” 228" 


= 2178"8" [‘o 236 Z>zgQV"=— "2 4] 
==2,79g™"". 
Again ba=zeg"z,g"=292,2"4" = 2742;8""" 
=237, 9""" [°° 23k Zo 242g™ 2023] 
.. ab=ha. 


Since ab=ba ¥ a, bG&G, therefore G is abelian. 


Ex, 13. Jf p is a prime number and G isa non-abelian group 
of order p*, show that the centre of G has exactly p elements. 
(Madras 1983) 


Solution Let Z denote the centre of G. Since o(G)=p* where 
p is a prime number, therefore Z#{e} ie. AZ) > 1. ButZ isa 
subgroup of G, therefore o(Z) must of a divisor of o(G) i.e o(Z) 
must be a divisor of p*. Since p is prime, therefore either a(Z) =p 
or p* or p*. 

_ If o(Z)=p*=0(G), then Z=G and so G is abelian whith con- 
tradicts the hypothesis that G is non-abelian. So o(Z) cannat be 
p*. 

If o(Z)=p*, then 0(G/Z)=0(G)/o(Z) = p® /p*=p i.e., G/Z is a 
gtoup of prime order p and so is cyclic. But if G/Z is cyclic, then 
G is abelian which again contradicts the hypothesis. .S§o-:0(Z) can- 
not be p*. 

‘Hence the only possibility is that o(Z)=p i.e., the centre of G 
has exactly p elements. 
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§ 5. Homomorphisms of Groups. 
Definition. Homomorphism into. A mapping f from a group G 
into a group G' is said to be a homomorphism of G inte G’ if 
t (ab)= f (a) f(b) ¥ a, bE G. 


Homomorphism onto A mapping f from a graup G onto a group 
G’ is said to be a homomorphism of G onto G’ if 
f (ab)= f (a) f(b) ¥ a. bE G. 
Also then G’ is said to be a homomorphic image of G. 
(I.A.S 1970; Kanpur 80; Gujrat 71; Allahabad 79; Banaras 62; 
Sambalpur 77; Rajasthan 77; Madras 83; Meerut 70) 
It should be noted that isomorphism is a special type of homo- 
morphism. If f is a homomorphism of G into G’ and f is one-one, 
then f is an isomorphism of G into G’. Similarly if f is a homo- 
morphism of G onto G’ and f is one-one, thea fis an isomorphism 
of G anto G’. 
Endomorphism. A homomorphism of a group into itself is 
called an endomorphism. (Andhra 1975; Rajasthan 77) 


Example 1 9 Show that the mupping f of the symmetric group 

Py onto the multiplicative group G' ={1,—1} defined hy 

F(@)= Or --1 
according as « is an even or odd permutation in Px is a honomorph- 
isnt of P, onto G'. 

Solution. We know that the product of two permutations 
both even or both odd is even while the product of ome even or 
one odd permutation is odd. We shall show that 

Sf (@B)= f(x) f(B) v «2, BEP,. 

(i) Ifa. B are both even, then 

Ff (oB)=1=1.1=f (a) f (8). 

(i) If «, B are both odd, then 

f (2B)=1=( -1) (-1)=f (x) f (B). 
(ili) Ife is odd and B is even, then 

F (@P)= - 1=(—1) (=f (@) Si). 
(iv) If is even and 8 1s odd, then 

FJ \a3y=m—- 1 = (1) (—1I) =f (2) f (8). 
Thus f (@B)=/f (a) f (B) v2, 5SPa- 
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Also obviously f is onto G’. Therefore f is a homomorphism 
of P, onto G’, 

Example 2. Let G be the group of all ordered pairs (a, b) of 
real numbers with the binary operation denoted additively and defined 
by (a, b)+(c, d)=(atc, 6+). 

Further let G’ be the additive group of all real numbers. Then 


the mapping f: GG’ defined by f (a, b)=a ¥, (a, b)EG is a homo- 
morphism of G onto G’. 


Solution. It can be easily proved that G is a group with res- 
pect to the given binary operation. The ordered pair (0, 0) is the 
identity element and the ordered pair (—a, —b) is the inverse of 
(a, b). 

Let (a, 5) and (c, d) be any two elements of G, 

Then by definition of f, we have 

Sf (a, b)=a, f (c, d)=c. 

Now f [(a, 6)+-(c, d]=f (ate, b+d)=a+c=f (a, b) +f (c, 4). 

Also obviously f is onto G’. Therefore f is a homomorphism 
of G onto G’. 


Example 3. Let G be a group and let e be the identity ele vent 
of G. Then the mapping f :G->G defined by f (a)=e ¥ a&G is an 


endomorphism of G. (Sambalpur 1977) 
Solution. Let a, b be any two elements of G. Then 
Sf (a)=e, f (b) =e. 


Now f (ab)=e=ee=/f (a) f (5). 

Thus f is a homomorphism of GintoG, Therefore f is an 
endomorphism of G. 

Theorem. If fis.a liomomorphism of a group G into a group 
G’, then 

(i) f (e)==e’, where e is the identity of G and e' is the identity 
of G’. (Gujrat 1970; Rajasthan 76; Banaras 70; Meerut 79) 

Gi) f@X=—[Lf(@]" ¥ aEG. : 

(Gujrat 1970; Kanpur 80; Banaras 70; Meerut 79) 


(iii) If the order of aGG is finite, then the order of f(a) is a 
divisor of the order of a, 
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Proof. (i) LetaeGG. Then f(a)EG’. We have 


S(@) &’=f (a) [°° e’ is the identity of G’] 
=f (ae) [.’ eis the identity of G] 
=f (a) fie) {‘. fis a homomorphism] 


Now G’ is a group. Therefore 
f (a) e' =f (a) f(e) 
=> e’af (e) [by left cancellation law in G’] 
(11) Let a be any element of G. Then a?@EG. 
We have e’=/f (e)=/f (aa) =f (a) f (a). 
Therefore f(a~+) is the inverse of f(a) in the group G’, Thus 
f(a)=[f @y 
(iii) Let a&@G and o (a)=m. We have o (a)=maaq"=e, 
v Sf (a")=f (e) 
=> f (aaa...m times)=e’ 
=> f(a) f (a)...m times=e’ => [ f (a)]"=e’. 
-. ifn is the order of f (a) in G’, then must be a divisor 
of m. [Refer theorem 4, page 115]. 
§ 6. Kernel of a Homomorphism. 
Definition. If fis a hornomorphism of a group G into a group 
G’, then the set K of all those elements of G which are mapped by f 
onto the identity e’ of G’ is called the kernel of the homomorphism f. 
(Kanpur 1969; Rajasthan 78; Meerut 74) 
Thus iff isa homomorphism of G into G’, then K is the 
kernel of f if K={xEG : f (x)=e" where e’ is the identity of G’}. 
Theorem 1. if / is a@ homomorphism of u group G into a group 
G’ with kernel K, then K is a normal subgroup of G. 
(G. N. D. U. Amritsar 1982; Kumayun 77; Bombay 70; Madras 83; 
Marathwada 72; Meerut 79, 81, 83, 84; Rajasthan 78) 
Proof. Let f be a homomorphism of a group G into a group 
G’. Let e, «’ be the identities of G and G’ respeciively. Let A be 
the kernel of f§ Then K={xEG : f (x)—e’}. 
Since f (e}—e’, therefore at least e@ K. Thus A is not empty. 
Leta, bE K. Then/(a)=e',/ (o)=e’. We have 
S (ab) =f (aj f (6) =f (a) [ f (6) *=e'e’ 4 =e’e' =e’, 
. ab*EKk. 
Thus a, b= K > abe K. 
Therefore X is a subgroup of G. Now to preve that K is nor- 
malinG. Let g be any element of G and k be any clement of K, 
Then f (k)=e’. We have 
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FS (gkg- Nf (8) f (ky Sf (eS (8) ef (g)'=S (8) f (g)] 2 =e’. 
ekg © K. 
Thus gEG, kEK => gkg"EKk. 
K is a normal subgroup of G. 

Theorem 2. Let f be a homomorphism ofa group G intoa 
group G' with kernel K. Letabeagiven element of G such that 
f (a)=a’EG". Then the set of all those elements of G which have the 
image a’ in G’ is the coset Ka of K inG. (Meerut 1973) 

Proof. Let e, e’ be the identities of G and G’ respectively. 
Let a@EG and f(a)=a’ E G’. Let f-} (a’)={x € G: f (x)=a’}. 
Then to prove that f~? (a’)= Ka. 

Let vy € Ka. Then y=ka for some k € K. 

We have f (y)=/ (ka)=/f (k) f (a) 

=e’ f (a) [. KEK > f(k)=e] 
=f (a)=a’. 

ye Sa’). 

Thus yG Ka>ve f-(a’). 

“ Ka f- a’). .--(1) 

Now let z be any element of f(a’), Then f (z)=a’. 

We have f (za) =f (z) f (a-}=f (z) [f (a) =a’ (a) Awe’. 

. z@aek 
=> (za")ae Ka >2z €E Ka. 

Thus z € f(a')> zE€ Ka. 

o. f(a’) € Ka. -».(2) 

From (1) and (2), we get f~ (a’)= Ka. 

Theorem 3. The necessary and sufficient condition for a home~ 
morphism f of a group G into a group G' with kernel K to be an 
isomorphism of G into G’ is that 

K= {e}. (Kanpur 1980; Negarjuna 96) 

Proof, Let f be a homomorphism of a group G into a group 

G’. Let e, e’ be the identities of G, G’ respectively. Let K be the 


kernel! of f. 
Suppose f ts an‘tsomorphism of G into G’, Then fis one-one. 


Let a& KX. Then 
f(aj=e' [by def. of kernel] | 
> f (a)=f(e) i! fe)<e} 
> a=e [Sis one-one] 


Thus a@& K > a=e,. In other words ¢ is the only element of 
G which belongs to K. Therefore K={e}. 
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Conversely suppose that K=={e}. Then to prove that f is an 
isomorphism of G into G’ i.e., to prove that f is 1-1. 
If a, b G G, thea 
f @)=f (b) = f(@) [f OF=f ©) [FO 
x» f(a) f (0) =e’ [°° fis a homomorphism] 


w» f (ab) =e' [°° fis a homomorphism] 
>abie K [by def. of kernel] 
=> abuse ("° K=={e}] 


=>. W=eb > a=b. 
”. f is one-one. 
Hence f is an isomorphism of G into G’, 


Theorem 4. Suppose G is a group and Nisa normal subgroup 
of G. Let f be a mapping from G to G/N defined by 
f (x)=Nx ¥ x EG, 
Then f is a homomorphism of G onto G/N and kernel f=N. 
(L.A.S. 1974; Sambalpur 77; Jabalpur 70; Mysore 73; 


Poona 73; Delhi 69) 
Proof. Consider the mapping 


f: G-—>G/N such that f (x)=Nx ¥ x € G. 
Let Nx be any element of G/N. Then x & G. 
We have f (x)=Nx. Therefore the mapping / is onto G/N. 
Leta,b6€ G. Then 
f (ab) = Nab=(Na) (Nb) ["° Nis normal] 
=f (a) f(b). 
f is a homomorphism of G onto G/N, 
Thus every quotient group ofa group is a homomorphic 
image of the group. The mapping 
ff: G-GIN such that f Q)=Nx ¥ x EG 
is called a natural mapping of G onto G/N. 
Let K be the kernel of this homomorphism f. The identity of 
the quotient group G/N is the coset N. So K=({y & G: f (y)= N). 
We shall prove that K=N. 
Letk € K. Then Sf (K)=N i e., identity of G/N. 
But by def. of f, we have f (k)==Nk, 
Now Nk=wN>k EN. 
Thus ke K>ké&N. Therefore K C N, 
Again let n be any element of N. Then Nn=N., 
Wehave f(n)=Nn=N. Thereforen & XK. 
Thus neNane K. 
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« NCQ & 
Consequently K= WN. 
Theorem 5. Fandamental theorem on homomorphism of groups. 
Every homomorphic image of a group G is isomorphic to some 
quotient group of G. (1 AS. 1974; Alinhabad 30; Andhra 77; 
Punjab 68; Kanpar 71; Jabalpur 79; Banaras 70; 
Madras 83; Meerut 79, 81, 83P, S4P) 
Preof. Let G’ be the homomorphic image of a group G and 
J be the corresponding homomorphism. Then f is a homomorphism 
of G onto G’. Let, K be the kernel of this homomorphism. Then 
K is a normal subgroup of G. We shail prove that 
G/K c& G’. 
If a€& G, then Ka € G/K and f(a) € G’. Consider the 
mapping ¢ : G/K-»G’ such that ¢ (Ka)=f(a) ¥ a E G. 
First we shall show that the mapping ¢ is well-defined i.e., if 
a,b € Gand Ka=Kob, then ¢ (Ka)=¢ (Kb). 
We have Ka=Kb = ab G K 
=> f{ (ab) =e’ (identity of G’) 
> f (a) f (b>)=e' > f (a) [f ()] =e’ 
=> f (a) [F(d))* f (=e’ f(6) 
=> f(a) e’=f(b) > f(a)=f(b) 
=> ¢ (Ka)=¢ (Kb). 
.. is well-defined. 
¢ is one-one. We have 
¢ (Ka)=$ (Kb) > f(a)=fib) 
=> f(a) [/(b)}*=KB) [/(B)]7* 
=> f(a) fib)=e' > f(ab)=e’ 
=> abe K. [°. XK is kernel] 
=> Ka=Kob. 
~. iS one-one. 
¢ is onto G’. Let y be any element of G’. Then y=/(a) for 
some a € G because f is onto G’. Now Ka € G/K and we have 
¢ (Ka) =fia)=y. 
*. gisonto G’. 
Finally we have ¢ [(Ka) (Kb ]}=¢ (Kab)=/ (ab) 
| =f(a) f(b)=¢ (Ka) $ (Kd). 
4. ¢ is an isomorphism of G/K onto G’. 
_ Hence G/KcG’. 
Remark, The fundamental theorem on homomorphism of 
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groups tells us how to find all possible homomorphic images of a 
given group G. Except for isomorphism these homomorphic 
mages must be expressible in the form G/K where KX is normal in 
G. Conversely for any normal subgroup N of G, G/N is a homo- 
amorphic image of G. Thus we‘have a one-to-one correspondence 
between the norma! subgroups of G and the homomorphic images 
of G. Therefcre to find all homomorphic images of G we should 
proceed as fellows : 

Find all normal subgroups N af G and.construct all quotient 
groups G/N. The set of quotient groups so constructed gives us all 
homomorphic images of G (upto isomorphisms). 

Solved Examples 

Ex.1. Let f be akomomorphic mapping of a group G into a 
group G’. Let f{(G) be the homomorphic image of GinG'. Then 
FS (G) is a subgroup of G’. 

(Marathwada 1974; Jabalpur 70; Kerala 70; Meerut 74) 

Solution. We have /(G)={f (x) : x € G}. Obviously 
L(G) © G’. Let a’, b’ be any two elements of f (G). Then f(a)-a’, 
fi®}=5’ for some a,b G G. We have 

a’ (b’) =f (a) [ f ()) "=f (a) f (6) 
xf (ab-1) € f (G) since ab“ € G. 

Thus a’, b’ & f(G) > a’ (b’)? € f (G). 

. J(G) is a subgroup of G’. 

Ex 2. Show that every homomorphic image of an abelian group 
is abelian and the converse is not true. 

Solution. Let G be an abelian group. Let f be a homomor- 
phic mapping of G onto a group G’. Then G’ is a homomorphic 
image of G. 

Let a’, b’ be any two elements of G’. Then f{a)=a’, f (b)=5’ 
for some a, bE G. We have 

a’b’ =f(a) f (b)=f (ab) 
=f (ba) ["° Gis abelian] 
=f (b) f (a)=5'a’. 

«. G’° is abelian. 

The converse is not true. Ps: is a non-abelian group. 4s is a 
normal subgroup of Ps. The quotient group Pa/As is a homomor- 
phic image of Ps. Now P3/As is of order 2 and is abelian. 

Ex. 3. Show that a homomorphism from a simple grovp is 
either trivial or one-to-one. (Meerut 1978) 
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Solution. Let G be a simple group and f be a homomorphism 
of G into another group G’. Then ker f is a normal subgroup of 
G. But the only norma) subgroups of the simple group G are G 
itself and {e}. Therefore either ker f=G or ker f=fe}. If ker f=G, 
the f-image of each element of G is the identity of G’ and 80 the 
homomorphism f is a trivial one. If ker f={e}, the homomorphism 
fis one-to-one. Hence the result. 

Ex. 4. If fisakomomorphism of G onto G’ and g a homo- 
morphism of G’ onto G", show that g o f is a homomorphism of G on- 
toG’.. Also show that the kernel of f is a subgroup of that of g o f. 

(Allahabad 1979; Banaras 62, 64) 
Selutien. f is a mapping of G onto G’ and g is a mapping of 
G’ onto G’. Therefore g o f is a mapping of G onto G" and we have 
(go f) (x)= [f()] ¥ x & G. 
Let a,5 € G. Then 
(g of) (ab)=e Lf (25)] 
=g { f(a) f (b)] (°° fis a homomorphism] 
=gif(a}g[f(b)] [* g isa homomorphism] 
=[(g of) (al [(¢ of) (51. 

©, gof is a homomorphism of G onto G’. 

Let K be the kernel of go f. Then. 

K={y © G: ig of }(y)=e” where e” is the identity of G"}. 

Let K’ be the kernel of f. Then 

K’={z € G:f (z)=e’ where e’ is the identity of G’}. 

Both K and K’ are norma! subgroups of G. In order to show 
that K’ is a subgroup of K it is sufficient to prove that X’ © A. 

Let k’EK’. Then f (k’)=e’. 

Also (gof) (k’)=e [fF (k’)l=e (e’)=e". 

- KEK. 

Thus k’ © K’ > k’ € K. 

o K’CK. 

Ex. 5. Let G be the multiplicative group of all nxn non- 
singular matrices with elements as real rumbers and let G’ be the 
multiplicative group of all non-zero real numbers. Show that the 


mapping 

f:G—>G’ such that f(A)=| A| ¥ AEG 
is a-homomorphism of G onto G'. What is the kernel of this homo- 
enorphism 2 
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Solution. Let A, Bbe any two aX” non-singular matrices 

with elements as real numbers. We have 
f (AB)=| AB| = | A || B|=f(A) f(B). 

Also if x is any non-zero real number then there exists ann Xn 
matrix € G whose determinant is equal to x. 

-. fis a homomorphism of G onto G’. 

The identity of G’ is 1. Therefore the kernel of / is the sub- 
group of G consisting of matrices with determinant equal to 1. 

Ex. 6. Show that the mapping f : CR such that f(x-+-iy)=x 
is a homomorphism of the additive group of complex numbers onto 
the additive group of real numbers and find the kernel of f. 

Solution. Let x1-+iy3, X_-++iye be any two elements of C. Then 
FS (aris) + (Xs t ive) =S (x14 ¥9) +i (Yat ys)] 

=X4+%2 [by def. of /] 
af (x1 +iys)+ fl eatFiys). 

Also if x is any real number, then there exists a complex 
number x-+-i0 such that /(x+i0)=x. 

“. fis a homomorphism of C onto R. 

The identity of R is the real number zero. Therefore the 
kernel of { consists of all complex numbers whose real part is 
zero. 

Ex. 7. If n be any given positive integer, show that the mapping 

f= G,->Q, defined by f (z)=z" 
is an endomorphism of the multiplicative group of non-zero complex 
numbers. What is the kernel of this endomorphism ? 
(Rajasthan 1967) 
Solution. Let z, z, be any two elements of C,. Then 
f (qJ=2;" and f (23)=23". 

Wehave =f (z3z_)=(252q)" = 21"Za"=f (21) f(2s)- 

.. f is an endomorphism of C,. 

The identity of Ce is 1. The kernel of f consists of the a n'* 
roots of unity, i.e., kernel of f={e%#"", r=0, 1, ..., #— 1}. 

We have, f(et##!*) an (e% asia)" = etret—cos 2rx-+i sin 2re 

=1-+0i=—1, which is the identity of C,. 

Also f@=1 2 2=1> z7=(1)" 

=> z is an nt*® root of unity. 
4 the kernel of f consists of the 2 n™ roots of unity. 

Ex. 8. Let Cy and Re be the multiplicative groups of non-zero 

complex numbers and of non-zero real numbers respectively, Then 


the mapping 
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Sf: Cy->Re defined by f (z)=|z| ¥ zEG, 
ls a homomorphism of Cg, into Rg. What is the kernel of f 2 
(Raj. 1969; Bombay 70) 
Solution. Let z;, z3€ Co. Then f(z,)=| 22 |, f(zs)=| Zs |. 
We have /(z3z3)=| 2122 [=| 21 | | zs [=/(zy) f(22). 
ee fis a homomorphism of Cy into Ro. 
The identity of Re is 1. The kernel of fis the multiplicative 


subgroup of all complex numbers whose modulus is 1. 
Exercises 


1. Let f: G-»G’ be a homomorphism of a group G into a 
group G’. Prove that f{(G) is a subgroup of G’ and f-? (e’) is a 
mormal subgroup of G, where e’ is the identity of G’. (Kerala 1970) 

2. Prove that in a homomorphic mapping of a group G into 
a group G’, unit element corresponds to unit element, inverses 
correspond to inverses and subgroups correspond to subgroups. 

3. Let R be the additive group of real numbers and U, the 
multiplicative group of complex numbers of absolute value unity. 
Prove that the mapping x->e'* isa homomorphism of R onto U. 
Find the kernel. (Kerata 1970; Marathwada 74) 

Ans. Kernel={x: x€R and x= 2m where n is any integer}. 

4 Prove that any qpotient group of G isa homemorphic 
image of G and comversely if G’ is a homomorphic image of G then 
G’ is isomorphic to a quotient group of G. (Sabalpur 1970) 

S. Gis a group and H is a subgroup of G. Show that the 
following statements are equivalent : 

(i) # is a normal subgroup of G. 

(ii) # is the kernel of a homomorphism of G. 
(iii) Every left coset of H in G is a right coset of Hin G. 
(Marathwada 1972) 

6. Prove that every normal subgroup of a group G gives rise 
to a homomorphism fromG. Moreover, show that with every 
homomorphism from G we can associate a unique normal sub- 
group of G. (Meerat 1972) 

7. If ¢ be a homomorphism of a group G onto the group 
G with kerne] K, then prove that G/Kc=G. 

(Kanpur 1971; Vikram 76; Meerut 79, $1) 

8. If¢isa homomorphism of a group G onto a group G 
with kerne] K, then prove that the set of all inverse images of 
ge © & under ¢ in G is given by Kx where x is any particular in- 
verse image of g in G. (Meerut 1973) 
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9. Let H be a subgroup of a group G and S be the set of all 
right cosets of H in G. Prove that there is a homomorphism @ of 
G into 4(S) and the kernel of @ is the largest normal subgroup of 
G which is contained in H. (Meerut 1973) 

10. Write down the elements of the symmetric group Ps, and 
determine the classes of conjugate elements. (Bombay 1970) 

11. Show that any two conjugate classes of a group are 
cither disjoint or identical. (Delhi Hons. 1970) 

12. If N is a normal) subgroup of G, having the prime index 
P, prove that G/N is cyctic. 

13. Let (G, +) be an abelian group. Let S be the set of all 
endomorphisms of G. For any o, » © S define 

a+? : G>G by 
(a+) (x)=o (x)+ (x). 
Show that o+ is also an endomorphism of G. Further show 
that S becomes an abelian group with respect to this addition 
composition. (Meerut 1974 ; Andhra 75) 


14. Show that it is impossible to find a homomorphism of Z 


onto Sa (2 > 2). Here Z is the additive group of integers. 
(Poona 1973) 


15. State and prove fundamental theorem of homomorphism 
for groups. Deduce that if a group G’ is a homomorphic image of 
a finite group G, then the order of G’ divides the order of G. 


(Meerut 1976) 
16. How many homomorphisins are there from Z¢ onto Z; ? 
Here Z, denotes the additive group of residue classes modulo az. 
Ans. No. (Poona 1973) 
17. If the order of a group Gisa power ofa prime p, 
show that the centre of G has at least p elements. (Madras 1983) 
§7. Automorphisms of a group. 
Definition. (Madras 1983 ; Meerut 78 ; Rajasthan 77) 
An isomorphic mapping of a group G onto itself is called an 
automorphism of G. 


Thus f/:G Baie G is an automorphism of G if 
one-one 


f (ab)=f (a) f(b) ¥ a, BEG. 
Solved Examples 
Ex. 1. Show that the mapping 
f:I-1 such that fix)=—x ¥ xGl 
is an automorphism of the additive group of integers I. 
Solution. Obviously the mapping f is one-one onto. 
Let x,, x2 be any twoelements of I. Then 
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SF (Xa a) = — (xa t x2) = (— x + — 9) =F (2) +f (x9). 
Hence f is an automorphism of I. 
Ex. 2. Show tnat a>a™ is an automorphism of a group G iff G 
is abelian. 
[Nagarjuna 1978 ; Madras 78 ; Meerut 77, 78, 82, 83 (P), 84 (P)] 
Solution. Let f: G—>G be such that f(x)=x7! ¥ xEG. 
The function f is one-one because 
f(x) - ff) > xDeypt > (x7) FA =(y7y > x=y. 
Also if xEG, then x—'! EG and we have {(x™) =(x7})71=x. 


f is onto. 
Now suppose G is abelian. Let a, b be any two elements of G. 
Then f{(ab)=(ab)~1 [by def. of f] 
= 5-1 g-l=g-) p-) [v G is abelian] 
=f(a) f(b) [by def. of f] 


.. fis an automorphism of G. 
Conversely suppose that f is an automorphism of G. Let 


a, bEG. 
We have flab) = (ab)-2 [by def. of f] 
b=! or fila) [by def of f] 
=; (ba (°" f is an automorphism] 


Since f is one-one, we 

S (ab) =f (ba) » ab=ba = G is abelian. 

Ex. 3. Let G be agroup, H a subgroup of G, fan automorphism 
of G. Let f(H)={fth): hE AH}. Prove that f(H) is a subgroup 
of G., 
y Solution. Let a, 6 be any two elements of f(/7) Then 

a=f (h,) and b=f (he) where Jn, hE A. 
Now fy, hz © H > nha" € H { Hf is a subgroup] 
> f(hyhe) Efi) 
> fil) Mis) €& IUD) 
fis an automorphism] 
=> f (In) [f (A)? € (A) > ab & f(A). 
.. J (H)is a subgroup of G. 
Note. Some authors use the symbol /if in place of f(/) to 
denote the image of an element. 

Ex. 4. LetG bea group, fan automorphism of G, N a norma! 
subgroup of G. Prove that f (N) is a normal subgroup of G. 

Solution. First show as in Ex. 3 that /(N) is a subgroup of G. 

Now to show that f(N) is a normal subgroup of G. 

Let xEG and kEf (N). Then x=/ (3) where }SG because / is 
a function of G onto G. Also k=f(n) where nGN. 
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We have 
xkx=f(Vy\ fin) POA =Sy) fn f (9D) =Syny. 

Since W is normal in G, therefore yny"! EC WN. Consequently 
Sf (yay?) E f(N). Thus xkx € f(N). 

-- J (N) is a normal subgroup of G. 

Group of automerphisms of a group. 

Theorem. The set of all automorphisms of a group forms a 
Rroup with respect to composite of functions as the composition. 

(Gujrat 1970, 71 ; Banaras 61 ; Madras 78 ; Raj. 77) 

Proof. Let A(G) be the collection of all automorphisms of a 
group G. Then A(G)={ f: f is an automorphism of G}. 

We shall prove that A(G) is a group with respect to composite 
of functions as composition. ji 

Closure property Let /,g € A(G). Then /, g are one-one 
mappings of G onto itself. Therefore gf is also a one-one mapping 
of G onto itself. If a, b be any two elements of G, we have 

(gf) (ab)=g [f (ab)]=g [f (a) f (b)] 

=g [f (a)] 8 [f(b] =M(af) (2)] {(af) (>). 

”. gf is also an automorphism of G. Thus A(G) is closed 
With respect to composite composition. 

Associativity. We know that composite of arbitrary mappings 
is associative. Therefore composite’ of automorphisms is also 
associative. 

Existence of Identity. The identity function i onG ts also an 
automorphism of G. Obviously i is one-one onto and if a, b & G, 
then 7 (ab) =ab=i (a) i (6). Thus iE 4(G) and if fe@A(G), we have 
if=fofi. 

Existence of Inverse. Let f@ A(G). Since f is a one-one mapp- 
ing of G onto itself, therefore f-# exists and is also a one-one 
mapping of G onto itself. We shall show that f~* is also an 
automorphism of G. Let a,b € G. Then there exist a’, b’ & G 
such that 

f (a)=a’ @ f (a’)=a 
fr} (b)ab! @ f(b')=b. 
We have S-Mub)=f- [ f(a’) f (6) 
=f [f (a’b’)|=a'b’=f-* (a) f~ (6). 
.. j72 is an automorphism of G and thus 
fe AG) af © AG). 
Therefore each element of A‘G) possesses inverse. 
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Therefore A(G) is a group with. respect to composite compu- 
sition. 

§8. Inner Automorphisms. We shall now study a special 
type of automorphisms known as inner automorphisms. First we 
shall prove a preliminary theorem. 

Theorem 1. Leta be a fixed element of agroupG. Then the 
mapping fa: G>G defined by fa (x) a+ xa % xEG is an automor- 
phism of G. (Gujrat 1971) 

Proof. The mapping fais one-one. Let x, y be any two ele- 
ments of G. Then 

Sa (x) =f.(y) @ a7! xa=a™! ya > x=y, by cancellation laws in 
G. Therefore the mapping f, is one-one. 

The mapping f, is also onto G. If y is any element of G, then 
aya-*EG and we have f, (aya™1)=47! (aya!) a=y. 

Ja is onto G. 

Finally if x, y € G then f, (xy) a=! (xy) a=(a~'xa) (a™? ya) 
=f,(x) fo(y). Hence fa 1s an automorphism of G. 

Inner Automorphism. Definition. 

If G is a group, the mapping 

ta: G->G defined by f,(x)=a—xa ¥ xEG 
is an automorphism of G known as inner automorphism. 
(Delhi 1964; Nagarjuna 78 ; Aligarh 65) 

Also an automorphism which is not ioner is called an outer 
automorphism. 

Theorem 2. For an abelian group the only inner automorphism 
is the identity mapping whereas for non-abelian groups there exist 
non-trivial automorphisms. (Raj. M. Se. 1966) 

Proof. Suppose Gis an abelian group and f, is an inner 
automorphism of G. If xEG, we have 

Sa (x)=a7xa=a7 ax [Gis abelian] 
= OX =n x, 
* Thus Ja (x)=x ¥ XEG, 

«. fais the identity mapping of G. 

Let now G be non-abelian. Then there exist at least two ef 
ments say a, bE G such that 

bay-ab => a) baxeb w f, (b)*b. 

‘Hence f, is not the identity mapping ef G. Thus for non- 

abcliun groups there always exist non-trivial inner automorphisms. 
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Theorem 3. The set I (G) of all inner autumorphisms of a group 
G isa normal subgroup of the group of its automorphisms isomor- 
phic to the quotient group G/Z of G where Z is the centre of G. 
(I. A. S. 1970; Delhi 70; Vikram 76; Nagarjuna 78; Madras 83; 
Gujrat 71; Dibrugarh 78; Meerut 74, 78, 79) 
Proof. Let A(G) denote the group of all automorphisms of 
G. Then 1(G) C A(G). 
Let a, bE G. We shall first prove the following two results: 
(i) fg-1=fe"! i.e., the inner automorphism f2-1 is the inverse 
function of the eng automorphism /f,. 
fii) fpf= 
Proof of a, x€G, then we have 
( fo Sq-1) (x)=fe [ fq-1(x)] =f {(a~*)-* xa~*] =f, [axa 1) 
=a! (axa~') a= x. 
“. Jafg-1 is the identity function on G. 
ee fa-1==( fa). 
Proof of (ii). If xEG, then we have, 
(fa fo) (x)=Se [fo (x)] =fo (b-! xb)= a7 (b-! xb) a=(a7* b-) x (ba) 
==(ba)-* x (ba)=fee (x). 
ae Sa fo=Soa. 
Now we shall prove that J (G) is a subgroup of 4 (G). Let fa, 
fe be any two elements of ((G}. Then 
Sa (fo 7=fafpir=fp-ig € MG) since 5 aEG. 
Thus fo, fo € MG) > fa( fo) € MG). 
.. 4(G) is a subgroup of A(G). 
Now we shal! prove that /(G) is a normal subgroup of A(G). 
Let f € A(G) and f,E MG). If x € G, then we have 
(Sfof-) (X= (S Sf) (£7 ON=S [fe (fF (x) 
ex f [a3 f -* (x) a] 
==f (a-?) f{ f-? (x)] f(a) [*.” f{ is composition preserving] 
=f (a-*) xf (a) [ FL (x) =] 
=[ f (a)]"* xf (a) 
=c~! xc where f(a)=cEG 
=f- (x). 
o Shft=fe & MG) sincee € G. 
:, (G)is a normal subgroup of A(G). 
Now we shall show that [(G) is isomorphic to G/Z. For this 
we shall show that (G) is a homomorphic image of G and Z is the 
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kernel of the corresponding homomorphism. 
Then by the fundamental theorem on homomorphism of 
groups we shall have G/Zo=1(G). 
Consider the mapping ¢ : G->1(G) defined by 
¢ (a)=f,-1 ¥ aEG. 
_ Obviously ¢ is onto I(G) because f, € IG) > a&G and this 
implies a~? € G. 
Now $a73) =f(g-1)-1=fa. 
-. 3S onto (GQ). 
Now to prove that ¢ (ab)=¢ (a) (5) ¥ a,b E G. 
We have $(ab)=f(a5)-1 =Sp-1a-1=Sa-1 fp-1= $(a)9(0). 
Now to show that Z is the kernel of ¢. 
The identity function i on G is the identity of the group /(G). 
Let K be the kernel of ¢. 
Then we have zEK < ¢ (z)=i & f,-1=i > f--1(x) =i(x) 
¥ XEG <> (2727) xz-t=x ¥ XEG @& zxz =x ¥ xEG 
<> 2X¥=x2 ¥ XEG & 2EZ. 
”. K=dZ. 
Hence the theorem. 
§ 9. Group of automorphisms of a cyclic group. 
(Bombay 1970; Madras 78) 
Suppose Ge {a} is acyclic group generated by a. An automor- 
phism f of G is completely defined by a relation of the form 
f (a)=a", (1) 
where m is some suitable integer. 
For if k is any integer, then for fto be an automorphism of 


G, we have 
f (a*\=[ f (a)]"— a". ++ (2) 
The relation (2) gives the f-image of each element of G and 
the mapping f is thus completely defined. 
Now let 6 be any element of G. Since f is a mapping of G 
onto itself, therefore there must exist an element a* © G such that 
h=f (a*)=(a™)*. ...(3) 
From (3) we conclude that ror the mapping f defined in (1) to 
be an automorphism of G, a” must be a generator of G. 
Now if G is infinite, the only generators of G are a and a“. 
So in this case the only- automorphisms of G are, (i) the identity 
mapping J for which 
I(aj=as> l(a*)=a® Vk El 
and, (ii) the mapping f defined by . 
fiaj=a74, 
Therefore the group of automorphisms of an infintte cyclic group 
is of order 2. | (Vleerut 1979) 
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On the other hand if G is of finite order n, then a® is a gene- 
rator of G if and only if m is prime to m and less than a. We shall 
show that for each such m, the mapping f defined in (I) ts an 
automorphism of G. 

f is one-one. Let a“1 and a*2 be any two elements of G where 

Lohky saul ck. gn. 

Then f(@tij=f (ake) ae Lf (a)}*1=[ f(a)|*s x ath) aa gitks 

> aMhi—ke)—¢@ > n| m (ky—ka). 

But m is prime to n and 0 <x (A, -kz) <n. Therefore 
n | m (ky— ke) > ky—ke=0 = ky=zky > ukt=a*e. Thus 


f (a*1) es f (a2) => ghicsqhe. 
Therefore the mapping f is one-one. 
fis onto. Since G is finite and f is one-one, therefore f must 
be onto G. 
Finally if a", ake are any two elements of G, then 


f (a1 aks) —f (akit ke) _ [fita)}* + ky yin (ky +k) 
=a gia ax (amyks (am)Foxe| f(a))4 [f (a) 
=f (a*1) f (ak2), 


Therefore the mapping f denoted in (1) is an automorphism 
for each positive integer m less than n and prime to 7. 

Hence the group of automorphisms of a finite cyclic group of 
order n is of order ¢ (n) where ¢ (n) denotes the number of integers 
less than n and prime ton. (Poona 1970) 

In the end we shall show that the group of automorphisms of 
a cyclic group is abelian. 

Let fm,» Sm, be two automorphisms defined by 


Sin, (= a™, fy, (a=, 

Then (fin, ° Sing) (@=Sin, (Sm, (1 =Sm, (a) 
=[ fin, (a)]"8 = (aM 2 =a" 
oa" "3 = fy, (2 "2 =f, (a) 
=fm, (Sm, (@J=(sin, 2 Sor) (4). 


Now two automorphisms of acyclic group are equal if the 
image of a generator of the group under each of them is the same. 
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Hence Fin, Sm, =fm, ° Sm,- Therefore the group of automor- 


phisms of a cyclic group is abelian. 
Exercises 
1. Let Gbea finite abelian additive group and n be a positive 
integer relatively prime to o(G). Prove that the mapping 
a; G->G given by o (x)=nx is an automorphism of G. 
(Meerut 1974) 
2. Verify the following statement for being true or false : 
If G=(a) isa cyclic group of order 10 then the mapping 
0: G-—>G such that o (a*)=a™ for all k, is an automorphism 


of G, (Meerut 1976) 
Ants, False. 


3. Give an example of a group in which (i) the inner automor- 
phisms corresponding to any two elements are the same, 
(ii) the inner automorphisms corresponding to no two ele- 
ments are the same. (I.A.S. 1975) 
Ans, (i) Every abelian group, (ii) the symmetric group Ps. 

4. Show that the group of all automorphisms of a cyclic group 
G of order r is isomorphic to the group of integers less than 


and relatively prime to r under multiplication modulo r. 
(I.A.S. 1970) 
§ 10. More results on group homomorphism. 


Theorem 1. LetG bea group and H a normal subgroup of G. 
If K is anormal subgroup of G containing H i.e., H G K, then the 
quotient group K/H isa normal subgroup of the quotient group G/H. 
Conversely, if K/H is a normal subgroup of G1H,. then K is a normal 
suhgroup of G containing H. 

Provuf. It is given that H is a normal subgroup of G and 
H © K where K itself is a normal subgroup of G. Therefore #7 is 
also a normal subgroup of K and consequently K/H is a quotient 
group. 

If the coset Ha is an element of K/H, then a is an element of 
K. Now a@K > a&G. Therefore Ha is also an element of G/H. 
Thus the quotient group K/H isa subset of the quotient group 
G/H. Therefore K/H.is a subgrovp of G/H. 

We shall now show that K/H is normal in G/H. Let Hg be 
any element of G/H and Hk be any element of K/H. Then ge@G 
and kEK. We have 

(fig) (7k) (Hg)-* = (Hg) (Hk) (He) (Cig) = He7] 

=: Heke [°. His normal > (Ha) (Hb)=Habj 
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Since K is a normal! subgroup of G, therefore gkg“€ K. Con- 
= Hgkg™ © K/H. Therefore K/H is a normal subgroup of 

Conversely, let x be any element of G and let k be any ele- 
ment of K. In order to prove that K is normal in G we must show 
that xkx~? is in K. 

We have Hx€G/H and HkE€ K/H. Since K/H is given to bea 

normal subgroup of G/H, therefore 
(Hx) (Hk) (Hx) G K/H 
=> Hxkx™ € K/H [°." H is normal in G] 
=> xkx™ ©& K. 

-» Kis normal inG. Also K/H is a quotient group implies 
that H is a normal subgroup of K. Therefore K is a normal sub- 
group of G and H G K. 

Theorem 2, If H bea normal subgroup of a group G and K a 
normal subgroup of G containing H, then G/Ke=(G/H)/(K/H). 

(I.A.S. 1971) 

Proof. Since H is a normal subgroup of G and K is a normal 
subgroup of G containing H, therefore by theorem 1, the quotient 
group K/H is a normal subgroup of the quotient group G/H. 
Hence (G/H)/(K/H) is a quotient group. 

Now consider the mapping ¢: G/H->G/K defined by 

¢ (Hx)=Kx, xEG. 
We shall first show that ¢ is well-defined. 


Let Hx=Hy where x, y € G. 
Then xyic H 
>xyieék [°° H©& K] 


=> Kx=Ky > ¢ (Hx)=¢ (Hy). 

. is well-defined. 

Now we shall show that ¢ is a homomorphism of G/H onto 
G/K. Ifx, y GG then 

¢ ((Hx) (Hy)]=¢ (Hxy)=Kxy=(Kx) (Ky)=¢ (Hx) ¢ (Hy). 

Also ¢ is obviously onto G/K because Kx € G/K implies that 
there exists Hx€G/H such that ¢ (Hx)=&x. 

.. ¢ is a homomorphism of G/H onto G/K. 

Let us now find the kernel of ¢. We claim that the kernel of 
$=K/H which is obviously a subset of G/H. The proof is as 
follows : 

The identity element of the group G/Kis K. If Hx & G/H, 
then Hx & the kernel of ¢ 
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@ ¢(Hx)=K@ Kx=K@xEGK@ AXE KH. 

Therefore the kernel of 6=K/H. 

Now ¢ is a homomorphism of G/H onto G/K with kernel K/H. 
Therefore by the fundamental theorem on homomorphism of 
groups, we have G/Ka=(G/H)/(K/H). 

Note, This theorem is known as the Second law of isomor- 
phism. 

Theorem 3. Let G be a group and let H be any subgroup of G. 
If N is any normal subgroup of G, then 

HN|IN@ANH ON). 
(Vikram 1976; Kanpur 80; Meerut 74) 

Proof. If H is a subgroup of G and AN is a normal subgroup 
of G, then we know that H Nisa normal subgroup of H and 
consequently H/(HQN) is a quotient group. [See Ex. 5, Page 192]. 

Also HN is a subgroup of G and NC HN. Since N is normal 
in G, therefore N is also a normal subgroup of HN. Hence HN/N 
is a quotient group. Now consider the mapping 

¢ : H+HNN defined by ¢ (x)= Nx, x E H., 

The mapping ¢ is well-defined since H € HN and therefore 
xEH>xE€E HN, Thus NxE HNN. 

Now we shall show that ¢ 1s a homomorphism of H onto 
HN|N with kernel HNN. 

¢ is onto, Let Nx be any member of HN/N. 

Then xGHN. Therefore x=hn for some hEH and nEN. 

Since N is normal in G, therefore HN=NH. 

Thus there exist n'EN, h'G H such that hn=n'h’, 

We have $ (h’)= Nh’ 

==(Nn’) h’ [° n EN» Nv=N] 
== N (n’h’)==N (hn)= Nx. 

Thus NxE HN/N > 3h’EH such that d(h')=Nx. 

“. is onto HNN. 

Again ¢ (xy) = Nxy=(Nx) (Ny)=¢ (x) $ (y) 

¢ is a homomorphism of H onto HNN. 

Now to show that the kerne] of ¢@ HN which is obviously 
a subset of H. 

The identity element of the group HN/N is N. If hE H, then 
he the kernel of ¢ > ¢ (A4)=N > Nh=N 

zxhEN 
>ShE HN [°. hE A] 
Again ifhE ANN, thenkhE AW and &E N. 
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Now  (h)=Nh 
=N {'" hEN] 
c AEH N + he the kernel of ¢. 
Thus if hE //, then hE the kernel of d it} hEJ/ O N. There- 
fore the kernel of =H (\ N. 
Now by the fundamental theorem on homomorphism of groups, 
we have HN/N c A/(H 1 N). 
Note. This theorem is known as the Third law of isomorphism. 
Theorem 4. Let f be a hom morphism of a group G onto a 
group G’ with kernel H. For each subgroup K’ of G’, define K by 
Ke{x € G:f(x)EK'}. Then 
(i) K isa subgroup of G containing H and kK’ & AH. 
(ii) K’ is normal in G’ iff K is normal in G. (Gujrat 1970) 
(iii) Uf K’ is nor:nal in G’, then G/K&=G’|K’. (Meerut 1970) 
(iv) K’«-»K is a one-one correspendence between the set of all 
subgroups of G’ and the set of all subgroups of G which contain H. 
Proof. (i) Let a, b be any two elements of K. 
Then f(a), (DEK. 
Now K°’ is a subgroup of G’. Therefore 
J(a), fib) € K’ > fla) [f (6) © K’ 
=> f(a) f(b) E kK’ [*" fis a homomorphism] 
=> f(ab-) € K' 
= ab" € K. (by def. of K] 
Thus a, bE K = ab“'EK. 
Therefore K is a subgroup of G. 
If h © kernel J/ of f, then / he - (identity of G’) 


~. hEK and consequently H ro K 

Therefore K is a subgroup of G containing #1. 

The kernel H of fis a normal subgroup of G Therefore H is 
also a normal subgroup of K. The homomorphism fof G onto G’, 
when considered only on the elements of X, induces a ‘homomor- 
phism of K onto K' with kernel H because HO K. Therefore by 
the fundamental theorem on homomorphism of groups, we have 

K’cz K/H. 

(ii) First to show that if K’ is normal in G’, then X is normal 

inG. Let x@GandkeEKkK. Then 
S (xkx-)=f(x) ((K) f=) AK) LF (x73. 

Since f(x) € G’ and f(k) & K’ and K’ is normal in G’, there- 

fore f(x) Jik) [ f(x)? & K’. 
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Thus f(xkx—)e€ K’ = xkx-! € K @ K is normal in G. 

Now to show that if K is normal in G, then K’ is normal in G’. 
Let y © G’ andk’ € K’. Then 

y=f (x).for some xEG and k’ == (k) for some ke K. 

We have yk’ yf (x) f (k) LF (a) Sx) JAK) $0 = f(xekx). 
: Since K is normal in G, therefore xkx-2 € K. ‘Jonsequently 
(xkx7!) & K’. Thus yk’ y* € K’ ¥ y © G’ and ¥ k’ E K’. 

:. Kis anormal subgroup of G’. 

(iii) First prove as in parts (i) and (ii) that if K’ is normal in 
G’, then K is normal inG. Now define a function 

¢ : G->G’/K’ such that ¢(x)=K’ fix) v xEG. 

We shall show that ¢ is a homomorphism of G onto G’/K’ 
with kernel K. 

¢ is onto. Let K’x’EG’/K’. Then x’EG’. Therefore 3 xEG 
such that f(x)=2’. 

Now ¢(x)=K’ f(x)=K’x’. Therefore ¢ is onto G’/K’. 

Again let a,b © G. Then 

$ (ab)=K’ f (ab) =K’ f (a) f (b)=[K’ f(a)] [X" £(b)]=¢9(a) $(5). 

*, gis a homomorphism of G onto G’/K’. 

Now to show that the kernel of $#=K The identity element of 
the group G’/K’ is K’. Ifg © G, then g€ the kernel of ¢ & ¢(g) 
an K’ <> K' f(g)=K’ @ f(g) © K’ ogee K. 

Therefore the kernel of ¢=K. Hence by the fundamental 
theorem on homomorphism of groups, we have G/KzzG' /K’. 

(iv) Let 7 be a subgroup of G containing H. 

Let T’={ f(t) EG’ : te 7}. 

Then 7’ is a subgroup of G’ as shown below ; 

Let K(f), f(ts) GE 7’. Then, tk € T 

Now 4,467 > 4 ta ET [°° Tis a subgroup] 

=> f(t, tg 4) S T’ [by def. of T°] 
> f(t) fte,0ET ['. fis a homomorphism] 
=> f(t) [f(tIE T’. 

*, T’ is asubgroup of CG’. 

Now let L={/EG: fDET'}. Then L is a subgroup of G 
containing H as shown in part (i). Our claim is that L=7. 

Obviously TEL since t€ T > f(t) E T rz I(EL 

Now to show that ZL © 7. 

Let leL. Than fhe 7 
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> IET. iby def. of 7°} 
age L Cc T. 
Hence Le=T. 


Thus there exists a one-one correspondence between the set 
of all subgroups of G’ and the set of all subgroups of G which 
contain H. 


Note. Some authors use the notation {2 (K’) or K' f=? to 
denote K={xEG : f(x)€ K’}. 

Ex. Let ¢ be a homomorphism of a group G onto a group G 
with kernel K. Let N be anormal subgroup of G and let 

N={xEG : $(x) € N}. 
Prove that N is a normal subgroup of G and 
G/NcG/N c=G/K/N/K. (Meerut 1974) 

§ 11. Maximal subgroups. 

Definition. A normal subgroup H of agroupG is said to be 
maximal if there exists no proper normal subgroup K of G which 
properly contains H. (Andhra 1977) 

Thus a normal subgroup H of a group G is meximal if and 
only if there exists no normal subgroup K of G suct. that 

HCKCG 
where the symbol C stands for proper inclusion. 


Theorem. 4 normal subgroup H of G is maximal if and only if 
tie quotient group G/H is simple. (Andhra 1977; Nagarjuna 78) 

Proof. Suppose H is maximal and G/H is not simple i.e., 
G/H possesses proper normal subgroups. It should be noted that a 
group is said to be simple if it possesses no proper norma! sub- 
groups. Let K/H be a proper normal subgroup of G/H. Then by 
theorem 1 of § 10, K will be a normal subgroup of © containing 
H. Since K/H is a proper subgroup of G/H, therefore HCO KCG. 
Thus K is a normal subgroup of G and HCKCG. Therefore H is 
not maximal. This contradicts the hypothesis that H is maximal 
in G. Hence G/H must be simple. 

Conversely, let G/H be simple and let H be not maximal. 
Since H is not maximal, therefore there exists a normal subgroup 
K of G such that HC KCG. 

Then by theorem 1 of § 10, K/H is a normal subgroup of G/H. 
Since HC.KCG, therefore K/H is a proper normal subgroup of G/H 
i.e., neither K/H is equal to the entire group G/H vor K/H is 
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equal to the identity subgroup H/H. Consequently G/H is not 
simple. This contradicts the hypothesis that G/H is simple. 
Hence H must be maximal in G. 

§ 12. Composition series of a group and the Jordan-Holder 
theorem. (1.A.S, 1971, 74; Andhra 77) 

Definition, Let G be a group. Thena finite sequence of its 
subgroups 

G=H,, Hz, As,..., Ha={e} .(1) 
is called a composition series for G if each H; except H, isa maxi- 
mal normal subgroup of H-1. 

The quotient groups G/He, H2/Hs,---, Ha-1/Hn which are 
necessarily simple are then called composition factor groups or 
composition quotient groups of the composition series (1). 

Example 1. (Andhra 1977) 

Let G=Ps3={I, (12), (23), (31), (122), (132)} and let 
H2=={1, (123), (132)}. Then G, He, {7} is a composition series for 
G. 

Obviously Hz is a maximal normal subgroup of G and {/} is 
a maximal normal subgroup of Hz. 

Example 2. Let G be acyclic group of order 6 generated by a 
i.e., let G={a, a*, a®, a*, a’, a®=e}. Then 

G, Hz={e, a*}, {e} and G, No={e, a’, a*}, {e} 
are two different composition series for G. 

Example 3. Let G be a cyclic group {uw} of order 12 generated 
bya. Then 

{a}, {a}, {a*}, {e} and {a}, {a*}. {a°}, {e} 
are two different composition series for G. 

Theorem 1. There exists at least one composition series for 
every finite group G. (1.4.8. 1974 ; Lucknow 70) 

Proof. (i) If G is simple, then G, {e} is a composition series 
for G. 

(ii) Suppose G is not simple. Then there exists a proper 
normal subgroup H of G. If H is maximal in G and {e} 1s maxi- 
mal in H, then G, H, {e} is a composition series. 

Suppose H is not maximal in G but {e} is maximal in H. 
Then there exists a normal subgroup K of G such that GDAD#. 
If K is maximal in G and H is maximal in K then G, K, 4, {e} is 
a composition series. 

Now suppose that H is maximal in G but {e} is not maximal 
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in H, Then there exists a normal subgroup J of H such that 
HDJ D{e}. 

If {e} is maximal in J and J is maximal in H, then G, H, J, {e} 
IS a composition Series. 

Next suppose that H is not maximal in G and {e} is not maxi- 
mal in H. Then there exists a normal subgroup L of G such that 
GODLDH. Also there exists a normal subgroup N of H such that 
HDND{e}. Thus GDLDADND{e}. If L is maximal in G, A is 
maximal in Z, N is maximal in H and {e} is maximal in N, then 
G, L, H, N, {e} is a composition series. 

Since G is finite, there are only a finite number of subgroups 
and ultimately we must reach a composition series. 


Theorem 2. Jordan-Holder Theorem. Let G be a finite group 
with two composition series 
G, Hy, Hg,..., Hn={e} -»(1) 
and G, Ky, Ko,-.-, Km=={e}. wo.(2) 
Then n=m and the two corresponding series of composition quotient 
groups, viz., 
G/Hy, Hy /He,.... Hn-1/Ho 
and G|Ky, Ki/Ke,...; KmoilKm 
are abstractly identical i.e., they can be put into 1 —1 correspondence 
such that the correspcnding quotient groups are isomorphic. 
(1 A.S, 1975 ; Banaras 74; Kurushetra 68 ; Nagpur 70) 


Proof. We shall prove the theorem by the method of induc- 
tion on the order of the group G. Assuming that the theorem is 
true for all groups of order less than that of G, we shall prove that 
it is also true forG. Weneed not worry about starting the in- 
duction because the theorem is obviously true for any group of 
order one. 

Now two cases arise: 

Case 1. H,=Kj,. In this case after removing G from (I) and 
(2), we get the remaining series as two composition series for Hy. 
But the order of H, is less than that of G because fH is a proper 
normal subgroup of G. Therefore by our induction hypothesis, the 
theorem is true for Hy. Since G/H,=G/K,, therefore the theorem 
will remain true if we replace G in each of the series (1) and (2). 

Case 2. Hy3K,. By the third law of isomorphism, we have 

Ay ky /H,=K,/AiN As, 
and FA Ky/Ky c= Fy/y NK. 
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Also H,X, is a normal subgroup of G containing Hy. Since 
Hi, is maximal in G, therefore we must have 4,K,=G. 
ae G/H,&K,/D where D=H, NK, 
and G/K,@H,/D. 
Now #, is maximal in G implies that G/H, is simple. There- 
fore K,/D is simple and this implies that D is a maximal normal 
subgroup of Ky. Similarly D is a maximal normal subgroup of 1. 


Let D, Dy, Dz,..., Dr={e} 
be a composition series for D. Then 
G, Ay, D, D,, Da,..., D:={e} »-(3) 
and G, K,, D, D,, Day oss D,={e} (4) 


are two composition series forG. Let us write the composition 
quotient groups of (3) and (4) in the order 
G/H,, Hy/D, D/Dy, Dy/Dzq,..-, Di-1/Ds »oe(5) 

and K,/D, G/Ky, D/D,, D,/Dz,.--, Dema/ Di. -»(6) 

The quotient groups in (5) and (6) are equal in number and 
the corresponding quotient groups isomorphici.e., G/H; and Ky/D, 
H,/D and G/Ki, D/D, and D/D,,..., are isomorphic. 

Now (1) and (3) are two composition series for G each having 
H, in the second place. Therefore by case 1, the quotient groups 
defined by (1) and (3) may be put into 1—1 correspondence so that 
the corresponding quotient groups are isomorphic. Similarly the 
quotient groups defined by (2) and (4) may be put into 1-1 Cor- 
respondence so that the corresponding quotient groups are isomor- 
phic. Hence the quotient groups defined by (1) and (2) are equal 
in number and are isomorphic in some order because the relation 
of isomorphism in the set of all groups 1s an equivalence relation. 
This completes the proof of the theorem. 

§ 13. Solvable groups. 

Definition. A group Gis said to be solvable if we can find a 
finite chain of subgroups 

G= Ng DNDN, 2: DNe=(e) 

such that each N;, is a normal subgroup of Nis and each quotient 
group N,.,/N, is abelian. The above series, then is referred ta as 
a solvable series for G. (Punjab 1968; Mysore 70) 

Normal series ofa group. Definition. A finite sequence of 


subgroups 
G=6,)G6,56,) eae Gx=(e) 


Groups (Continued) 237 


of a group G is called a subnormal series of G if Gis, is a normal 
subgroup of G; ¥ i=0,1,..., kK—1. The quotient groups G,/Gras 
are called the factor groups of the subxormal series. Further if each 
G; is a normal subgroup of G itself, then the series ts said to be a 
normal series of GC. 

Solved Examples 

Ex. 1. Show that every abelian group is solvable. 

Solution. Let G be an abelian group. Take Ne=G and 
Ni=(e). Then G=No > N,=(e) is a solvable series for G. Obvi- 
ously Ny=(e) is a normal subgroup of Ne=G because if a is any 
element of G, then a ea=a-a=e€E (e). 

Further since G is abelian, the quotient group Ng/N,=G /(e) is 
also abelian. [Note that every quotient group of an abelian group 
is abelian]. Hence G is a solvable group. 

Ex.2. Show that the symmetric group Ps of degree 3 is 
solvable. 

Solation. The symmetric group Ps consists of the six per- 
mutations J (identity permutation), (1 2), (2 3), (3 1), (1 2 3) and 
(132) on three symbols 1, 2,3. Let As={/, (I 2 3), (1 3 2)}. 
Then 4, is the alternating group of permutations of degree 3. If 
we take 

Ne=Ps, Ni=As, and N,=(I), 
then Ps= No DNi DNs= (7) 
is a solvable series for Ps as shown below : 
We know that A, is a normal subgroup of P,. Therefore 
4s=N, is a normal subgroup of Ps=No. Also (J) is a normal 
subgroup of Ny. The quotient groups Ps/Ny and N,/(/) are of 
orders 2 and 3 respectively. We know that all groups of orders 2 
and 3 are abelian. Terefore the quotient groups P,/N, and 
N,/(I) are abelian. Hence Ps=Ng2DN,DNa=(/) is a solvable 
series for Ps and thus Ps is solvable. 
Ex. 3. Show that the symmetric group P, of degree 4 is solvable. 
Solution. Let A, be the alternating group of permutations 
of degree 4. Then 4¢ is a normal subgroup of P,. Let 
Ve=(/, (1 2) (3 4), (1 3) (2 4), (1 4) (2 3}. 

It can be easily seen that V, is anormal subgroup of Ag, If we take 
Ne=Pa, Ni=Aa N,=V, and Na=(J), then 
Ps NoDNi DN DNs= (1) 

is a solvable series for P, as shown below : 
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Obviously (/) isa normal subgroup of Nz. The quotient 
groups P,/N,, Ny/Ns and N2/Ns are of orders 2, 3 and 4 respec- 
tively. We know that all groups of orders 2, 3 and 4 are abelian. 
Hence Pyp=No D Ni DN D Na=(/) is a solvable seri s for Pe 
and thus Pg is solvable. 

Ex. 4. Prove that a subgroup of a solvable group is solvable. 

Solution. Suppose H is any subgroup of a solvable group G. 
Let G=(o 2D Gi 2D Gs D---D Ga=(E) 
be a solvable series for G. We claim that 

H=Hy D (HN G) D (HN G,) D..2D (HNG)=(e) (1) 
isa solvable serics for 1. Since for i=0, 1,..., m—1, Gir is 
normal in G;, therefore Hi43=H 1M Gj4, is normal in Hi=HOG;. 
Let us define a mapping f : H|->G,/Gj4, such that 

K(x)=xGya. ¥ x EG Ah. 

Since H, © G,, therefore x © H, => xEG,. Consequently the 
coset xG,4; is an element of the quotient group G,/G,,, and thus the 
mapping f is well-defined. Also if x,» G Hj, then 

S (xy) = (xy) Gras [by def. of f] 

== (xG441) (VGi4,) [°, x,y & Gi and Gian is 


normal in G;) 
=f (x) f(y). . 
Therefore the mapping f is a homomorphism of #H; into 


Gi/Gian. Further 
ve ker f > f(x)=Gpia [Note that the identity of Gj/Gj4y 1s Gi] 
> xGiy=Gi4g > X E Gig 
oxG Hf) Gi, sincer € HC A. 
Therefore ker f==H OQ Gjy1=Hj41. Hence by the fundamental 
theorem on homomorphism of groups we have 
HifAiis. o f (A). 
But f (H)) is a subgroup of G,/G;... Which is abelian. Therefore 
f (H)) is also abelian. Consequently H/H,41 is also abelian because 
it is isomorphic to f (H,). Hence (1) is a solvable series for 4 and 
thus H is a solvable group. 
Ex, 5. If G isagroup and Nisa normal subg:oup of G such 
that both N and G/N are solvable, prove that G is solvable. 
(Mysore 1970) 
Solution. It is given thatthe group G/N is solvable. The 
identity of this group is NV. Let 
GIN=GiN 2 G,/N D «1 DGmalN DGw/N=(N) (I) 
be a solvable series for G/N. Here each G, is a subgroup of G 
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containing N. Since Gj4,/N is normal in G,/N, therefore each Gi4. 
is normal in G,;,. Also (Gy/N)/(Gi4y/N) se G,/Gi41. [See theorem 2 
page 229]. But each quotient group (G,/N)/(Gigi/N) is abelian 
because (1) is a solvable series for G/N. Therefore each quotient 
group G;/G;,1 is also abelian because it is isomorphic to an abelian 
group. Further G,,/N=(N) implies Gn=N. Also it is given that 
N is solvable. Let 

N=Np DM DNs DD M=(e) 
be a solvable series for N. Then 
G=@ 2 Gi DG: D...D Ga-y DN DM DN DD M=() 
is a Solvable series for G. Hence G is a solvable group. 

Now we shall give an important characteristic property of 
solvable groups. In this characteristic property we, shall use the 
concept of commutator subgroup of a group which we shall just 
define. 

Commutator subgroup of a group. Definition. Let G bea 
group anda, be G. The element aba b=} is called the commutator 
of the crdered pair (a, b}. 

Let U={aba“! b-1:a,5 € G}. If G’ isthe subgroun of G 
generated by U, then G’ is called the commutator subgroup of G. 

(Punjab 1970; Lucknow 70 ; Dibrugarh 67 ; Delhi 70) 

We recall that if G’ is the subgroup of G generated by U, then 
G’ is the smallest subgroup of G containing U. Therefore the 
commutator subgroup (@’ of a group G is the smallest subgroup of 
G containing the set of all commutators in G, 

Note. We can also define the commutator of the ordered pair 
(a, b) as the element a2 5-'ab. It will not change the set U of all 
commutators in G and consequently the commutator subgroup GO’ 
will also not change. Note thata,bG@ G>at,b1EG. Also 
a7* b= ab can be written as a7} b™! (a—1)'1 (6-)-2, Thus we can 

take U={aba'b 1: a, b E G} or we can take 
U={a) b-1 ab: a,b € G}. 

Theorem 1. Let G’ he the commutator subgroup of a group G. 
Then G is abelian if and only if G’={e}, e being the identity element 
of G 

Proof Let G be any group and let U={aba4b-!: a, bEG}. 
If G’ is the commutator subgroup of G, then G’ is the subgroup of 
G generated by Ui.c., G is the smallest subgroup of G containing 


Suppose G is abelian. Then to prove that G’={e}. If G is 
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abelian, then ¥ a, 6 € G, we have 
aba-) b-2==abb~! a2=aeat*=aad Ime. 

Thus in this case U consists of oniy one element i.e ,e. Now 
{e} is the smallest subgroup of G containing {e}. Consequently 
G’ = {e}. 

Conversely, suppose that G’={e}. Then to prove that CG is 
abelian. Let a, bh be any two elements of G. Then aba b= & U. 
Consequently aba“ b-* €& G’. But G’ contains only one element 
f.e., e. Therefore aba-! b-1==e » (ab) (6a)-*=e => (ab) ==[(ba)7]— 
= ab=ba => G is abelian. 

Theorem 2. Let G be a group and G’ be the commutator sub- 
group of G. Then 

(i) G’ is normal in G. 

(ii) G/G’ is abelian. (Meerut 1969 ; Osmania 72; 

Dibrugarh 67 ; Lucknow 70 ; Delhi 70 ; Punjab 70) 

(iii) If N is any normal subgroup of G, then G/N is abelian if 


-and only if G’ CN. (Punjab 1968 ; Delhi 70, Lucknow 70) 
(iv) If His a subgroup of G such that H -_) G’, then H isa 
snormal subgroup of G. 


Proof. Let U={aba=! 672: a,b € G}. If G’ is the commu- 
tator subgroup of G, then G’ is the smallest subgroup of G con- 
taining U. 

(i) Let x be any element ef G and c be any element of G’. 

*Then xcex7) = (xex7)}) cml c=(xexM®@ cA) cEG. 
[°° x,cE€ Gaxcxtci CE GC’. Alsoc € G’.] 

Hence G’ is a normal subgroup of G’. 

(ii) Since G’ is normal in G, therefore the quotient group 
G/G’ is meaningful. Let a, 5 be anv two elements of G. Then 

-G’a, G’bd are any two elements of G/G’. 
We have aba2 6° € U 
=> aba b-) € CG’ [i UC Gq 
=> (ab) (ba)"} € G’ > G’ (ab) —G"(ba) 
=> (G’a) (G’b)=(G'b) (G'a) => G/C’ is abelian. 

(iii) Let N be any normal subgroup of G. Let a, b € G. Then 
Na, Nb are any two elements of G/N. 

Let G/N be abelian. Then 

(Na) (Nb)=(Nb) (Ne) 
=> Nab=Nba @ (ab) (bay * € N 
=> aba bE N 
2» UCN. [°° abe h-! is any element of U] 
Thus N is a subgroup of G containing U. Since G’ is the 
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smallest subgroup of G containing U, therefore G’ must be con- 
tained in N i.e., We must have G’ CN, 
Conversely, let G’ CN. 
Then UCN [(’ UGG 
> abaibiec N 
=> (ab) (ba)-? © N » Nab=Nba 
=> (Na) (Nb)=(Nb) (Na) = G/N is abelian. 
(iv) Let g be any element of G and let hk be any element of 
H. Then 
ghg-)=(ghe-!) (hth) =(gheh)he H 
[. hEH. Also ghe-h71€G’ and 
H >) G’ => ghee H] 
Hence H is a norma! subgroup of G. 
Remark. Suppose G” is the commutator subgroup of a group 
G. Then G’ isa group inits ownright So we may speak of 
its commutator subgroup G4 =(G")’. Thus G@ is a subgroup of 
G’ and hence the subgroup of G generated by all elements 
a’ b’ (a’)~1 (b’)-? where a’, b’ G G’. Also by part (1) of the above 
theorem 2, G) is a normal subgroup of G’. It can also be proved 
that G*) isa normal subgroup of G as well. Continuing in this 
way, wecan define higher commutator subgroup G0) by Gi™ 
=(Gim-D)’, This G™ is called mth commutator subgroup or mth 
derived subgroup of G. It can be casily shown that each G™ js 
anormal subgroup of G. Also by part (ii) of the above theorem 
2, each G@"'-D/G'™ js an abelian group. 
In terms of higher commutator subgroups of a group G, we 
shall now give a very important criterion for solvability of G. 
A characteristic property of solvable groups. 
Theorem 3. A group G is solvable if and only if G=(e) for 
some integer k. (Meerut 1971) 
Proof. The ‘if’? part. Let G®=(e) for some integer k. Then 
to prove that G is solvable. Let Ne=G, Ny=G', N.=G@,..., 
N,=G)=:(e). Then 
G=N, DN, D Nez DD Ne=(e). -e( 1) 
We claim that (1) is a solvable series for G. By part (i) of 
the preceding theorem 2, G)=(G(-1')’ is a normal subgroup of 
Gil foreach i. Therefore N; is a normal subgroup of Nj-y 
for each - use soi 
a ie GO GE 
Also N, Gi  (Gituy’ 


Co 
But by part \ii) of theorem 2, ori is abelian. Therefore 
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ae is abelian for each i. Hence (1) is a solvable series for G and 
thus G is solvable. 

The ‘only if? part. Let G be a solvable group. Then to prove 
that Gl)==(e) for some integer k. Let 

G=N, 2 N, _ Na me Prva) Ni=(e) -«0(2) 

be a solvable series for G. Here each N, is a normal subgroup of 
Ni-1 and each N;_,/N; is an abelian group. Therefore by part (iii) 
of theorem 2, the commutator subgroup N,-1’ of N;_, must be 
contained in N,. ‘Thus 

Ny Be No’ =G’, 

Ns DN,’ D (G’)’=G®), [Note that Ny D G’ > Ny’ D (G’)'] 

Ns DN,’ D (GY =G, 


Ni a Ga, 


N, D G), 

In this way, we see that (e)=, D G, Thus GM C (e). But 
(e) © G® always. Hence G)=(e). 

Corollary. Every homomorphic image of a solvable group is 
solvable. 

Proof. Let G be a solvable group and let G* be a homo- 
morphic image of G under the homomorphism }. Then to prove 
that G* jis also solvable. It can be easily seen that (G*)™ is the 
image of G®) under the mapping ¥ i.e., p(G*)) =(G*), 

Since G is solvable therefore by the preceding theorem 3, we 
have G\)au(e) for some integer kK. Then 

(G*)M=} (G)=y~ (e)=(e*), 
where e* is the identity of the group G*. Note that under a 
homomorphism identity goes to identity. Now by theorem 3, 
(G*)(*) <=(e*) => G* is solvable. 

Ex, Ifa group G4(e) is solvable, then show that G contains a 
normal abelian subgroup H><(e). 

Solution. In case the-group G is abelian, we can take H=G 
itself and the proof és complete. So let us consider the case when 
the group G is non-abelian. Since G is a solvable group, theze- 
fore by theorem 3, there exists a positive integer & such that 
Gt4ic:(e). As G is non-abelian, we cannot have k=]. {See theorem 
‘1, page 239). If & is the least positive integer such that G\*=(e), 
let us set H=G*-), Then H is a normal subgroup of G and 
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H#(e). Also H’=(G*-)))’ =G@)=(e), Therefore H is abelian. 
{See theorem 1, page 239} 

Theorem 4. Let G denote the symmetric group P, of degree n 

where n 3B 5. Then G) contains every 3—cycle of Px for 
k=1, 2, 3,.... 

Proof. While proving this theorem, we shall use the follow- 
ing result : 

If Nisanormal subgroup of a group G, then the cor-mutator 
subgroup N’ of N is also a normal subgroup of G. 

We leave the proof of this result as an exercise to whe reader. 
Now we come to the proof of the main theorem. 

We claim that if N isa normal subgroup of G=Pp (m 2 5) 
such that N contains every 3-cycle in P,, then N’ must also con- 
tain every 3-cycle. For suppose that f=(1 2 3), g=(1 4 5) arr two 
three cycles in N. (Note that here nm > 5). Thenfg/f-g asa 
commutator of elements of N must be a member of NV’. But 

Saf g %=(1 2 3)(1 45) (3.2 1) (5 4 1)=(1 5 3). 

Therefore (1 53) € N’. But N’ isa ‘normal subgroup of G 
as mentioned in the beginning of this proof. Therefore if x is any 
element of P,, then by the definition of a normal subgroup, 
% (1 5 3)x72 must aiso be in N’. Now let (4;, ia, is) be any 3-cycle 
in Pp where i;, is and /s are any three distinct integers in the range 
from 1 ton. Let us take w © Py, such that 2x(i,)=1, w(,)=5, and 
w({ig)==3. 

Then = (1 5 3) e=(i;, f2, 7s). 

[Note that n~? (1)=/,, m7? (5)=/e, x7) (3)=ig. Soiy goes to 
1 under 7, then 1 goes to 5 under (1 53) and then 5 goes to iI 
under x71. Therefore i, goes to ig under x(1 5 3) a7. Similarly 
is goes to ig and ig goes to i, under w (1 53) x73. Further if x is 
any integer other than /;, ig and 7g in the range from | to a, then 
the image of x under the permutation 7 cannot be any of 1, 5 and 
3 because # is a one-to-one mapping. Therefore x will remain 
unchanged under the permutation «(15 3) 27. Thus we have 
" (I 5 3) te1=(i;, fe, is).] 

As mentioned above % (153) %36EN’. Therefore (is, is, ia) 
& N’ and thus N’ contains every 3-cycle in Py. 

Now G=P, is definitely normal in G and contains every 3- 
cycle in P,. So taking N=G, we see that G’ contains all 3-cycles, 
Since G’ is normal in G, therefore (G’)’= G@ contains all 3-cycles. 
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Again since G®) is normal in @, therefore G‘) contains all 3-cycles. 
Continuing in this way we obtain that G@ contains all 3-cycles 
for arbitrary k. 

Theorem 5. The symmetric group Pp, is not solvable forn > 5. 

Proof. Let G=P, wheren > 5. Then by theorem 4, G® 
contains all 3-cycles in P, for every k. Hence G‘*)A(e) for any k. 
Therefore by theorem 3, G is not a solvable group. 

§ 14. Direct products. 

External direct product. Definition. Let G, and G. be any 
two groups the composition in each being denoted multiplicatively. 
Then Gy x G.={(g1, 25) | 81 & Gi, &p E Go}. 

Let us define a binary vperation on Gyx Go denoted multiplica- 
tively as follows : 

(£1, 22) (hay had (Lila, Salta) where £1, hy © Gy and gq, he Gy. 

For this binary operation Gx Gz, is a group and this group is 
called the external direct product of G, by Gy. (Andhra 1975) 

Proof of the fact that G, x G, is a group for the binary opera- 
tion we have defined on it. . 

1. Closure property. We have 214,€ Gi because G; is a group. 
Similarly gotg€ G2. Thus (21, 82) (hr, he)=(8ih1, Sake) E Gr X Ga. 

2. Associativity. If (g1, 22), (hy. hte), (ky, kg) GE Gi X G,, then 
((er, Ba) (ha, Aa)] (Ka. Ke) = (gals, Soha) (Ky. Kz)=((eahta] kis [Seka] ke) 
== (83 [hyks), go [he ko))=(23, 2) (hiky, hgke) = (83. Be) [(hy, Ag)(Ka» K2)]. 

3. Existence of left identity. Let e1, e2 be the identity ele- 
ments of G,, G, respectively. If (g,, g2) € GyXG,, then 
(€1, &5) (21, 22)=(e181, €282)=(21, Bz). Therefore (e;, e) is the left 
identity of Gy x Gz. 

4. Existence of left inverse. Let (g:, g:) € GyXG2. Then 

(g,7?, 8271) € Gi X Ge. 

Also (8477, 227) (81, Sa) = (817 21, 82"? 82) =(Er, 2). 

“. (g17 3, go7!) is the left inverse of (21, g2) in Gy X Ga. 

Hence G, x G, is a group under the binary operation as defined 
above. 

Theorem 1. Jf G, and G2 are groups, then the subsets 

Gy x {és} and {e} x Gz of Gy x Gr 
are normal subgroups of GyxG, isomorphic to G, and G, respec- 
tively. 

Proof. Let (g,, 2) and (44, e2) be any two elements of 

GX {eg} where g1, 4y € G4. 
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Then (83, 2) (4, e2)7? 
=(g1, €2) (hy, e271) =(8,, €2) (447, es) 
=(gyh1"!, e2¢2)=(8y/,7", e2). 
Now 2,/17! € G, because G, is a group. 
ee (gh,7}, es) — Gix {eo}. 
Hence G, x {es} is a subgroup of G, x G,. 
Now to show that G, x {es} is normal in G,xG;,. 
Let (x3, x2) be any element of Gi x G, and (g,, és) be any ele- 
ment of G, X {eo}. 
Then (x3, X2) (1, 2) (x1, x2) 
=(x 3, X2) (81, €2) (X17*, X27?) = (x184x17), X2€gx—7) 
= (x121X,7), C2) G Gy X {ez} because X87) E Gy 
ee GX {eg} is normal in G1x Gz. 
Now to show that G:2G, x {e3}. 
Let ¢: Gy->G, Xx {es} defined by 
> (8;)=(81, €2) V 8, © Gy. 
Obviously ¢ is one-one onto. Also if 2;, 4;\E Gi, then 
$ (Sih) —= (Sih, €g)= (81s 2) (tr, €2) = (81) ¢ (Ay). 
ve Gy ec GX {es}. 
Similarly we can show that {e} x Gz is a normal subgroup of 
G; X Gz and is isomorphic to Gs. 
Theorem 2. If G, and G3 are groups, then 
(i) Gx {es} fer} x Ga={(er, egy} €., the identity is the only 
element common to G, X {€} and {e,} x Gg. 
(ii) Every element of Gy X {es} commutes with every element of 
ey} xG 
e (iii) Every element of Gy x G, can be uniquely expressed as the 
product of an element in G, X {e,} by an element in {e.} x Gz. 
(iv) Gy Xx Gse=G2x Gi. 
Proof. (i) Let (g, 4)@G1 x {es} {e1} X Ga. 
Then (g, h)E Gi x {es} and (g, h) € {e1} xG;. 
Now  (g, 4)EG1X {es} > h=e, 
and (g, hE {ex}xG, > geey. 
v. (g, h)=(E4, €2). 
we Gy {6a} N{er} X Ga={(4r, €s)}. 
(ii) Let (2, ¢2)€ G1 {es} and (€3, gs) {e1} x Gg. 
Then (g3, €g) (€1, 8s) = (8161, &s8s) — (81, 82) 
== (€181, S2e2)==(€3, 82) (82, €s). 
(iii) Let (g1, 8,)EG, x Gs. 
Then (£1, 82)=(g1€1, €282)= (21, €2) (€1; 82)- 
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Thus (g1, gs) can be expressed as a product of a member of 
G, {es} by a member of {ey} X Ge. 
If possible, let there be another representation 
(23, £2) = (hy, ee) (e3, ha). 
Then (21, Z2)=(Mer exhs) =Car» he). 
°. gyhy, B2= he by the equality of ordered pairs. 
* The representation is unique. 
(iv) Define a mapping £:2G,X G27 G2 XG by 
St (gs, 22)=(8s, £1). 
Obviously fis one-one and onto. 
Also if (21, 82) (A1, h;)@G,X Ga, then 
f((ga 82) (hy, halos (gyn, Lahte) =(Kehe, Gah) 
=(Z0, 81) (has hy) =f (81, 82) f (ha, hz). 
oie Gy X G2eeGsX Gj. 
Internal direct products. 
Definition. Suppose H and K are subgroups of & group G. Then 
we say that G is an internal direct product of H and K if 
(i) every element of H commutes with every element of K. 
(ii) every element of G is uniquely expressible as a product ofan 
element of H by an element of K. (Andhra 1975) 
Theorem 1. Suppose a group G is an internal direct product of 
its subgroups H and K. Then 
(i) H and K have only the identity in common, 
(ii) G is isomorphic to the external direct product of H by K. 
Proof. (i) Letx€ H,x & K. 
Since H and K are subgroups, therefore 
x1 € H, x7 € K. 
Since G is an internal direct product of H and K, therefore 
every element 8 in G can be uniquely expressed in the form 
g=hk where hE H, kEK. 
Also we can write g=(hx) (x-7k) where hx GA, x7ke K. 
Since the expression for g is unique, therefore 
hxeth > hx=he > x=é. 
», ¢ is the only element common to both H and X. 
(ii) Let g be an arbitrary element of G. 
Then g==hk where h is a unique element of 1 and k is ‘a uni- 
que element of K. 
Consider the function ¢ : Gx K defined by 
| ¢ (gh=(h, kK) ¥ 8 E G- 
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¢ is one-one. Let g:=/yki, gamh,k, be anv two elements of G 
where fy, hkGH and ky, k, G K. 

We have > (81) (82) => (hy, k1)==(Ag, ky) 

=> hy=hs, ky=keahyky=hek2> 2,=2¢. 

 ¢is1—l. 

¢is ontoHxK. Let (h, k) be any element of Hx K. Then 
hkEG and we have ¢ (hk) =(h, k). 

Therefore ¢ is onto Hx K. 

¢ preserves compositions in G and Hx K. 

Let 21=/,k1, Z2-=hgkz be any two elements of G. Then 

¢ (8:8a)=¢ (hykrheks) 


= (Ayhekyk2) [*. every element of H commutes 
with every element of K] 
r= (fhe, kyk2) ["" Mahe EC A, kyks E K] 
= (hy, kx) (he, kg) (haha) $(igks)=¢(2,) 622). 
.. GeHx kK. 


Note. IfG is an internal direct product of its subgroups H 
and K, then G is isomorphic to the external direct product of H by 
K. On account of this isomorphism we shail identify the internal 
direct product with the external direct product. If G is the internal 
direct product of its subgroups H and K we shall write G=Hx K. 

Theorem 2, If H, K are two subgroups of a group G such that 
G=H™x K, then H, K are normal subgroups of G, and 

G/HesK and G/Ke=H. 

Proof, Letzg@G. Then g=hk where hk isa unique element 
of # and k is a unique element of K. So consider the mapping 
¢ : G->H defined by ¢ (g)=¢ (hk)=h. Obviously ¢ is onto H. 

Let gi=/iyky, 82=/ek, be any two elements of G where /n, hy 
are unique elements of Hand ky, kz are unique elements of XK. 
Then ¢ (2; 82) 2¢ (hykghoks) 

= (hyhgkike) =[* every element of H commutes 

with every element of K] 
s==hyhe feed lixhs = Hf, Kiks & K] 
om f (Ayky) $ (take) = (21) $(82). 

.. ,6 isa homomorphism of G onto H. The kernel of ¢ con- 
sists of all those elements of G which are mapped by ¢on the 
identity of H i.e., which are of the form ek=k, k € K. 

Thus X is the kernel of ¢. : 

A XK isa normal subgroup of G. 
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Also by the fundamental theorem on homomorphism of 
groups, we have G/KeH. 

Similarly we can show that H is a normal subgroup of G and 

G/He K. 

Theorem 3. <A group G is the direct product of its two sub- 
groups H and K if and only if 

(i) Hand K are normal subgroups of G, 

(ii) H(\ K={e}, and (iii) G=HK. (Andhra 1975) 

Proof. Suppose the conditions (i), (ii) and (iii) hold. Then to 
show that G=HxK. 

Leth ©€ H,k G© K. Consider the element h= k- hk. 

Since H is normal in G, therefore k-1 hk € H. 

Also h-2 © H. Therefore h k-thk & H. 

Again K is normal inG. Therefore h-4k-!1n € K, 

Alsok © K. Therefore h“k“thk © K., 

. ADk Ak E ANK. 

But H (\ K={e}. 

2 a ikthkeeshk=kh. 

Hence every element of H commutes with every element of K. 

Let x © G. Then by the condition (iii) there exists hE H and 
KEK such that x=hk. 

If possible let x= Ak, where ME H, kyeK. 

Then hk==hAyky => hy h=kyk". 

But hh € H and kk? € K. 

S. Ath=kk3 € HANK. 

But H(\K={e}. 

fight hyoth= kyk-71= é, 

oo Ayszh, ky=k. 

Thus the expression x==Ak for x is unique. Hence G=Hx K. 

Conversely let G=HxK. Then to show that the conditions 
(i), (ii) and (iii) are satisfied. 

Let a be any element of H and x be any element of G. Then 
there exist h © H, k GK such that 2=hk, 

We have xax72= (hk) a (hk)-4=hk ak-Mr-1 

hak kh? ° [° k€Kand a@ Hk commutes with a] 

=hoh ©--H. 

.. His anormal subgroup of G. Similarly K is a normal sub- 
group of G. 

Now we establish condition (ii). 

Suppose if possible bE HM K and be. Then b=be=eb, 
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This shows that there exist at least two different ways of ex- 
pressing an element BEG as product of an element of H with an 
element of K. But this contradicts the assumption that 

G=Hx K. 

Therefore bee. Hence Hf) K={e}. 

Finally HKCG. AlsoxG€G>x=hAk where AEH, k E K. 
Thus xGG » xG@ HK. TheretoreGQC HK. Hence G=HK. 

Thus the theorem is completely established. 

§ 15. Some important theorems on finite groups. 

Theorem 1. Cauchy’s theorem for abelian groups. Suppose G 
is a finite abelian group and p | o (G) i.e. p is a divisor of o(G) where 
Pp isa prime number. Then there is an element axe & G such that 
av’=e., (1.A.S. 1971; Kanpar 71) 

Proof. We shall prove the theorem by induction on the order 
of G. Assuming that the theorem is true for abelian groups of 
crder less than that of G, we shall prove that it is also true for G. 
To start the induction we note that the theorem is vacuously true 
for groups of order one. 

If G has no proper subgroups, then G must be of prime order 
because every groupof composite order possesses proper sub- 
groups. But p is prime and p | o(G), therefore o(G) must be equal 
to p. Also every group uf prime order is cyclic. Therefore each 
element ae of G will be a generator of G. Thus G has p—! ele- 
ments a>~e such that a?= aX) =e. 

So now suppose that G has a proper subgroup # i.e., 

H+{e} and HAG. If p|o(A), 
then by our induction hypothesis the theorem is true for H because 
His an abelian group and o (H) < o(G). Therefore 3 an element 
b & H, b#e such that bP=e. Buth © H > bEG because HCG. 
Thus 3 an element b&G, be such that bree, 

So let us suppose that p is not a divisor of o (H). Since G is 
abelian, therefore H is a normal subgroup of G and so G/Hisa 
quotient group. Since G is abelian, therefore G/H is also abelian. 
Also we have o (G/H) =o <i o (G) because o (H) > 1. 

Since p | 0(G) and p is not a divisor of o(H), therefore p is a 
divisor of o(G)/o(H). Hence by our induction hypothesis the 
theorem is true for the group G/H. 

Remembering that is the identity element of G/H we deduce 
that 3 an element c in G and Hce34H in G/H such that (HcP=H. 
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Now Hc is not equal to the identity element H of the quotient 
group G/H and p isaprime. Therefore (Hc)?=dZ implies that in 
the quotient group G/H we have o (Hc)=p. 

Also (Hc)*=H => Hc?=H => c°GH. Therefore by a corollary 
to Lagrange’s theorem, we have 

(c?)“4) =e (i.e., the identity of H). 

4 (c#))p=2e or d?=e if we put d=c%), 

This d will be the required element of G if we show that de. 
If possible, let d=e. Then (Hc) (<= Hc) en Hd=He=H. 
But in the quotient group G/H, we haveo(Hc)=p. Therefore 
(He)\#) = H (i.e., the identity of G/H) implies that p must be a 
divisor of 0(A) which is a contradiction, So we cannot have 
d=e, Thus d4e andd®=e. Therefore we have completed the 
induction and this proves the required result. 

Theorem 2. Cauchy’s theorem. Suppose G is a finite group and 
p|o(G) where p is a prime number. Then there is an element ain 
G such that o (a)=p. (Meerut 1980) 

Proof. We shall prove the theorem by induction on o (G). 
Assuming that the theorem is true for groups of order Jess than 
that of G, we shall prove that it is also true for G. To start the 
induction we note that the theorem is vacuously true for groups 
of order one. 

If there exists a subgroup HG of G such that p| o (#), then 
by our induction hypothesis the theorem is true for H because 
o (7) < 0(G). Therefore there exists an element a&H such that 
o(aj=p. Butaec H >a eé& G because H C G. Therefore there 
exists an element a & G such that o (a)=p. 

So let us now assume that p is not a divisor of the order of 
any proper subgroup of G. Let Z be the centre of G. We write 
the class equation for G in the form : 

_ o (G) 
o (G)=o (Z)+ oe oN @l rT 
[See theorem 6, page 201] 

Now N (a) is a subgroup of G. If a € Z, then NW (a)G and 

so p is not a divisor of o[N (a)], Butp|o(G). Therefore 


o(G) . 
P| o [Nia] if ag Z, 


: - _o(G) | 
ee Pp ez oO [N (a)] 
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But p|o (G). Therefore p|/o0(G)— = eal Then 
agZ o [N (a)] 

from (1), we conclude that p|o(Z). Thus Zisa subgroup of G 
and the order of Z is divisible by p. But according to our assump- 
tion p is not a divisor of the order of any proper subgroup of G, 
Consequently Z=G. But then G is abelian. Therefore by Cauchy’s 
theorem for abelian groups there exists an element in G of order Dp. 

This completes the proof of the theorem. 

Example 1. Show that if p is a prime number, then any group 
G of order 2p has a normal subgroup of order p. (Meerut 1969) 

Solution. We have o (G)=2p. 

Since p is prime and p | o (G), therefore by Cauchy’s theorem 
G has an element a of order p. Then the cyclic group ° 

H={a, a*,..., @==e} is asubgroup of G of order p. 

The index of H in oF (a =, 

But we know that every subgroup of G having index 2 in G is 
normal in G. Therefore 4 is normal in G. 

Example 2, Prove that every abelian group of order 6 is cyclic. 


Solution. Let G be an abelian group of order 6. Since the 
Prime integers 3 and 2 are both divisors of o(G), therefore by 
Cauchy’s theorem for abelian groups there exist elements a and Bb 
in G such that o(a2)=3 and 0 (b)=2. We shall show that o (ab)=6 
and consequently G will be a cyclic group generated by. ab. 

We have b-1-éa, since o (b-4) #0 (b)=2 while o (a)=3. Thus 
ab3e. Now (ab)*=a'h’=ate=a'se, since o (a)=3. Again (ab)* 
==a*}§=-¢}3=-5% -b*}—eb=—bXe. Therefore we must have 
0 (ab) > 3, But o (ab) must be a divisor of 0 (G) i.e., 6. So o (ab) 
can neither be 4 nor it can be 5. Hence we must have o (ab)=36 
and consequently G is cyclic. 

Definition. Suppose G is a finite group ando (G)=p™n where p 
i$ @ prime number and p is not a divisor of n. Then a subgroup H of 
G is said to be a p-Sylow subgroup of G iff o (H)=p". 

Theorem 3. Sylow’s tueorem. Suppose Gisa group of finite 
order and p is a prime number. If p™|o(G) and p™* is nota 
divisor of 0 (G), then G has a subgroup of order p™. 

(Kanpur 1980 ; 1.A.S. 72 ; Vikram 76 ; Calicut 75} 


Provf, We shal! prove the theorem by induction on o (G). 
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Assuming that the theorem is true for groups of order less than 
that of G, we shall show that it is also true for G. To start the 
induction we see that the theorem is obviously true if o (G)=}. 

Let 0 (G)=p™n where p is nota divisor of n. If m=0, the 
theorem is obviously true. If m=1, the theorem is true by Cauchy’s 
theorem. So let m>I1. Then G is a group of composite order and 
so G must possess a subgroup H such that HAG. 


If p is not a divisor of < a then p™ | o (H) because 
o (G)=p™n=o (H). ah 


Also p”* cannot be a divisor of o (H) because then p™*? will 
bea divisor of o (G) of which o(H) is a divisor. Further 
o(H) <0 (G). Therefore by our induction hypothesis, the theorem 
is true for H. Therefore H has a subgroup of order p™ and this 
will also be asubgroup of G. So let us assume that for every 


subgroup H of G where HG, p is a divisor of ao Consider 
the class equation, 
o (G) 
G)=0(Z - —_. 
oO ( ) o ( )+ agZ Oo [N (a)] .(1) 


Since a € Z => N (a)AG, therefore according to our assump- 


: Sor. sie o (G) 
tion p is a divisor * GZ O(N Gal Also p | o (G). 

Therefore from (1), we conclude that p is a divisor of o (Z). 
Then by Cauchy’s theorem, Z hasan element 6 of order p. Z is 
the centre of G. Also N={b} is a cyclic subgroup of Z of order p. 
Therefore N is a cyclic subgroup of G of o'der p. Since b € Z, 
therefore N’ is a normal subgroup of G of order p. 

[Ex. 7 on page 208 after § 4] 

Now consider the quotient group G’=G/N, 

We have 0 (G')=0 (G)/o (N)=p"n/p=p" n. 

Thus o (G’) < o(G). Also p”-* | 0(G’) but pG is not a divisor 
of o (G’). Therefore by our induction hypothesis 4’ has a sub- 
group, say S’ of order p™~1. We know that the natural mapping 
¢ : G>GIN defined by ¢(x)=Nx ¥ x € Gis a homomorphism of 
G onto G/N with kernel N. Let S={x € G; ¢(x) € S’}. 

Then S is asubgroup of Gand S'c&S/N. [See theorem 4 of § 10] 
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: o (S) 

“. 0(S’)=0 (SIN) O(N)" 

Therefore o (S)=o (S’).o (N)==p™" p=p". 
Thus S is a subgroup of G of order p”™. 
This completes the proof of the theorem. 


Solved Examples 


Ex. 1. If H is a p-Sylow subgroup of G and xGG, then x-* Hx 
is also a p-Sylow subgroup of G. 

Solution. Suppose G is a finite group and o (G)=p™n where 
p is a prime number and p is not a divisor of n. Mf H is a p-Sylow 
subgroup of G, then o (H)=p"™. 

Let x G G be arbitrary. Then x7? Hx will be a p-Sylow sub- 
group of G if x-! Hx is a subgroup of G and if o (x7? Hx)=p™. 

First we shall prove that x7? Hx isa subgroup of G. Let 
x71 hyx, x7} hex be any two elements of x! Hx. Then ly, fn € H. 
Also we have 

(x72 yx) (x72 figx) t= x7} Ayxx7} he? (x71 t= x} Ayehs-* x 

=X) hyhe-! x 

€ x71 Hx since hh“) E H, H being a subgroup of G. 

*. x71 Hx is a subgroup of G. 
Now let » be a mapping from H into x™* Hx defined as 
Y(ajexthx ¥he H. 

y is onto. Let x} hx be any element of x71 Hx. Then hGH 
and we have # (f)=x7 hx. Therefore » is onto. 

~ is one-one. Let hy, 2G H. Then 

ab (Ay)= (hg) => x7) hyx=x™? hex 

=> hy=h, {by cancellation laws] 
=> w is one-one. 

Thus | is a one-to-one correspondence between the elements 
of H and the elements of x71 Hx. Therefore o (x7? Hx)=0 (H)=p™. 
Hence x~ Hx is a p-Sylow subgroup of G. 

Ex. 2. If a group G has only one p-Sylow subgroup H, then 
is normal in G, 


Solution. _ Suppose a group G has only one p-Sylow subgroup 
H. Let x be any element of G. Then by previous exercise, x-* Hx 
is also a p-Sylow subgroup of G. But #7 is the only p-Sylow sub- 
group of G. Therefore 

x) Hx=H Y xE&G => H isa normal subgroup of G, 


4 


Rings 


§1. So far we have studied group which is an algebraic 
structure equipped with one binary operation. In this chapter we 
Shall study ring which is an algebraic structure equipped with two 
binary operations. 

Ring. Definition, (1 A.S. 1971; Garhwal 76; Guru Nanak 75; 

Marathwada 70; Vikram 78; Sambalpur 77; Kumayun 77; 
Gujrat 70; Meerut 81, 84) 

Suppose Risa nan-empty set equipped with two binary opera- 
tions called addition and multiplication and denoted by ‘+- and ‘.’ 
respectively ie., foralla,bG Rwe have atbER anda bER. 
Then this algebraic structure (R, +, .) is called a ring, if the follo- 
wing postulates are satisfied : 

1. Addition is associative, i.e., 

(a+ b)+c=at+(b+c) ¥ a,b, cER. 
2. Addition is commutative, i.e.,a--b=b+a ¥a,beE R. 
3. There exists an element denoted by 0 in R such that 
Ota=avae R. 

4. Toeach element ain R there exists an clement —ain R 
such that (—a)+a=0 

5. Multiplication is asscciative, i.e., 

a(b.c)=(a.b) c¥ a,b,cE R. 

6. Multiplication is distributive with respect to addition, i.e , 
Jor all a, b, c, in R, 

a (b+c)=a.b4+a.¢ Left distributive law 
and (b+c) a=b.a+c.a } Right distributive law. 

Since addition is commutative in R, therefore we shall have 
0€ Rsuch that 0+-a=a=—a+0 Va ER. 

Also if a € R, then we shall have (—a)+-a=0=a+(—vw). 

Thus 2 will be an abelian group with respect to addition. The 
element 0 G R will be the add tive identity. It is called the zero 
element of the ring. Since in a group the identity element is unique, 
therefore every ring will possess a unigue zero element and it 
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will be the identity element for addition composition. We shall 
always denote this element by the symbol 0. 

Students should not confuse it with the number 0, It isa 
symbol which will represent the additive identity of the ring. 

In a ring every element will possess a unique inverse for 
addition composition. We shall denote the additive inverse of a 
by the symbol —a. 

We shall define a— b=a+(—5b).. 

The equation a+ x=5 will have a unique solution in R and it 
will be x=b—a. Obviously a+(b—a)= a+ [b+(—a)] 

=a+[(—a)+b]=[a+(—a)]+5=[(—a)-+a]+b=0+b=sb, 

Similarly the equation y+a=6 will have a unique solution 
in R and it will be y=b—a. 

Both the cancellation laws will hold good for addition in R 
i.e., for all a, b,c in R 

at+beate => b=c and b+-a=c+a > b=c. 

If in a ring we have a+ 6-=0, then a= —5b and b=— a, 

Ring with unity. /fin a ring R there exists an element denoted 
by 1 such that 1,.a=a=a,1 ¥ aE R, then Ris calleda ring with 
unit element. Tne element 1 © Ris called the unit element of the 
ring. Obviously 1 is the multiplicative identity of R. Thus ifa 
ring possesses multiplicative identity, then it is aring with unity. 

Commutative Ring. J[finaring R, the multiplication compo- 
sition is al:o commutative i.e., if we havea.b=b.av¥a, he R, 
then R is called a commutative ring. (Meerut 1976, Nagarjuna 78) 

Note. In future we shall denote the multiplication composi- 
tion in a ring R not by the symbol ‘.’ but by multiplicative nota- 
tion. Thus we shall write ab in pi!ace of a.b. 

§ 2. Elementéry Properties of a Ring. 

Theorem. Jf R is a ring, then for alla, b,cER 


(i) a0=0a=0. (Meerut 1970; Sagar 77) 
(ii) a (—b)=—(ab)m(--a) b. (Sambalpur 1977; Bombay 70) 
(iii, (- a) (- b)=ab. (Banaras 1968; Sagar 77) 
(iv) @ (b~—c)=ab— ac. (Meerut 1970; Vikram 78) 
(v) (6--c) a=ba—ca. (Banaras 1968) 
Proof. (i) We have 

a0 =a (0-+0) [7 0+0=0} 


=20+ a0. [by left distributive Jaw] 
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“ 0+a0=a0+a0 f°" a0ER and 0-+a0=a0] 
Now R is a group with respect to addition, therefore applying 
right cancellation law for addition in R we get 0=a0. 
Similarly we have 0Oa=(0+0) a 
=0a+ 0a. [by right distributive law] 
-» 0+0a=0a+0a [°° 0+0a=0a]. 
Applying right cancellation law for addition in R, we get O=Oa. 
(ii) We have a [(—}b)+4]=a0 [°° —b+b=0] 
=> a(—b)+abx0 [by using left distributive law and the 
" result (i)] 
=> @ (—5)=—(ab), since in a ring a2+b=0 > a=-— b. 
Similarly we have (—a+a) b=0b 
=> (—a) 56+-ab=0 > (—a) b= —(ab), since in a ring 
a+b=0 > a=—b. 
(iii) We have (~—a) (—h)=—[(—a) 5], since a (— b)= —(ab) 
c= —[—(ab)], since (—a) b= —(ab) 
=ab, since R is a group with respect to addition and in a group 
we have —(—a)=a. 
(iv) We have a (b—c)=a [b+(—o)] 
=qb+a(—c) (left distributive law] 
=ab +[-—(ac)] ["” a (—c)= --(ac)] 


=ab—ac. 
(v) We have 
(b-~c) a=[b+(—c)] a 
=ba+(—c) a4 [right distributive law] 


=ba-+[—(ca)]=ba—ca. 

§ 3. Integral Multiples of the elements of a ring. 

Suppose R is a ring and a@&R_ If mis a positive integer, then 
we define ma=a-+a-+...upto m terms. 

Also we define Oa=0. Here 0on the left hand side is the 
integer zero and 0 on the right hand side is the zero element (add- 
itive identity) of the ring. 

If m is a positive integer, then —im is a negative integer. We 
define (—m) a= — (ma)= — (a+a-+a...upto m terms) 

=(—a)+(—a)-+( -a)+...upto m terms==m (—a). 

If m and n are any integers, we can prove that 

ma-+na=(m-+n) a, m (na)=(mn) a, and (ma) (ua)—(in) a’, 

Also we can prove that for any integer m, we have 

m (a+b)=matmb ¥ a,b eR. 
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The students should not confuse that this is the distributive 
law we assumed in the postulates for a ring. It is not.so. Here m 
is an integer and a, b are elements of R. 

§ 4. Examples of Rings. 

Example 1. The set R consisting of a single element 0 with two 
binary operations defined by 0+0=0 and 0.00 is a ring. This ring 
is called the nul! ring or the zero ring. 

Example 2. The set I of all integers is aring with respect to 
addition and multiplication of integers as the two ring compositions. 
This ring is called the ring of integers. (Garhwal 1976) 

Solution. Asin groups, we should first prove that I is ar 
abelian group with respect to addition of integers. 

Further we observe that 

(i) The product of two integers is also an integer. Therefore I 
is Closed with respect to addition of integers. 

(ii) Multiplication of integers is an associative composition. 

(iii) Multiplication of integers is distributive with respect to 
addition of integers f.e., if a, b, c are any elements of I, then 

a(b-+-c)=ab+ac and (b+c) a=ba+ca,. 

Therefore I is a ring with respect to addition and multiplica- 
tion of integers. The integer 0 isthe zero element of this ring. 
Also the multiplicative identity exists and is the integer 1. We 
have Ila=a=al ¥a€I. Thus the ring of integers is a ring with 
unity. The integer | is the unit element of this ring. 

The multiplication of integers is a commutative Composition. 
Therefore it is also a commutative ring. 

Example 3. The set 21 of all even integers is a commutative ring 
without unity, the addition and multiplication of integers being the two 
ring compositions. 

Example 4 The set Q of all rational numbers is'a commutative 
ring with unity, the addition and multiplication of rational numbers 
being the two ring compositions. 

(Mcerut 1976; Kanpur 80; Kumayon 77) 

Example 5. The set R of all real numbers is a comnuutative 
ring with unity, the addition and multiplication of real numhers being 
the two ring compositions. 

Example 6. The set C of all complex numbers is a commutative 
ring with unity, the addition and multiplication of complex numbers 
being the two ring compositions. 

Note. The students should themselves write the complete 
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solutions of examples 3, 4, 5 and 6 with the help of example 2 of 
the ring of integers and the corresponding questions of groups. 

Example 7. The set M of all nxn matrices with their elements 
as real numbers (rational numbers, complex numbers, integers) is a 
non-commutative ring with unity, with respect to addition and multi- 
plication of matrices as ‘the twe ring compositions. 

Solution. We know that the sum and product of twoaxna 
matrices with their elements as real numbers.are again ax matri- 
Ces with their elements as real numbers. Therefore M is closed 
with respect to addition and multiplication of matrices. 

Further we observe that 

(i) A+(B+C)=(A+B)+C ¥ A, B,C & M, since the addi- 
tion of matrices is an associative composition. 

(ii) A+B=B+A ¥ A, BEM, since the addition of matrices 
is commutative. : 

(iii) If O is the null matrix of the type nz, then OEM and 
we have O-+-A=m 4 ¥ AEM. 

(iv) Toeach matrix AGM there exists a matrix —AEM 
such that (—A)+-A=O (null matrix). 

(v) (AB) C=A (BC), ¥ A,B, CEM, since multiplication of 
matrices is associative. 

(vi) A (B+C)=AB-+AC, 
and (B+(C) A=BA+CA ¥ A, B, CEM, since matrix multiplica- 
tion is distributive with respect to matrix addition. 

Hence M is a ring with respect to the two given compositions, 
The null matrix O of the type Xn is the zero element of this ring 
Le., O=0. 

Since the multiplication of matrices is not in general commu- 
tative, therefore the ring is a non-commutative ring. [n>1] 

Finally if 7 be the unit matrix of the type axa, then JEM 
and we have JA=A@wAl ¥ AEM. Therefore the matrix fis the 
multiplicative identity. Thus the ring is with unity and the matrix 
f is the unity element of the ring i.e., J= 1. 

Example 8. The set R={0, 1,2, 3, 4, $} is & couunututive ring 
with respect to *+¢" and ‘Xx’ as the two ring compositions. 

Solution. As we have proved in groups, we should first prove 
that R is an abelian group with respect to ‘+,’. 


Now we form the composition table for R for the composi- 
tion X ¢. 
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Xe} O 1 2 3 4 = 5 


ART memes 


0 0 0 0 0 0 9 
1 0 | 2 3 #4 = 5 
2 0 2 4 0 2 4 
3 0 3 | 0 3 oO 3 
4 0 4 2 0 4 2 


5 0 5 4 3 2 1. 

From the composition table we see that R is closed with res- 
pect to the composition ‘xX’. 

Also we know that ‘x,’ is an associative composition in K i.e., 
aXe (b X gc)=(a X gb) X ec YW @, bc ER. 

Further ‘x,’ is distributive in R with respect to ‘+... If 
a, 6, c are any elements of 2, then 

aX @(b-+- 4c) =a X4(b+c) [°° b4+c=b+e¢c (mod 6)] 
== least non-negative remainder when a(5-+-c) is divided by 6 
«x least non-negative remainder when ab--ac is divided by 6 


e= (ab) +-¢ (ac) 
=a (aX ¢b)-+<¢ (ac) [°° axXeb=ab (mod 6)] 
= (aX 6b) +6 (aXec) [°° aXecHac (mod 6)]} 


Similarly we can prove that (6+ 9c) Xea=(b x a)+6 (c Xe). 

.. Ris a ring with respect to the given compositions. Since 
*X,° is a commutative composition in R as is clear from the com- 
position table also, therefore R is a commutative ring. Also 1 is 
the identity element for the composition ‘X.°’. Therefore R isa 
ring with unity. The integer 0 is the zero elemen: of this ring. 

Important. We see that in this ring R neither 2 nor 3 is equal 
to the zero element of the ring. But 2X» 3=0 (zero element of the 
ring). Thus in a ring it is possible that the product of two non- 
zero elements is equal to the zero element. Also the number of 
elements ia R is finite. Therefore this isan example of a finite 
ring. 


§5. Some special types of rings. Rings with er without zero 


We have proved that in any ring A, if 0 is the additive iden- 
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tity /.e., the zero element of the ring, then Oa=a0=0 ¥ aER. 
However there are rings in which it is possible that ab=0 when 
neither a=Onor b=Q. Such elements are called zero divisors. 
Definition. A non-zero element a of aring Ris called a zero 
divisor or a divisor of zero if there exists an element b40 G R such 
that either ab=0 or ba=0. (Jabalpur 1970) 
Rings without zero diyisors. A ring Ris without zero-divisors 
ifthe product of no two non-zero elements of R is zero, i.e., if 
ab=0=>a=0 or b=0. (Meerut 1984 P) 
On the other hand if in ating R there exist non-zero elements 


a and b such that ab=0, then R is said to be a ring with zero divi- 
sors. 


Example 1. Suppose M is a ring of all2X2 matrices with their 
elements as integers, the addition and multiplication of matrices being 
the two ring compositions. Then M is a ring with zero divisors. 

(Madras 1977) 


The null matrix o=| 9 4 is the zero element of this ring. 


0 0 
Now A=| 9 af s—|7 4 are two non-zero elements of this 


ring i.e., AAO, BAO. We have 


1 OF FO O 0 0 
45=[5 0} {1 olmlo ol-? 
Thus the product of two non-zero elements of the ring is equal to 
the zero clement of the ring. Therefore M is a ring with zero 
divisors. 

Also it is interesting to note that 

O O7{[1 O 0 O 0 0 
BA=| | 0| lo oli oo of’ 

Thus in a ring R it is possible that ab=0 but ba0. 

Example 2. The ring ({0, 1, 2, 3, 4, 5}, +e, Xe) is a ring with 
cera di..ors. Wehave 2X5 3=0, 3Xe4=0ie., the product of 
{wo iton-zero elements is equal to the zero element of the ring. 

Example 3. The ring of integers is a ring without zero divisors. 
The product of two non-zero integers cannot be equal to the zero 
integer, 

‘Cancellation lawsinaring. If R is a ring then & is an abelian 
group with respect to addition. For -addition composition the 
cancellation laws hold in all rings. Therefore the question of 


cancellation laws holding in a ring arises only for the multiplica- 
tion Composition. 
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We say that caacellation laws hold in a ring R if 
axX:0, ab=acab=c 
and a0, ba=ca>b=c where a,b,c € R. (Meerut 1978) 

Theorem. A ring R is without zero divisors if and only if the 
cancellation laws itold in R, i.e., 

R is without zero divisors <= cancellation laws hold in 8. 

(1.A.S. 1974 ; Jabalpur 70 ; Madras 74 ; Garhwal 76; 
Kumayon 78 ; Karnatak 77 ; Marathwada 74 ; 
Meerut 75, 81 ; Kanpur 71) 

Proof. First suppose that R has no zero divisors. Let a, b,c 
be any three elements of R such that a;40, ab=ac. 

We have ab =ac=>ab—ac=:0>a (b—c)=0. 

Since R is without zero divisors, therefore 

a (b --c)=0 and a#0 > b—c=0 ie., bec, 

Thus the left cancellation law holds in R. Similarly we can 
show that the right cancellation law also holds in A. 

Conversely suppose that the cancellation laws hold in R. If 
possible let ab=0, a0, b#0. 

Then we have ab=a0, since a0=0. 

Now a0, ab=a0 = b=0 by left cancelation law. 

Thus we get a contradiction. Hence 2 is without zero divi- 
sors, 

§ 6. Integral Domains. Fields. Division Rings. 

Definition. Integral Domain. (Madras 1973 ; Kolhapur 73 ; 

Garhwal 76; Kanpur 79; 1.A.S. 71; Meerut 81, 84; Vikram 78; 

Andhra 77 ; Nagarjuna 79, 80 ; Madras 77) 

A ring is culled an integral domain if it (i) is commutative, 
(ii) has unit element, (fii) is without zero divisors. 

However some authors define an integral domain as a commu- 
tative ring without zero divisors. They do not require that an inte- 
gral domain should definitely possess the unit element. 

The most important example of an integral domain 1s the ring 
J of integers. We have proved that Iis a commutative ring with 
unity. Also I does not possess zero divisors. We know that if a, 6 
are integers such that ab-==0, then either aor 5 must be zero. 

Also it can be seen that the algebraic structures (C, +, «), 
(Q, +. +), (R, +, ¢), are all integral domains. As an example of 
a finite integial domain we have the ring ({0, 1, 2, 3, 4}, +5, Xs). 

Inversible elements in a ring with unity. Ina ring every ele- 
ment possesses additive inverse. Therefore the question of an 
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element being inversible or not arises only with respect to multi- 
plication. Jf R is a ring with unity, then an element aGR is.called 
inversible, if there exists b G R such thatab=\|=ba, Also then we 
write baat, 

Examples. 

(i) 1 and—! are the only two inversible elements of the 
ring of all integers. 

(ii) mn non-singular matrices with real numbers as elements 
are the only inversible elements of the ring of all mx» matrices 
with elements as real numbers. 

Field. Definition. (LA.S. 1971 ; Kolhapar 73 ; 

Garhwal 76 ; Bombay 70 ; Nagarjuna 79, 80; 
Utkal 70 ; Andhra 77 ; Meerut 70, 81). 

A ring R with at least two elements is called a field if it, 

(i) is commutative, (ii) has unity, (iii) is such that each non-zero 
element possesses multiplicative inverse. 

For example, the ring of rational numbers (Q, +-, «) is a field 
since it is a commutative ring with unity and each non-zero ele- 
ment is inversible. 

The rings of real numbers and complex numbers are also 
examples of fields. 

As an example of a finite field we have the ring 

({0, 1, 2, 3, 4}, +s, X 5). 
If a, Ob are elements of a field F, then we shall often write 


ab-t= 5 =b-ta, Ina field F, we have 


5 t= (ab-4) + (ed) = (bd)? (bd) [(ab-2) + (ed-2)] 

= (bdy-* [(bd)(ab-) + (bd)(ed-3] = (bd) (ad-+ be) 
{Note that multiplication in F is commutative]. 

Also 5 Sa(ab-) (ed-*)= (ac) (6-4 d-#)= (ac) (bd) 


Division ring or skew field. Definition, 
(Andbra 1977; Allahabad 80; Meerut 81, 84 P) 
Aring & with at least two elements is called a division ring or a 
skew field if it (i) has unity, (ii) is such that each non-zero element. 
possesses multiplicative inverse. 
Thus a commutative division ring ts a field. 
Every field is also a division ring. But a division ring isa 
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field if it is also commutative. We shall later on give an example 
of a skew field which is not commutative ?.e., which is not a field. 
Theorem 1, Every field is an integral domain. 
(Delhi 1970; Garhwal 76; Jabalpur 70; Jiwaji 78; 
Nagarjuna 79, 80; Meerut 77, 78, 80, 81, 82) 
Proof. Since a field F is acommutative ring with unity, 
therefore in order to show that every field is an integral domain we 
should show that a ficld has no zero divisors, 
Let a, b be elements of F with a0 such that ab=9(. 
Since a0, a? exists and we have 
ab=( => a= (ab)=a-1 0 


=> (a a) b=0 
=> 1b=0 ['° a q=]]} 
> b=0. (\" 1b=$) 


Similarly, let ab=0 and 50. 
Since 60, 5-2 exists and we have 
ab=0 => (ab) b-1=0 b} 
=> a (bb'4)=0>al=0>a=0. 

Thus im a field ab=0>a=0 or b=0. Therefore a field has no 
zero divisors. Therefore every field is an integral domain, 

But the converse is not true i.e,, every integral domain is not @ 
field, For example the ring of integers is an integral domain and it 
is not a field. The only inversible elements of the ring ot! integers 
are land—1!. (Nagarjuna 1979, 80; Rajasthan 77; Meerut 81, 82) 

Note. For a field unity and zero are distinct elements ie., 
10. Let a be any non-zero element ofa field. Then aq! exists 
and is also non-zero. For, a-!=02aa?=a0>>1=0>a]=a0>a=0 
which is a contradiction. Now a field has no zero divisors. 


Therefore ] =a a¥0. _ 
Important. A field has no Zero divisors. Therefore in a field 


the product of two non-zero elements will again be a non-zero 
element. Also the unit element 10 and each non-zero element 
possesses multiplicative inverse which is again a non-zero element. 
The multiplication is commutative as well as associative. There- 
fore the non-zero elements of a field form an abelian group with 
respect to multiplication. 

Theorem 2. A sfield (skew field) has no divisors of zero. 

(Allahabad 1980) 

Proof, Let D be a skew-field. Then D isaring with unit 
clement | and each non-zero element of D possesses multiplicative 
inverse. 
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Let a, b be elements of D with a0 such that ab=0. 
Since a0, a= exists and we have 
ab=0 => am! (ab)=a— 0 
=> (a! a) b=0 » 15=0 => 6=0. 
Similarly, let ab=0 with b 0. 
Since b40, b™ exists and we have 
ab=0 =» (ab) b-3=05-1 
=> a(bb)=0 = al=0 > a=0. 

Therefore a skew field has no zero divisors. 

Theorem 3. .4 finite commutative ring without zero divisors is 
a field. 

Or 

Every finite integral domain is a field, 

(Delhi 1970; Nagarjuna 78; Gurunanak 75; Madras 78: 
Rajasthan 76; hanpur 71; Garhwal 76; Poona 73; 
Banaras 70; Meerut 79, 80, 83, 84 P) 

Proof. Let D be a finite commutative ring without zero 
divisors having m elements a, dz, ..., d,. In order to prove that 
D is a field, we must produce an element 1 € D such that 
la=a¥aé€ED. Also we should show that for every element 
a#0 € D there exists an element 5 € D such that ba=1. 

Let a40ED. Consider the n products aa,, aaa, ... Aan. 

All these are elements of D. Also they are alJi distinct. For 
suppose that aa,;=aa, for iZ/j. 

Then a (a;—a;y)=0. .. (1) 

Since D is without zero divisors and a0, therefore (1) 
implies 

a,--a)=-0 > aj;=a), contradicting i<j. 

& AQ, Qlg, ..., AG, ate all the n distinct elements of D placed 
in some order. So one of these elements will be equal to a. Thus 
there exists an e!: ment, say, 1@D such that 

aleag=)a. [°° Dis commutative] 

We shall show that this element 1 is the multiplicative iden- 
tity of D. Let y be any element of D. Then from the above dis- 
cussion for some XE D, we shall have ax=y=xa. 


Now Jy] (ax) [’ ax=yl 
=(la) x 
= aX ‘*° la=al 


[“. 
ay {°f ax=y] 
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=yl [°: D is commutative] 
Thus lyv=yeyl, ¥ y€ D. Therefore 1 is the unit element 
of the ring D. 
Now 1 € D. Therefore from the above discussion one of the 
n products aq, adz,..., day Will be equal to i. Thus there exists 
an element, say b © D such that 
ab=1=ba. 
.. bisthe multiplicative inverse of the non-zero element 
ac D. Thus every non-zero element of D is inversible. 
Hence D is a field. 
Solved Examples 
Ex.1. Ifa, b,c, dare elements of a ring R, then evaluate 
(a+b) (c+). 
Solution. We have 
(a+b) (e+d)=a(e+d)+b(c+d)_ [by right distributive law] 
=ac-+ ad4+-bc+ bd [by left distributive law] 
Ex. 2. Prove that ifa,b € R then (a+b)?=a?+ ab+ ba+ 5%, 
where by x* we mean xx. 
Solution. We have 
(a+ b)?=(a-+b) (a-;- b) 


=a (a+b)+ b (a+b) [by right distributive law] 
=:(aa-+ab)+ (ba+-bb) [by left distributive law] 
=a°+ab+ba+b?, 

Ex. 3. Ifa, b are any elements of a ring R, prove that 

(it) —(--a)=a, (ii) —(a+b)=-—a-—6b, 


(iit) —(a—b)=—a+b. 
Solution. (i) Since R isa group with respect to addition, 
therefore —(—a)=a. [Remember that in a group (a7—1)"!=a]. 
(ii) Since Risa group with respect to addition, therefore 
—(a+b)=(—b)+(—a). But addition in R is commutative. 
eo (—4)+(- a)=(- a)+(—4))=—a -b. 
ee —flatb)=-—a--h, 
(iii) —(a—b)=— [a4 (— d= - at [—(—b)]=—a +b. 
Ex. 4. Ifa, b,c, dare any elements of a ring R, prove that 
(a—b) (c—d)=(ac-4 bd)- (ad+4 be). 
Solution. We have Peis es 
(a—b)(c—d)=(a—b) c—(a—b) d [<a (b—c)=ab—ac] 
=(ac—bc)— (ad— bd)=(ac — bc)-- ad + bd 
= (ac+ bd)j— be -— ad 
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[°° addition is commutative and associative] 
=(ac+-bd)—(be+ad). 

Ex. 5. If R is a system satisfying all the conditions for a ring 
with unit element with the possible exception of a+b=b-+a, prove 
that the axiom a+b=b-+-a must hold in R and that R is thus a ring. 

(Kerala 1970; Delhi 70) 

Solution. Since 1 is an element of R, we have 

(a+b) (1+1)=a (14+-1)+5 (1+-1) [by right distributive law] 

=(al-tal)+(b1-+b1)=(at+a)t+ +s) «..(i) 

Also (a+b) (14+1)=(a+5) 1+(a+b) 1 

[by left distributive law] 
= (a+b) +(a+-5) --.(ii) 
[°° 1 is the unit element] 
From (i) and (ii), we get 
(a-+-a) +(b-+-b)=(a-+b)+(a+5) 

=>[(a+-a)+-b]-+b=[(a+-b)-+a] +. [by associativity of addition] 
=>(a+a)+b=(e+5)-+-a [by right cancellation law for addi- 
tion in R since with the given postu- 
lates R is a group with respect to 

addition]. 

>a+-(a+b)=a+(b+a) [by associativity of addition in R] 

=>(a-+b)=(b+a) |by left cancellation law for addition in ] 

Thus addition is commutative in R. Hence & is a ring. 

Ex. 6. If Risa ring such that a@<-a ¥ a €& R prove that 

(i) ata=0 ¥aeé Ri.e., each element of R is its own uddi- 
tive inverse. (Nagpur 1970) 

(ii) a+b=0 > ax=b. (iii) R is a commutative ring. 

(Madre; 1974; Banaras 70; Nagarjuna 79, 80) 

Solution, (1) aE R>atace R. 


Now (a+ a)*=(a-+a) [given] 
=> (a+a) (a-+a)=a-+a 
=» (a+a) a-+(a+a) a=at+a [Left Dist. Law] 
> (a+ 0*)+(a*-+a*)=a+a [Right Dist. Law] 
= (a-+a)+(a+a)=a+a [°° at=a] 
=> (4+2a)+ (a+a)=(a+a)+0 [.°  a+0=a] 


=> (a+a)=0 [by left cancellation law for addition in R] | 
(ii) We have just proved that a-+a=0. 
’. a+b=0 > a+b=a+a @ bea, by left cancellation law 
for addition in &. 
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(a+-b)*=(a+5) 
=> (a+5) (a+b)=(a+-b) 
=> (a+b) a+(a+b) bea+b [Left Dist. Law] 
=> (a*-+-ba)+(ab+-b)=a-+b [Right Dist. Law] 
=> (a+ba)+(ab+b)=a+b [‘' at=xag, b&=5) 


=> (a+b)+-(ba+ab)=(a+b)-+0 [by commutativity and 
associativity of additicn] 
=> ba-+-ab=0 [by left cancellation law for addition in R] 
=» ab=ba, [by part (ii) of this question] 
ee Ris commutative ring. 

Note. Anelement a of a ring R is said to be idempotent if 
at=a. Aring R is called a Boolean Ring if all of its elements are 
idempotent i.e., if aa ¥ aER. (Nagarjuna 1979, 80) 

Ex. 7. Prove that the set M of 2X2 matrices over the field of 
real numbers is a ring with respect to matrix-addition and multipli- 
cation. Is it a commutative ring with unity element ? Find the zer- 
element. Does this ring possess zero divisors ? 

(Delhi 1970; Madras 77; Myzore 77) 

Solution. Let 4, BE M. Then A+BE M and ABE M. 
Therefore M is closed with respect to addition and multiplication 
of matrices. 

Both addition and multiplication of matrices are associative 
compositions. 

& A+(B+C)=(A+B)+C ¥ A, B,CE M 
and A(BC)=(AB)C ¥ A, B, CE M. 

Addition of matrices is a commutative composition. Therefore 
for all A, BE M, we have A4- B=B+A. 

If O be the null matrix of the type 2X2, then O € M and 
0+A=A V AE M. 

Further multiplication of matrices is distributive with respect 
to addition. 

*, A(B+C)=AB+AC 
and (B+C) A=BA+CA ¥ A, B,C & M. 

4 Misaring with respect to the given compositions. 

Multiplication of matrices is not in gencral a commutative 


composition. For example, if 4=|5 | B=| 4 : R then 
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2 4}fi 2 2 8 1 2\[2 4 8 14 
AB=| 3 5 F \=[3 a ane BA=| 9 a 5\~{3 3° 
Thus AB4BA and so the ring is a non-commutative ring. 


If 7 be the unit matrix of the type 2x2 i.e., if =| 4 if 
then JEM. Also we have 4J=A=IA ¥ AEM. 


. is the multiplicative identity. 


Thus the ring possesses the unit element and we have [=1 
(the unit element of the ring). 


The null matrix o=() | is the additive identity and is 
therefore the zero element of the ring i.e., O=0 (the zero element 
of the ring). 


The ring possesses zero divisors. ‘For example if 


fbf poms IE iL 3 


Thus the product of two non-zero elements of the ring is 
equal to the zero element of the ring. 

Ex. 8. Do the following sets form integral domains with 
respect to ordinary addition and multiplication? If so state if they 
are fields. 

(i) the set of numbers of the form bs/2 with b rational. 
(ii) the set of even integers. (Meerut 1975) 

(iii) the set of positive integers. (Meerut 1968) 

Solution. (i) Let A={by/2 : bEQ}. 

We have 32 € A and 52 € A. Then (2/2) ($2) =30. 

Now 30 cannot be put in the form 54/2 where b is a rational 
number, Therefore 30 & A. Thus A is not closed with respect to 
multiplication. Therefore the question of A becoming a ring 
does not arise. 


(ii) Let R be the set of all even integers. Then R isa ring 
with respect to addition and multiplication of integers. Also the 
multiplication is a Commutative composition. R& is without zero 
divisors since the product of two non-zero even integers cannot be 
equal to zero which is the zero element of this ring. Since the. 
integer 1 ¢ R, therefore R is a ring without unity. 

R will be an integral domain if we do not require the existence 
of the unit clement for an integral domain. 
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. But R is not a field since the multiplicative identity does not 
exist. 
(iii) Let N be the set of positive "integers. Since the integer 
0 € N, therefore the additive identity does not exist. So N will 
not be a ring. 
Ex 9. Show that the set of numbers of the form a-+-b/2, with 
a and b as rational numbers is a field. 
(Kumayon 1977 ; Kanpur 80 ; Agra 72 ; Meerut 73) 
Solution. Let R={a+bY2: a,b E Q}. 
Let ayt+byof2 € Rand aatb/2 Ee R. Then 
a, by, Qs, b, & Q. 
We have (a3+byy/2) + (de+ba/ 2)= (a+. 42) + (Oy +52)V 2 
E Rsincegata,, Ath EQ. ° 
Also (a,+b,\/2) (a2-+bav/ 2)=(@ya2+2b1b,) + (a1. +agbi)/2 
E R since a,@2+2b,bs, aybe+a,b, € Q. 
Thus R is closed with respect to addition and multiplication. 
All the elements of R are real numbers and we know that 
addition and multiplication are both associative as well as com- 
mutative compositions in the set of real numbers. 
Further we have 0+0)/2 € R since OE Q. 
Ifat+bV/2 € R, then 
(0+ Ov 2)+(a4-by/2)=(0+4)+ (04 4)V2=a+byV2. 
~. 0+04+/2 is the additive identity. 
Again if a+b/2ER, then (—a)+(—b)V2 © R and we have 
[(— a) +(- 6) 2]+ (a+b2)=0+0v 2. 
. each element of R possesses additive inverse. 
Further in the set of real numbers multiplication is distributive 
with respect to addition. 
Again 1+0/2 € & and we have 
(1-0/2) (a+by/2)=a+ bY 2=(atby 2) (1+0v 2). 
& 1401/2 is the multiplicative identity. 


Thus R is a commutative ring with unity. The zero element 
of the ring is 0404/2 and the unit element is 1+0/2. 

Now R will be a field if each non-zero element of R possesses 
multiplicative’ inverse. 

Let a+ 54/2 be any non-zero element of this ring /.e., at least 
one of a and 8 is not zero. 


Then a—~by2 ed 


rere 


I -ee 
G+bV2 ~ (a+by2) (a- 62) a® - 2b" 
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a b 
(x55) +(-s—a) v2. 

Now if aand 6 are rational numbers, then we can have 
a'-=25* only ifa=0, b=0. Since here at least one of the rational 
numbers a and 6 is not 0, therefore we cannot have a*=2b* i.e., 
@*— 25% =). 


A aap and — a are both rational numbers and at 
least one of them isnot zero. 


s. (<5) +(-a—a) 4/2 is a non-zero element of R 
and is the multiplicative inverse of a-+b4/2. 

Hence the given system is a field. 

Ex. 10. Prove that the set I (4/2) of all real numbers of the 
form a-+b+/2, with a and b as integers is an integral domain with 
respect to ordinary addition and multiplication. Is it a field ? 

(Kanpur 1970; Agra 74; Rajasthan 77; Meerut 81; Bombay 70) 

Solution. As in Ex.9, wecan easily verify that the given 
system is acommutative ring with unity element 14072. Also 
0+0+/2 is the zero element of this ring. Now in order to prove 
that this ring is an integral domain, we should prove that this ring 
is without zero divisors. 

Let a-++54/2 and c+d4/2 be any two elements of this ring. Then 
(a+b/2) (c+dV2)=0+072 
=> ac+2bd=0 and bc+ad=0 and this will happen only whea 
either 
a=0 and b=0 
or c=0 and d=0. 
Thus (a+b /2) (c+ dV 2)=0+0V2 
=» either at+bY2=0 or c+dyV/2=0. 
Thus the given ring is Without zero divisors. Therefore it is 
an integral domain. But it is not a field. Obviously $4+-34/2 is a 
non-zero element of this ring. Its inverse would have been 
_t___s-3y2__—_ 5-3y25_ 3, 
. $4372 (9+372) (5-32) 7 77 
which is not an elem. nt of this ring. 
Ex. 11. A Gaussian integer is a complex number a+-ib, where 
aand 6 are integers. Shaw that the set J[i] of Gaussian integers 
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Jorms a ring under ordinary addition and multiplication of complex 
numbers. Is it an integral domain? Is it a field? 
(IA.S, 1973; Kothapur 74; Poona 74; Madurai 78) 

Solution. Let a+ib and c-+id be any two Gaussian integers. 
Then 'a+ib)+-(c+id)=(a-+-c)+i (b-+d) - 
and (a-+-ib) (c+id)=(ac—bd)+-i (ad+ bc). 

These are again Gaussian integers. Therefore J[i] is closed 
with respect to ordinary addition and multiplication of complex 
numbers. 

Further in comp'ex numbers both addition and multiplication 
ate associative as well as commutative compositions. Also multi- 
plication distributes with respect to addition. The Gaussian inte- 
ger 0+-/0 is the additive identity. The additive inverse of a+ ib is 
(—a)+i(—b). The Gaussian integer 1+i0 is the multiplicative 
identity. 

Therefore the set of Gaussian integers is a commutative ring 
with unity for the given composition. 

Also this ring is free from zero divisors since the product of 
two non-zero complex numbers cannot be zero. Therefore J [i] is 
an integral domain. 


But this is not a field since the multiplicative inverse of a+-ib 
: a b erage ; 
will be aap t! -sr) which is not always a Gaussian 


integer as oom and — a are not necessarily integers. 

Ex.12. Prove that the totality R of all ordered pairs (a, b) of 
real numbers is a eommutative ring with zero divisors under the addi- 
tion and multiplication of ordered pairs defined as 

(a, 6)+(c, d)=(a+c, b+d) 
(a, b) (c, d)=(ae, bd) 
¥ (a, b), (c, d)E R. (Sambalper 1977) 
Solution. Wesee that R is closed with respect to the two 
compositions since a-+-c, b-+d, ac, bd are allreal numbers. Now 
let (a, b), (c, d), (e, f) be any elements of R. Then we observe : 
Associativity of addition. We have 
[(a, b) +(c, d)\+(e, Sf) =:(a+e, b+d) +(e, f) 
e=([a+c]+e, [b+] +f) 
=(at+[c+e], +{d +f}) . 
[°. addition of real numbers is associative] 
(a, b)+(c+e,dtf) 
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addition in & is associative. 
Commutativity of addition. Wehave 
(a, b)+(c, d)=(atc, b+d)=(c+a, d+b)=(c, d)+(a, b). 
Existence of additive identity. We have (0,0) G R&. Also 
(0, 0)+(a@, b)=(0+-a, 0+h)=(a, 6). 
Existence of additive inverse. If (a, h)ER, then(—a, —\)ER 
and we have (—a, — b)+(a, 6)=(—a-+-a, —b+b)=(0, 0). 
». (—a, ~6) is the additive inverse of (a, 5). 
Associativity of Multiplication. We have 
(a, b) (c, dil (@, f)=(ac, bd) (e, f)=([ac] e, [bd] f) 
=(a [ce], b [ df}). 
[*’ multiplication of real numbers is associative] 
=(a, b) (ce, df )=(a, 5) [(c, d) (€, f)]. 
Distributive laws. We have 
(a, b) [(c, d) +(e, f)]=(a, 5) (c+e, d+f) 
=(a [c+e], b (d+f)) 
=(ac+ae, bd+ bf )=(ac, bd)+(ae, bf) 
=(a, b) (c, d)+(a, 5) (e, f). 


Similarly we can show that the other distributive law also 
olds good. 


R is a ring with respect to the given compositions. 

Commutativity of multiplication. We have 
(a, b) (c, d)=(ac, bd)=(ca, db)=(c, d) (a, b). 
R is a commutative ting. 

Existence of multiplicative identity. We have (1, 1)G Rk. If 
(a, b) € R, then (1, 1) (2, 6)=(la, 1b)=(a, b)=(a, b) (1, 1). 

.. (1, 1) is the multiplicative identity and is therefore the 
unit clement of the ring. So & is a ring with unity also. 

The zero element of this ring is the ordered pair (0, 0). 

Now in order to show that & is a ring with zero divisors we 
should show that there exist two non-zero elements of R whose 
product is equal to the zero element of R. Obviously neither (3, 0) 
nor (0, 5) is equal to the zero element of R. But (3, 0) (0, 5)= 
(3x0, 0x5 =(0, 0) which is the zero element of R&. 

es Aisa ring with zero divisors, 

Ex.13. Let C be the set of the ordered pairs (a, b) of real 
numbers. Define addition and multiplication in C by the equatiuns 

(a, b)-F(c, d)=(a+e, b+ d) 
(a, b) (c, dy=(ac - bd, bc+ ad). 
Prove that C is a field. (Meerut 1978; Marathwada 74) 
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Proof. We see that C is closed with respect to the two 
compositions since a+c, b+-d, ac—bd, bc+-ad are all real numbers. 
Now let (a, 5), (c, d), (e, f) be any elements of C, Then we make 
the following observations : 


Associativity of addition. We have 

[(a, b)+(c, D]+(e, f )=(ate, b+d)+(e,f) 
os ({fa+c]+e, [b+d] +f )=(a+[c+e], 6+[d+/]) 
=(a, b)+(c+e, d+f )=(a, 6)+[(c, d)+(e, f)]. 

Commutativity of addition. We have 

(a, d)+(c, dh=(ate, b+d)=(c+a, d+b)—(c, d)+(a, 4). 

Existence of additive Identity. We have (0, 0)EC. 

Also (0, 0,+ (a, 6)=(0+a, 0+6)=(a, 5). 

.. (0, 0) is the additive identity. 

Existence of additive inverse. If (a, b) € C, then 

(-~a, —b)EC. We have 

(—a, —b)+(a, b)=(—a+a, —b+5)=(0, 0) 
(—a, —b) is the additive inverse of (a, 5). 

Associativity of multiplication. We have 

[(a, b) (c, d)] (e, f)=(ac— bd, be+-ad) (e, f) 

== ([ac—bd] e--[bc-+ ad] f, [be+ ad] e+-[ac—bd] f) 

==(a [ce—df]—b [de+ cf}, b [ce—df]+a [de+cf)}) 

= (a, b) (ce— df, de+cf) =(a, 6) [(c, d) (€, f)}. 

Distributive laws We have 

(a, b) [(c, d)+(e, f)J=(a, b) (e+e, d+f) 

=(a [c+ej—b [d+ f], b [c t-e] +a [d+f]) 

== ([ac—bd]+ [ae— bf}, [be4-ad]+ [be-+-af }) 

=(ac—hd, be+ad)-+ (ae — bf, be+af)=(a, b)(c, d)+(a, be, f). 

Similarly we can show that the other distributive law also 
holds good. 

Therefor: C is aring with respect tothe two compositions, 
The ordered pair (0, 0) is the zero element of the ring. 

Commutativity of multiplication. We have 

(a, b) (c, d)=(ac—bhd, be+ ad)=(ca - db, da+ch)=(, d) (a, ). 

Existence of multiplicative identity. We have (1,0)€ C. If 
(a, b)EC, then (a, 5)(1, 0) (al — 60, 61+ a0)=—a, b)=(1, 0)(a, 4). 
Therefore (1, 0) is the unity element of the ring. 

Existence of multiplicative inverse of each non-zero element 
of C. Let (a, 6) be any noa-zero element of C. Then a and B are 
not both simultaneously zero. If (c, d@) is the multiplicative inverse 
of (s, 4), then we should have 
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(a, 5) (c, d)=(1, 0) 
or (ac—bd, be+ ad) ==(1, 0). 
By the definition of the equality of two ordered pairs, we have 
ac~—bd=1 and bc+-ad=(Q, 
Solving these equations for c, d, we get 


a a d=( ir} 
~ gt+58 3 ~ gt 3 
Now a@;<0 or b30 » a*+5240. Therefore either c or dor 
a b ; 
both are non-zero real numbers. Thus (star —arpr) is the 


multiplicative inverse of (a, b). Hence C is a field. 

Note. In this question C is nothing but the set of complex 
numbers defined as ordered pairs of real numbers. Thus we have 
proved that the set of complex numbers is a field with respect to 
addition and multiplication of complex numbers. 

Ex. 14, Show that the set R of all real valued continuous 
functions defined in the closed interval [0, 1] is a commutative ring 
with unity with respect to the addition and multiplication of functions 
defined pointwise as follows : 


(f+8) (x)=f (x) +8 (*) 
and (fg) (x)=f (x) 8 @), 
where f, g are any two members of R. (Andhra 1975) 


Solution. If f is a real valued function in the closed interval 
(0, 1], then we mean that f (x) is areal number ¥ x € (0, 1]. We 
know that the sum and product of two real numbers are also real 
numbers. Also the sum and product of two continuous functions 
is also.a continuous function. Therefore & is closed with respect 
to the given compositions. 
Now let f, g,4 be any three elements of R. Then we make 
the following observations. 
Associativity of addition. For every x € [0, I], we have 
(f+) +A] (x)=[C f+ 8) (+4 (x) 
=[f (x)+2 (x))+h (x) =f (x)+[e @)+4 I 
[. f(x), g (x), A (x) are real numbers and 
addition of real numbers is associative} 
=f (+ (+h) (x)=[F+(8+ A ©. | 
o. Sta) +h=f+(gt+h), by the equality of two mappings. 
Commutativity of addition. We have 


(f +28) (x)= (v)4 g ()=8 (x) 4S) 
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[*." addition of real numbers is commutative] 
=(g+f) (x). 
“ f+a=etf. 

Existence of additive identity. Let us define a function e by 
the rule e (x)=0 ¥ x@/(0, 1). Then e€ R. Also iff € R, we have 
(e+f) (x)=e (x) +f (x) =04F (x)=f (2). 

 et+f=f. 

.. the function e is the additive identity. 

Existence of additive inverse. Let /ER. Let us define a func- 
tion —/f by the formula (—f) (x)=—[f (x)] ¥ x € [0, I]. 

Then —f € R and we have 
[—f+f] (*)=(-S) (+f (x)= —f (x) +f (x)=0=e (x). 
. —ft+f=e. 
the function — fi is the additive inverse of /. 
Associativity of multiplication. We have 
[(fe) h] (x)=[C/g) (x)] & (x) 
=[f (x) g (x)] A (x)= (x) [8 (x) h (x)] 
=f (x) [(gh) (*)] = [F (gh)] (x). 
. (fg) h=f (gh). 
Distributive laws. We have 
[F(gt+h)] (x) =f (x) {e+ 2) =f (x) [g (x) +h(x)] 
=f(x) a(x) +f (x) h (x)=(fa) (x) + (FA) (x) 
=[ fg+Sh] (x). 

o. Slethj=fetsh. 

Similarly we can prove thot (g+h) f=gf+h/. 

“. Risa ring with respect to the given compositions. 

Commutativity of multiplication. We have 

( fg) (x)=f(x) B(x) =8(x) Sx) = (sf) (x). 

 Sg=af 

.. Ris acommutative ring. 

Existence of multiplicative identity. Let us define a function / 
by the formula i(x)=1 ¥ x € [0,1]. ThenieG Rk. IFSE R, 
we have (if) (x)=i(x) f(x) =1 f(x) =f(>). 

.. if=f=fi [by commutativity of multiplication] 

The function 7 is the multiplicative identity. 
Thus the ring & is with unity element. 
Ex. 15. Give an example of a skew field which is not a field, 
[Delhi 1970 ; Poona 73 ; Meerut 99, 83 (P)] 
Solution, Let M be the set of all 2X2 matrices of the form 
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[ a--ib c+i 
—c+tid  a—ib 
where a, b, c, d are arbitrary real numbers. 


First we shall prove that M is a ring with respect to addition 
and multiplication of matrices. 
= a+ib c+id _f ptiq r+is 
a Bow fed aug p=|_?! is p—iq 
be any two elements of 17. We have 
At Bul (@tP)+ibt+g) — (et+r)+i +s) 
—(e+r)+i(d+s) (a+p)—i(b+q) J’ 
obviously a matrix of the givenform. So A+B E M. 
Also AB 


'(a-+-ib)(p+-ig)+(c+id)(—r+is) (a+ib)(r+is)+(c+id)(p—q) } 
L(—e+id)(p+ig)+(a-ib)(-r+is) (—c+id)(r-+tis)+(a—ib)(p—iq) 


which is 


[ (ap—bgq—cr—ds) (ar—bs-+- cp+-dq) 
+i (aqg+bp+cs—dr) -+-i(as+-br—cq+dp) 
~-(cp+-dq+ar—bs) (—cr—ds--ap— bq) 
4+i(dp —cq+-as+ br) —i(cs—dr+aq-+bp) | 


which is obviously an element of 44. Thus M is closed with res- 
pect to eddition and multiplication of matrices. Further matrix 
addition is commutative as well as associative. The zero matrix 
| 0+70 0+/0 

—0+i0 0-10 


element of M. If A=| 


~am[~or —c—id 
c~—id —a+ib 
sses additive inverse. Further matrix multiplication is associative 
and it is distributive with respect to addition. Hence M is a ring 
with respect to addition and multiplication of matrices. 
Existence of multiplicative identity. The matrix 
| He 1 0] L0 iI is obviously an element of M. It is 
the unit matrix and so it is the multiplicative identity. Thus M isa 
ring with unity. 
Existence of multiplicative inverse of each non-zero element of 
M. Let A= OE re be any non-zero element of M i.e 
: —c+id a—ib sii 


|is the additive identity and so it is the zero 
a+ib c+id 
—c-+id and E M, then obviously 


© M. Thus each element of M posse- 


a, 6, ¢, d are not all equal to zero. We have | 4 |i.e., det 
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A= a*+b*-+.c?-+d#340. Therefore the matrix A is non-singular and 
is therefore inversible. We must show that 47 © M. Let 
| 4 [=m. Then m isa real number and m > 0. We have 
a ee = ae —c— id} 
AT gO AMT cid = aid 
Which is obviously an element of M. Therefore each non-zero 
element of M possesses multiplicative inverse. 


“. Mis askew field (or a division ring). 
Now we shall show that M is nota field 7.e., multiplication 


: : : 3+4% 546i 

In M is not commutative. We have A > 464 3— ai EM, 
_f— 1+i0 1470 I ] 

and B=| 17 ip 110 -|_| i E M. 


_ | —-2—-2i ier ees 8 +27 
=e 7 nee —2+2i J’ and BA= —$-+-23 —2—10i |. 
We see that AB#BA. Therefore multiplication in M is not com- 
mutative and so M is not a field. 

Hence M is a skew field which is not a field. 


Ex. 16. Let p bea prime number, Prave that the set of inte- 
gers I,, 
I,={0, 1, 2, 3,..-... » p—1} 
forms a field with respect to addition and multiplication modulo p., 
(Mysore 1970; Andhra 77; 
Madras 77; Delhi 70; Utkal 70; Aligarh 67) 
Solation. As in the chapter on groups we can prove that 
(i, +,) isan abelian group. Also I, is closed with respect to 
‘x, . The composition ‘x ,” is assOciative as well as commutative. 
Also ‘x,° is distributive with respect to ‘-+-,” as can be proved as 
below : 
Let a, b,c € I,. Then 
QXg (b+, c)—aX, (b+¢) [°° b+, c=b+c ‘mod p)] 
«least non-negative remainder when a (b-+c) is divided by p 
ezleast non-negative remainder when ab--ac is divided by p 
=x (ab)+-» (ac) 
=(aX » b)-+-» (ac) [°° ab=ax, 6b (mod p)j 
=(aX » b)+-, (aX 9c). 
Similarly we can prove the other distributive law. 
1 is the identity element for ‘x,’. . 
The zero clement of the ring (I,,+,2,X,) is 0. As in groups, 
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we @an prove that each non-zero element of J, has multiplicative 
inverse. | 

In short the non-zero elements of I, form an abelian group 
with respect to ‘x,’. Therefore (I,, 4-», X,) is a field. 

Note. If p is not prime, then this ring will have zero divisors 
and so it cannot be a field. 

Ex.17. Prove that the set of residue classes modulo p is a 
commutative ring with respect to addition and multiplication of resi- 
due classes. Further show that the ring of residue classes modulo p 
is afield if and only if p is a prime. 

(Kanpur 1980; Vikram 79; Karnatak 77; 1A.S 74; Allahabad 80; 
Kumayun 77; Sagar 77; Bombay 70; Meerut 74) 

Solution. Let J, be the set of residue classes modulo p. Then 
I, has p distinct elements. Thus I,={{0], [1], [2],.... [p—1]}. 

Let [a], [b] & Ip. Then we define addition and multiplication 
of residue classes as follows : 

[a] +[b] =[a+d], (addition) 
[a] [6] = [ab] (multiplication). 

Since [a+}] and [ab] are both residue classes modulo p, there- 
fore I, is closed with respect to addition and multiplication 

Now let [a], [4], [c] be any elements of J,. Then we observe : 

Commutativity of addition. 


{a] + [5] =[a+0] (by def. of addition of residue classes) 
== [b+] (*.. addition of integers is commutative) 
=(b]-+Ial: 


Associativity of addition. We have 
({a}-+-[5]) +e] ==[44- b) + jc]=[(a+ b)4-c]=[a4 (b+c)] 
=[aj+-[¢-+c¢]=[a] + ([b]+ [e)). 

Existence of additive identity. We have [0] € I,. If [a] € I,, 
then [0]-+[a]=[0+ a]=|[a]. Therefore [0] is the additive identity. 

Existence of additive inverse. Let [a] © 3,. Then [—a] € I,. 
We have [—a]+[a]=[—a+a]=—[0]. Therefore [—a] is the additive 
inverse of [a]. 

Associativity of multiplication. We have 

({a] [6]) (c]=[46] [c] =[(ab) c]=[a (bc)] =[a] (be]=[a) ({4} [e]) 

Commutativity of multiplication. We have 

[a] [5] = [ab] = [ba] = [4] [a). 

Distributive Laws. We have 

[a) ([6}+[c])}=[a] [6+-c]=[a (6+¢)] =[ab+ac] 
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= [ab] + [ac] =[a] [5]+[a] [el]. 

Similarly = ((6)-+ [¢]) [a]=[5) [a] +[c} [al. 

Thus I, is a commutative ring. Note that it is a finite ring 
because it has p elements. Now suppose that p is a prime number. 
Then to prove that J, is a field. Let [a], [b} € I,. Then 

(a) [6]=[0] > [ab] =(0] 

=> pis adivisor of ab i.e., p | ab 

=> p|aorp| 5. (Note that if a and 6 are any two integers 
and pis a prime number, then p | ab>p | aor p | d] 

=> [a]=[0] or [b]=[0]. 

Thus J, is without zero divisors. Therefore I, is an integral 
domain. But every finite integral domain is a field. Hence I, is a 
field. 

Conversely suppose that I, is a field. Then I, is an integral 
domain. Therefore I, is without zero divisors. We are to prove 
that p is a prime number. Suppose p is not prime, but p is com- 
posite. Let pezmn, where] << m<p,l<«n<p. Then 

[mn] =[ p] 
=> [m] [n] =[0] (.° [p]=[0]) 

Also [m]4[0], since 1 < m <p. Similarly [nj540. 

Thus [m] [n] =[0] while neither [m]==[0] nor [n]==[0]. 

Therefore I, possesses zero divisors and thus we get a contra- 
diction. Hence p must be prime. 


Exercises 


1. Prove that the set of rational numbers (real numbers or 
complex numbers) is a field with respect to addition and multipli- 


cation, (Meerut 1976) 
2. (i) Prove that the set of integers 1s an integral domain 
with respect to addition and multiplication. (Meerut 1975) 


(ii) Define a field. Prove that every ficld is an integral 

domain, but there exist some integral domains which are not fields. 

(Madurai 1978) 

3. Define a ring and furnish an example of (i) a non-commu- 
tative ring with unity, (ii) a commutative ring without unity. 

(Kerala 1974 ; Delhi 70) 

4. Prove that in the list of axioms for a ring R with unity the 

axiom demanding commutativity under addition may be omitted. 

(Kerala 1970) 
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5. Is every field also a division rirg ? Does the set of all 
integers under usual addition and multiplication form a field ? 
Give some example of a field which is finite. 

(Kanpur 1969 ; Meerut 76) 

6. Prove that the set of integers R, 

R={0, 1, 2, 3, 4} 
forms a field under addition modulo 5 and multiplication 
modulo $. 

7. Prove that the set {0, 1, 2} (mod 3) is a field with respect 
to addition and multiplication. ‘Meerut 1977) 

8. If two operations * ando on the setI of integers are 
defined as follows : 

a*b=a+b 1,a0b=a+b—ab 
prove that the system (I, *, 0) is a commutative ring with identity. 
(Banaras 1970) 

9. If Ris aring with unity element 1, then (—1) a=—a=a 
(—1) ¥ @ER and (—1)(—1)=1. (Banaras 1968 ; Kolhapur 73) 

10. Ifaddition and multiplication modulo 10 is defined on 
the set of integers R={0, 2, 4, 6, 8}, prove that the resulting 
system is a ring with unity. Is it an integral domain? Ans. Yes, 

11. Let Abe the set of all real valued functions on (—o, ©9). 
Define (f+) (x)=/f (x)+g (x) and (fxg) (x)= (g (x)) for every 
x in (—©e, 0). Is Aa ring with respect to these two operations ? 

(Kerala 1969) 
Ans. No; the distributive laws do not hold. 

12. Show that a ring R which has a unique element e with 
the property that ea=a V¥ a € R, has unity. (Meerut 3979) 

13. Ifaring KR has a left identity as well as right identity, 
then the two are equal. (Lucknow 1968) 

_ 14. Prove that the only idempotent elements of an integral 
domain with unity are 0 and 1. (Nagarjuna 1978) 

15. An element a of a ring R is said to be nilpotent if a*=0 
for some positive integer n. Prove that a=O is the only nilpotent 
element of an integral domain. 

16. (i) Prove that a ring Ris commutative if and only if 
(a4+-b)*=a*+2ab+b* ¥ a,b E R. (Agra 1980) 

(ii) If R is a commutative ring, prove by induction that 
(a+ b)*=a*-+- "cya" “b-+-"c,0*-*5"-+. ...-1. " for every positive integer . 
ns here a and b are elements of 2. _ (Allahabad 1965) 

' 17, Prove that every field is an integral domain but every 
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integral domain is nota field. Give an example of an integral 
domain which is also a field. (Meerat 1977) 
18, Prove that the set of matrices 


[5 al 


where a, b are complex numbers and @,5 denote the complex 
conjugates of a and b, is a skew field for matrix addition and 
matrix multiplication. 


19. Give examples to illustrate the difference between a field, 


a skew field and an integral domain. (Meerut 1978, 79, 82) 
20. Define a ring and an integral domain. Give an example 
of a ring which is not an integral domain. (Marathwada 1970) 
21. Give an example each of : 
(i) a non-commutative ring. (Guru Nanak 1975) 
(ii) Ring without zero divisors. 
(iii) divison-ring.- . (Lucknow 1970 ; Marathwada 75) 
(iv) A-ring which is not an integra] domain. 
(Meerut 1984) 
22. Explain with ‘an example the difference between a field 
and a skew field. - (Meerut 1976) 


23. Ifin aring with unity any element a has the multiplica- 
tive inverse, then a cannot be a divisor of zero. (Lucknow 1969) 
24. Prove that in a field: 
.~ @C ... @ ¢ ad—be 
(i) prog ad=be. (ii) aa ee © Bi . 
(iii) (—a2=—(e-2), (iv) aoe (Allahabad 1970) 
25. Show that Z[./—S5], the set of complex numbers 
a-++ bs/(--5) where a, 5 are integers, is an integral domain. 


(Meerut 1974) 
26. Prove that the ring I/(p), of integers modulo p is a field 
if and only if p is prime. (1.A.S. 1974) 


27. Define commutative rings, integral domains and field. 
For the following, tell which of the above these are : 
(i) Thering of integers modulo 4. 
(ii) The ring of all 2x2 matrices over rationals. 
(iii) The ring of all complex numbers. | 
(iv) The ring of rationa] numbers of the type a/p*, where p 
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is a fixed prime, a any integer and any integer > 0. 
(Meerut 1976) 

Ans, (i) commutative ring ; (ii) none ; (iii) field ; 

(iv) integral domain. 

28. Show that the set of all 2x2 matrices over a field F 
forms a non-commutative ring under matrix addition and multi- 
plication. Show also that this ring contains divisors of zero. 

(I.A.S. 1971 ; Meerut 77) 

29. Let R bearing with unit element. Let R denote an algeb- 
raic system consisting of the same elements as R and the two com- 
positions of @ and *, called, respectively, addition and multipli- 
cation, defined in it by the rule : 

a@b=a-+b+1, and a * b=ab+a+b where a, bE R 
and where the addition and multiplication on the right hand side 
of these relations are those of R. Prove that R is a ring. Find the 


zero element and the unit element of R. 
(I.A.S, 1974 ; Raj. 78 ; Madras 78) 
30. Show that the set of all 2x2 non-singular matrices over 
rationals is not a ring under matrix addition and multiplication. 
(Meerut 1973) 
31. Prove the cancellation Jaw from the other postulates for 


a field. (Kolhapur 1973) 
32. Enumerate the properties of a set to define an integral 
domain. (1.A.8. 197]) 
33. If R is any ring, express (a+ 5)8 as a sum of products of 
aandb,a,bE R. (Poona 1973) 
34. For what values of 7, is In, 
(i) integral domain (ii) field ? (Poona 1973) 


35. Give an example of a field F, which satisfies OCFCR, 
where Q and & are the fields of rational and real numbers respecti- 


vely. 
36. Show thata finite ring with unity and no divisors of zzro 
is a division ring. (Meerut 1980) 


§ 7. Isomorphism of Rings. A ring R is said to be isomorphic 
to another ring R' if there exists a one-one mapping f of R onto R' 
such that 
f (a+b)=f (a)+f (b), flaby=f (a) f (b) ¥ a,b € R. 


Also such a mapping f is said to he an isomorphism of R onto R’, 
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A mapping f: RR’ is an isomorphism of R into R’ if f is 
one-one and if f(a+ b)=f(a)+f(b) and f(ab}=fla) f(b) ¥ a,b E R. 
For f to be an isomorphism of R onto R’, it must be one-one onto 
and it must preserve both addition and multiplication compositions 
in R and R’. There may be more than one isomorphisms of R onte 
R‘ if R is isomorphic to R’. 

If a ring R is isomorphic to another ring R’, we shall write in 
symbols R&R’. Also R’ is said to be an isomorphic image of R. 

Note. In the above definition of isomorphism of rings, we 
have denoted the compositions in the two rings by the same sym- 
bols. The elements tell us that what is the composition represen- 
ted by any symbol. For example, a, b € R. When we write a+48, 
ab then the respective compositions are addition and ~nultiplica- 
tion of R. Again f(a), f(b) € R’. When we write f(a)+/(4), 
(a) f(b) then the respective compositions are addition and multi- 
plication of R’. 

Relation of isomorphism in the set of all rings. 

As we have proved in groups, we can prove that the relation 
of isomorphism in the set of all rings is an equivalence relation. 
Therefore it will partition the set of all rings in'o disjoint equiva- 
lence classes such that any two rings of the same class are iso- 
morphic to each other while rings of different classes are not iso- 
morphic. Any two rings belonging to the same equivalence class 
are Said to be abstractly identical. 

Example. Let R be the ring of integers under ordinary addition 
and multiplication, Let R’ be the set of all even integers. Let us 
define multiplication in R' to be denated hy ‘*° by the relation 

qa * bat? ’ 
2 
where ab is the ordinary multiplication of two integers a and 6, 

(i) Prove that (R’,-+, *) isa commutative ring where-} stands 
for ordinary addition of integers. 

(ii) Prove that R is isomorphic to R’. 

(iii) What acts as the unit eiement of R’? 

Solution. Obviously R’ is an abelian group with respect to 
addition. j 

If a and b are both even integers then . is also an even inte- 


é 


hb , 
ger. Therefore asb=(5 | ER’ va he R’, 
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Thus R’ is closed with respect to *. 
Also if a, b, c are any elements of RX’, then 


Prine ae(% =) a oie re. -(4) setae Dye. 


. * Is bin 


Further (a * b= Pa al * @). 


.. * iscommutative. 
Again a+ (b+c)— : Cro = = +96. (ash) +(a*c). 
Similarly (b-+0) & Re ees 
.. * is distributive with respect to +. 
.. (R’, +, *) is a commutative ring. 
(ii) _We shall now show that R is isomorphic to R’. Consi- 
der the mapping f defined by 
f: R-R’ such that f(x)=2x ¥ xER. 
The mapping f is obviously one-one onto. 
Also W X3, Xa € R we have 
S (xa Xa)—=2 (%94+-X2) 2x44 2X9=f(41) +/(%2) 


and f (x1 X2)=2 (m1 4 FO) = ary) + Qe =fled) Mrs) 


“. the mapping f is an isomorphism of R onto R’. 
(iii) Here 1 is the unit element of R. We have f(1)=2. Since 
f is an isomorphism of Ronto R’, therefore 2 must be the unit ele- 


ment of R’. We have for all a& R’, 2 * an Feana * 2. 


.. 2 is the unit element of R’. 
§ 8. Properties of isomorphism of rings. 


Theorem. [ff isan isomorphism of a ring R onto a ring R', 
then . 
(i) the image of the zero of R is the zero of R’. (Nagpur 75) 
(ii) the image of the negative of an element of R is the negative 
of the image of that element i.e., f (—a)=—f (a) ¥ aER. 
(Nagpur 75) 
(iii) If Ris commutative ring, then R'is also a commutative 
ring. 
(iv) If Ris without zero divisors, then R' is also without zero 
divisors, 


(vy) If R is with unit element, then R’ is also with unit element. 
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(vt) Uf Risa field, then R’ is also a field. (Kanpur 1980) 

(vit) If R ts a skew field, then R’ is also a skew field. 

Proof. (i) Let aER. Then/(a)E R’. Let 0’ denote the zero 
element of R’, To prove that £ (0) =0’. 

We have f(a)-++0’ =f (a)=f (a+-0)=/(a)+fi0). By cancellation 
law for addition in R’, we get from f(a)-+0’ =f(a)-+/(0), the result 
that G’=/(0). 

(ii) We have f(a)+f (—a)=f [a+(—a)]|=/(0) =0". 

“. jf (—a) is the additive inverse of f (a) in R’. Thus 
S(—a)=—f(a). 
(iii) Let f(a) and f(b) be any two elements of R’. Then 
a, bE R. ; 

We have f(a) f(b\=f (ab)=f(ba) 

_{. Ris commutative » ab=ba] 
=f (b) f (a). 

~» A’ is also commutative. 

(iv) We have f(0)=0". Also f is one-one. Therefore 0 is the 
only element of R whose f-image is 0’. 

Let f(a), f(b) be two non-zero elements of R’. Then f(a)#0, 
S(b)A0' > aZX0, 60. Since R is without zero divisors, therefore 

a#0, b40 » abX0 > f(ab)A/(0) 

=> f(a) f(b)40’ > R’ is without zero divisors. 

(v) Let 1 be the unit element of R. Then f(ljER’. If f (a) 
is any element of R’, we have 

fA) f(a@)=fUla)=f (a) and f(a) f(1)=f(al)=/(a). 

-. f()) is the unit element of R’. 

(vi) If R is afield, then R is commutative, with unity and 
each non-zero element of & will possess raultiplicative inverse. Now 
as proved in (iii) and (v), R’ will be commutative and will also 
have the unit element i.e., f(L). 

Let f(a) be any non-zero element of XR’. Then 

Sia)#V’ > a0 = a™ exists. 

Now fia)E &’ and we have 

fia) fa)=fia a)=f(l) and f(a) f(a) =f(aa) = f(1). 

“. (aq) is the multiplicative inverse of / (a), 

Hence &’ is a field. 


(vii) As shown in (v) R’ will be with unit element i.e., f(1) and 
as Shown in (vi) each non-zero element of R’ will be inversible. 
Therefore R’ is a skew-field. 
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Transference of ring structure. 

Theorem. If fis a one-one mapping of a ring R onto a set R’ 
with two compositions denoted additively and multiplicatively such 
that f(a+b)=f(a)+f(b), f(ab)=f(a) f(b) ¥ a,b ER, then the set 
R’ is a ring for the two compositions. (Banaras 1967) 

The theorem can be easily proved as we have proved the 
corresponding theorem on groups. 

$9. Subrings. 

Definition, Let R bea ring. A non-empty subset S of the set R 
is said to be a subring of Rif S is closed with respect to the opera- 
tions of addition and multiplication in R and S itself is a ring for 
these operations. (Indore 1970; Meerut 74) 

If S is a subring of a ring R, it is obvious that S is a subgroup 
of the additive group of R. 

If R is any ring, then {0} and R itself are always subrings of 
R. These are known as improper subrings of R. Other subrings 
if any, of R are calied proper subrings of R. 

Conditions for a subring. Theorem. Zhe necessary and sufficient 
conditions for a non-empty subset S of a ring R to be a subring of R 
are 

(i) aES, BES > a—bES (ii) aE S, bES => abES. 

(Indore 1970; Madurai 78; Meerut 80, 81; 
Garbwal 76; Rajasthan 76) 

Proof. The conditions are necessary. Suppose (S, +, °) isa 
subring of (R, +, .). 

Since S is a group with respect to addition, therefore 5 € S$ 
=> —beS. 

Now S is closed with respect to addition. 

., a&S, be £ > a€S, —beES 

> u+(—b)ES>a—beES. 

Also S is closed with respect to multiplication. 

< ac, be S = abe S. 

Hence the conditions are necessary. 

The conditions are sufficient. Suppose S is a non-empty subset 
of R and the conditions (i) and (ii) are satisfied. From (i), we 
have 

a&S, aeS$ > a—ue$ 
> O0€ Si.e., the zero element & S. 
Now since 0€ S, therefore from (i), we have 
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0E€ S.aES>0-ae S > —a&ES ive., cach element of S 
possesses additive inverse. 
Now if a, 6 are any elements of S, then —0ES. 
From (i), we have 
aE S,—bES > a—(—b)ES > atd ES. 
S is closed with respect to addition. 
Now S is a subset of R. Therefore associativity and commu- 
tativity of addition must hold in S since they hold in 2. 
-. (S, +) is an abelian group. 
From (ii) S is closed with respect to multiplication. 
Associativity of multiplication and distri butivity of multiplica- 
tion Over addition must hold in S since they hold in 2. 
Hence § is a subring of R. 
Cor. The necessary and sufficient conditions for a non-empty 
subset S of a ring R to be a subring of R are 
Gi) S+(—S)=S (ii) SSCS. (Meerut 1970) 
Intersection of subrings. 
Theorem 1. The intersection of two subrings is a subring. 
(Indore 1970, Meerut 84, Kanpur 80, Garhwal 76; Rajasthan 77) 
Proof. Let S, and Sz be two subrings of a ring R. Then Sy Se 
is not empty since at least O€ S183. 
Now in order to prove that SiflSs is a subring, it is sufficient 
to prove that 
(i) aEKNS2, 665,082 > a-bES NS: 
and (ii) cE SiaNSs, bES\N 3, > aE SN Ss. 
We have gE 81953 > @&S), aE 8S; 
bE S8,NS2> be S,, bE Ss. 
Now S, and S, are both subrings. 
e GES, bES, > a—bes, and abe S; 
and aE S:, bE S: > a—bES, and abE Sy. 
Now a—beS,, a—b € 8S; > a—bES, NO S: 
and ab G S; ab © 8S; > ab] S$, Sz. 
Thus a&€S,NS2, 5€81NS3 
=>a—b = 5319S. and ab © S,(Ss. 
~. 5,1 Ss is a subring of R. 
Theorem 2. An arbitrary intersection of subrings is a subring. 
Proof. Let Rbearing and let {S;: 767} be any family of 
subrings of R. Here 7 is an index set and is such that ¥ ¢ & 7, 
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S,isasubring of R. LetS= () Ssm{xER: xES, ¥ tET}be 
teT 


the intersection of this family of subrings of R. Then to prove 
that S is also a subring of R. 

Obviously S#Q, since at least the zero element 0 of R is in 
Ss: ¥ teT. 


Now let a, b be any two elements of S. Then 
ae Nn SAGES VteT 
1eT 


and bE NN S&F cSbOES Vite fT. 
‘eT 


But ¥ r1ET, Sis a subring of R. Therefore 
a_,b6€ S:; > a—b, abe S,v tET. 
Consequently a—b, ab G 1 S;. Thus we have shown that 
eT 
abe On S:2>a-babe fn S&:. 
1ET ‘eT 


Therefore  S, is a subring of R. 
teT 


Smallest subring containing a given subset of aring. Suppose 
R is a ring and M is any subset of &. Further suppose that S is a 
subring of R such that M © S and if T is any subring of & con- 
taining M then SCT. Then S is cailed the subring of RK generated 
by the subset M. In short if Sis the smallest subring of R coa- 
taining M, then S is called the subring generated by Af. Also we 
write S=(A/). 

Theorem. Tie intersection of the family of subrings which 
contain a given subset M ofaring Ris the smallest subring con- 
taining the subset M. 

Proof. The family of subrings which contain M is not empty 
since at least R is a subring of R which contains M. Further tse 
intersection of all subrings of R which contain M is also a subring 
of Rand M is contained in this intersection. Also this intersection 
will be contained in any subring of R which contains M. Therefore 
this intersection is the smallest subring of R containing M i e., it 
is the subring of R generated by AM. 


Some Examples of subrings. 


Example 1. Jue set of integers is a subring of the ring of 
rational numbers. 
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Ifa, b € I, then a—b E I and ab € I. 
-. Lis a subring of the ring of rational bombers, 


Example 2. The set of all nxn matrices ever the field of 


rational numbers isa subring of ‘he ring of all n x8 aiatrices over 
the field of real numbers. 


_ Example 3. Let R be the ring of ail 2x2 ane 
field of real numiiers. Let M be a subset of R and let the elements 
of M' be matrices of the type 


ol 


i.e., matrices in which the elements of second column are all zero. 
Then M is a subring of R. 


Let a~|? of s| 44 be any two clements of M. 


Tuen 4—B=[ 5 of Ato 48=[5. oll ollie of: 


Now A—B and AB are both members of M since the second 
column of A—B and also of AB consists of zeros only. 


~. M is a subring of R. 
Example 4. Show that the set of matrices [c 4 is a subring of 
the ring of 2X 2 matrices with integral elements. 
(Meerat 1979 ; Madras &3) 
Solation. Let R be the ring of 2x2 matrices with integral 
elements and let Af be the subset of & and let the clements of Mf 


be mutrices of the type EF ef 


Let A= me “|. s-|¢ i be any two elements of M. 


Then 4-n-|*)* O22 | which is obviously an ele- 
ment of Mf. 


Also 4B=|¢ by of ben =|" = which is 
obviously an element of Mf. 
-. Misa subring of &. 


Example 5. Let R be the ring of integers. Let m be any fixed 
integer and let S be any subset of R such that 
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S={..., —3m, —2m, —m, 0, m, Im, 3m,...}. Then S is'a sub- 
ring of R. 

Let a=rm and b=sm be any two elements of S. Then rand s 
are sOme integers. We have 

&—b=rm—sm=(r—s) m and ab=(rm) (sm)=(rsm) m. 

Since r—s is some integer and (rsm) is also some integer, 
therefore both a—b and ab are elements of S. Hence S is a sub- 
ring of R. 


§10. Subfields. 


Definition. Let F bea field. A non-empty subset K of the set 
Fis said tobe a subfield of F if K is closed with respect to the 
operations of addition and multiplication in F and K itself is a field 
Jor these operations. (Kanpur 1969) 

Conditions for a subfield. Theorem. Zhe necessary and 
sufficient conditions for a non-empty subset K of a field F to bea 
subfield of F are 

W ae kKbe Ka a—hbeEe Kk. 

(ii) aE K, 04bE€ K> ab € K. (Bombay 1970) 

Proof. The conditions are necessary. Suppose K is a sub- 
field of the field F. Now Kis a group with respect to addition. 
ThereforebG K> ~—bE K. Also Kis closed with respect to 
addition. 

- @&€K,bEK > a+(—b) G K=> a- be K. 

Now each non-zero element of K possesses multiplicative 
inverse. Therefore 04bE K » b“€ K. 

But K is closed with respect to multiplication, 

. @&K, gAbDEK @ ab € K. 

Hence the conditions are necessary. 

The conditions are sufficient. Suppose K is a non-empty 
subset of F and the conditions (i) and (ii) are satisfied. 

As we have proved in subrings, we can prove that with the 
help of condition (i), (K, +) is an abelian group. [Give the same 
proof here]. , 

Now let a be any non-zero element of K. Then from (ii) we 
havea E K,04aE K>aa€ K2 1E K. 

Now | € K, therefore again from (ii), we have 

lEK, OFC E Ke lete Ke aoc k. 
_ee Each non-zero element of K. possesses multiplicative 
inverse. 


Rings 291 


Now let aE XK and 0b EK. Then J7€ K. 
From (ii), we have 
a@& k,04b°E€ K>a(b)N 6G Ka ae K. 
Also if b=0, then ab=0 and OE K. 
abe K ¥ a, bEK. 

Associativity of multiplication and distributivity of multipli- 
cation over addition must hold in K since they hold in F. 

Hence K is a subfield of F. 

Example. The field of real numbers js a subfield of the field 
of complex numbers. The field of rationa] numbers is a subfield 
of the field of real nurnbers. 

§11. Characteristic of a ring. 

Definition. Let R bea ring with zero element 0 and suppose 
there exists a positive integer n such that na=a+a+...upto n 
terms=0 for everya EG R. The smallest such positive integer n is 
called the characteristic of the ring R. Uf there exists no such posi- 
tive integer, then R is said to be of characteristic zero or infinite. 

(Nagarjuna 1978; Rajasthan 76) 

If any element of a ring R is of order zero when regarded as 
an element of the additive group (R, +), then R will be of zeto 
charact ristic. 

The ring of integers is of characteristic zero, The ring of 
rational numbers is also of characteristic zero. 

If ls={0, 1, 2, 3, 4, 5}, then the ring (Ie, +6, Xs) i.e., the ring 
of integers modulv 6 has characteristic 6 since 6x=0 for every x 
in the ring. Obviously no integer smaller than 6 satisfies this 
property. For instance, 5 cannot be the characteristic, since 5(2)=4 
in Ig and 40. 

Theorem 1. The characteristic cf a ring with unity is 0 or n>0 
according as the unity element 1 regarded as a member of the addi- 
tive group of the ring has the order zero orn, 

Proof. Let R be aring with unity element 1. If 1 has order 
zero, then the characteristic of the ring is zero. 

Suppose 1 is of finite order n so that 

1+1+1+...upto 2 terms=0 i.e., nl =0. 
Let a be any element of R. Then, we have 
na=a+tat+a+t...upto a terms 
=Ja+la+la+...upto a terms 
=(I+1+1-+...upto a terms) a@ (by dist. Jaw} 
=(nl) a=Qa=0, 
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-. order of ais < n. 

Hence the characteristic of the ring is n. 

Theorem 2. The characteristic of an integral domain is 0 or 
n > 0 according as the order of any non-zero element regarded as a 
member of the additive group of the integral domain is either 0 or n. 


(Rajasthan 1976) 
Proof. Let D be an integral domain. 
If a non-zero element of D is of order zero, then the charac- 
teristic of D is zero. 
Let the order of the non-zero element @ be finite and equal to 
n. Then na=0. 
Suppose 5 is any other non-zero element of D. 
Wehave na=0 
=> (na) b=0 Pare 
» (a+a+a+t...upto m terms) b=0 
s» (ab-+ab--ab+...upto n terms)=0 
=> a(b+b+6-+...upto na terms)=0 
=e a (nb)=0. 


pene is without zero divisors. Therefore 240 and a (nb)=0 
=> nb=0. 


But the order of a ism => nis the least positive integer such 
that na=0. Also we have n0=0. Thusn is the least positive 
integer such that nx=0 ¥ xED. Hence D is of characteristic n. 

Theorem 3. Each non-zero element of an integral domain D, 
regarded asa member of the additive group of D, is of the same 
order. (Andhra 1975, 77) 

Proof. Let D be an integral domain. Suppose a is a non- 
zero element of D and o (a).is finite and say, equal to n. 

Suppose 5 is any other non-zero element of D and o (b)=m. 

We have o (a)=n > na=(0 

> nb=(0 [See Theorem 2] 
>o(b)qnamen. 

Similarly o(5)=«m = mb=0 => a (mb)=0 

> a(b+b+...upto m times)=0 

=> (ab-+ab+ab+-...upto m times)=0 

=> (a+a+a...upto m times) b=0 

=> (ma) b=0 | 

= ma=Q [°" 6340 and D is without zero 
divisors] 

~o(@qmranenm. 
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Now mqn,n qm > m=n,. Hence o(a)=0(h). 

Also if o (a) is zero, then o (b) cannot be finite. Because 
o (b)=m = ma=-0 i.e., the order of a is finite. Hence o (b) must 
also be zero. Hence the theorem. 

Theorem 4. The characteristic of an integral domain is either 
0 or a prime number, (1.A.S. 1971; Nagarjuna 78, 79, 80; 

Kerala 70; Madras 77; Andhra 75, 77; Kaupur 80) 

Proof. Suppose D is an integral domain. Let O#aED. If 
o (a) is zero, then the characteristic of Dis0. Ifo (a) is finite, 
let o (a)=p. Then the characteristic of D will be p. We are to 
prove that p must be prime. 


Suppose p is not prime. Let p=p,ps where pil, psx*1 and 
Pi < p also pe < p. 

Since Dis an iategral domain, therefore the product of two 
non-zero clements of D cannot be equal to 0. 

aaxX0 i.e., a*<0. 
Now in an integral domain two non-zero elements are of the 
Same order. 
3. o(a)=p > o (a*)=p > pa’=0 
=> ( pipa)a*=0 [ p=psPal 
=> (a?+ a*+a7+...upto pp, terms)=0 
=> (p12) ( psa)=0 
=> either pa—0 or pra=0 
[°° J is without zero divisors] 

But p, < pand ps < p. Alsop isthe Jeast positive integer 
such that pa=0. Hence p must be prime. 

Characteristic of a field. Every field is an integral domain. 
Therefore the characteristic of a field F is Oorn > 0 according as 
any non-zero element (in particular the unit element 1) of Fis of 
order O or n. 

Thus in order to find the characteristic of a field F, we should 
find the order of the unit element 1 of F when regarded as a 
member of the additive group of F. If the order of 1 is zero, then 
Fis of characteristic 0. Ifthe order of 1 is finite, say, m then 
the characteristic of F is a. 

The characteristic of the field of real numbers is 0. 

The characteristic of the finite field (Iv, +2, <7) 18 7 where 
Ip={0, 1, 2, 3, 4, 5, 6}. 
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§ 12 Ordered Integral Domains. 

Definition. An integral domain (D, +, ¢) is said to be ordered 
if D contains a subset D,. such that 

(i) D, is closedwith respect to addition and multiplication as 
defined on D. 

(ii) aq D, one and only one of a=0,a & D,, -a & Ds, 
holds (principle of Trichotomy). (Allahabad 1965, 70; Bombay 70) 

The elements of D.. are called the positive elements of D; all 
other non-zero elements of D are called negative elements of D. 

Ordered field" A field (F, +, *) is said to be ordered if it is 
ordered as an integral domain. (Kolhapur 1973) 

The integral domain (I, +,°) of all integeis is ordered. 

The set I. of all positive integers is the set of the positive 
elements of this integral domain. We know that the sum and 
product of two positive integers is again a positive integer i.e., I.. 
is closed with respect to addition and multiplication. If @ € I, 
then either a is zero or positive or negative i.e., either a=O or 
aGél.or ael,. 

The field of rational numbers is an ordered fizld. The field 
of real numbers is also an ordered field. But the field of complex 
numbers is not an ordered field. 

Theorem 1. Let D be an integral domain with unity element 1. 
Lf D is an ordered integral domain show that 1 is a positive element 
of D. (Allahabad 1976) 

Proof. Let D be an ordered integral domain with unity 
element 1. Let D, denote the set of positive elements of D. 

Suppose 1 ¢ D.. 

Now 140. Since 1 ¢& D, therefore by the definition of an 
ordered integral domain, 

—l€ Dy 
=> (—1)(—1) € Di [°° D..is closed with respect to 
multiphcation] 
= 1 € D,. which is a contradiction. 

Hence 1 & D.. i.e., 1 is a positive element of D. 

Theorem 2. The field (C, +, +) of complex mumbers is not 
ordered. (Banaras 1969; Meerut 76, 78; ANahabad 70) 

Proof. Suppose C is an ordered field and C, is the set of | 
positive elements of this field. The additive identity fe., the zero 
element js 0+ i0. 

Now 14.0. 
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By the principle of trichotomy either i € C, or —i © Cy. 
Now Cy, is closed with respect to multiplication 
oa iE Cy. @ i.i=—] E Cy. 


Again i€C,, —1EC,>7(-—1l)=—iEC,. Thus if (EC, its 
additive inverse —i also belongs to C,. This contradicts the prin- 
ciple of trichotomy /.e., the condition (ii} of the definition of an 
ordered integral domain. 

Similarly if we assume that --iEC,, we can show that its 
additive inverse i also belongs to C,. This again contradicts the 
principle of trichotomy. 

Hence the field of complex numbers is not an ordered field, 

Theorem 3. The jield (p+ ),X,) where p is a prime and 
1,={0, 1,..., p—1}_ is not ordered. 

Proof. Suppose J, is an ordered fieid and P is the set of 
positive elements of this field. The zero element of this field is 0. 

Now 1;40. The additive inverse of 1 is p—1. According to 
the definition of ordered field either 1 € Por its additive inverse 
p—\eP. 

But P is closed with respect to +-,. 

Therefore 1E P31-+, 1+» 1+>)...upto p—1 times © P 

>p-le P. 

This contradicts the principle of .richotomy. Similarly assum. 
ing that p-1€P we can show that its additive inverse 1 also be- 
longs to P. This again contradicts the principle of trichotomy. 
Hence the given field is not an ordered field. 

Order relations in an ordered integral domain. 

Definition. Let D be an ordered integral domain and Dz. be 
the set of positive elements of D. Then we define ‘less than” (<) 
‘greatcr than’ (>) relations in D as jollows : 

For all a, bE D, we have 

(i) a> bwhena-beE D,. 

(ii) a < b when b—a &€ Dy. 

Obviously a> biffb<a. 

Theorem. TJhe order relation in an ordered integral domain is 
transitive ie.,a>b, b>c Pape. (Kolhapur 73) 

Proof. Let D be an ordered integral domain and Jet D,. be the 
set of positive elements of D. 

We have a>b > a—be D, [by def. of >] 
and b>c > 5b—c € Du. 
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Now D, is closed with respect to addition. 
° a—-bE Dx, b—e € Dy » (a—b)+(b—03) E Dz 
~a-ce D,7> a>e. 
Exercises 
1. If Ris a ring, show that Z(R)={xER : xy=yx, ¥ yER} 
is a subrirg of R. Further show that Z(R) is a field if Ris a divi- 


sion ring. (Delhi 1969, 70) 
2. Prove or disprove that any subring of a non-commutative 
ring is non-commutative. (Meerut 1976) 


3. Let x, y be commutative elements of a ring R of characte- 
ristictwo. Show that (x+ 7)*=x?+ y2=(x— y)®. 

4. Let R be a non-zero ring such that for alla € R, a—a. 
Prove that R is a commutative ring of characteristic 2. 

(Madras 1974; Nagarjuna 1978, 79, 80) 

§. Show that every finite integral domain is of finite charac- 
teristic. 

6. Show that in an integral domain all non-zero elements 
generate additive cyclic groups of the same order which is equal to 
the characteristic of the integral domain. (Allahabad 1978) 

7. Give without proof, an example of an integral domain 
which contains only five clements. Is this an ordered integral 
domain ? Giv2 reason. (Allahabad 1970) 

8. Define the characteristic of a ring and prove that if R is a 
finite ring then the characteristic of R is finite and 340. 

(Kerala 1970) 

9 Define an ordered field and illustrate the concept with the 
help of an example. (Meerut 1974) 


10. Show that the set of Matrices| 7 3 a, b real, forms 


——_ 


a field isomorphic to the field of complex numbers, 

11. Give an example of a ring with unity 1 which has a 
subring with unity 1’1. (Meerut 1981) 

§ 13. Imbedding of a ring into another ring. 

Definition. A ring R is said to be imbedded ina ring R’ if there 
is a subring S’ of R’ such that R is isomorphic to S’. 

Obviously a ring R can be imbedded in aring R’ if there exists 
a mapping / of R into RX’ such that f is one-to-one and 
| f (a+b)—f (a)+f (6), flab)=f(a) hb) ¥ a, b E R. 
For then /(R) is a subring of R’ and f is an isomorphism of R onto 
f (R) making R isomorphic to /(R). 
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Theorem. <Any ring R without atmity clement can be imbedded 

in a ring with unity. (Sager 1966; Meerut 78, 79; Jabalpur 70) 
_ Proef. Let & be any ring without unity. Let Z be the ring 
of integers. Let R’=RxZ={(a, m):a € Rand me€ Z}. 

We shall show that when suitable binary opcrations have been 
defined in RX Z, then it becomes a ring with a unity element con- 
tamimg a subring, isomorphic to R. 

If (a, m) and (2, n) are any two elements of RZ, then we 
define addition in Rx Z by the equation 


(a, m)+ (6, 2)=(a+-5, m-+-n) - (1) 
and multiplication in Rx Z by the equation 
(a, m) (b, 2)=(ab+na+mb, mn). ...(2) 


In the right hand side of (1), a--b is addition of two elements 
of R and m-+z is addition of two integers. In the.right hand side 
of (2), 2b is multiplication of two elements of R, mn is multiplica- 
tion or two integers and na, mb are integral n.ultiples of a and b 
which we have explained in § 3 page 256 of this chapter. 

Since a+bE R and m+ne Z, therefore (a+, mn) 
€ RxZ. Thus RxZ is closed with respect to addition. Further 
ab, na, mb G R = ab-+-na--mb ER. Also m.€GZ. Therefore 
(ab+ na+ mb, mn) @ RXZ and RxXZ is closed with respect to 
multiplication. 

Now let (a, m), (b, n), (c, p) be any elements of RxZ. Then 
we observe : 

Ass0ciativity of addition. We have 

[(a, m)+(b, n)]+(c, p)=(a+ b, m+n) + (c, p) 

=(fa+ b]+-c¢, [m--n] 4-p)=(a+[b+e], m+ [n+p)) 

=(a, m)+(b-+c, n+p)=(a, m)+[(b, +c, p)l. 

Commutativity of addition. We have 

(a, m)-+(b, n)=(a+b, m+n) 

=(b+ a, n+m) [‘e addition is commutative 
in R and also in Z] 
==(b, n)-+-(a, m). 

Existetce of additive identity. We have (0,0) € RxZ. Here 
the first 0 is the zero element of R and the second 0 is the zero 
integer. Also (0, 0)+ (a, m)=(0+-a, 0-t-m)=(a, m). 

.. (0, 0) is the additive identity. 

Existence of additive inverse. If (2, m) G RX Z, then 

(—a, - m) € RXZ and we have 
(—a, —m)+(a, m)=(—a+a, —m+m)=(0, 9). 
hye (- a, —m) is the additive inverse of (a, m). 
Associativity of multiplication. We have 
{(a, m) (b, n)]} (c, p)=(ab+na+ mh, mn) (c. p) 
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=: ((ab-+-na+ mb) c +p (ab-+-na+mb)+ (mn) c, (mn) p) 
= (abe-+n(ac)-+m (bc)-+-p (ab)-+(pn) a+-(pm) b-4-(mr) c, (mn) p). 

Also (a, m) [(6, n) (c, p)]=(a, m) (be+-pb--nc, np) 
s=(a (be-+ pb+-nc)+(np) a+m (be+pb-+nc), m (np)) 
= (abe+ a (pb)-+a (nc)+(mp)a+m (bc)+-m(pb)+m(nc), (mn) p) 
e=(abe+ p(ab) +-n(ac)+(ap)a+-m(bc)+ (mp) b+ (mn) c, (mn) p). 

We see that [(a, m) (6, n)) (c, p)=(a, m) [(b, n) (c, p)I. 

Distributive laws. We have 

(a, m) [(5, n)+-(c, p)]=(a, m) (b +c, n-+p) 

= (a (b+-c)+(n+p) a+m (b-+c), m (n+p)) 

=(ab+ ac+ na+ pa4-mb-+ mc, mn+ mp) 

<= (ab+na-+mb, mn)-+-(ac+pa-+me, mp) 

=(a, m) (b, n)+(a, m) (c, p). 

Similarly we canshow that the other distributive Jaw also 
holds good. 

Thus RXZ is aring with respect to the operations defined 
on it. 

Existence of multiplicative identity. We have 

(0,1)E€ RxZ. If(@,m) € RxXZ, then 

(0. 1) (a, m)=(0a+m0+1a, 1m)=(0+40-+a, m)==(a, m). 

Also (a, m) (0,1)=(a0-+1a+m0, m1)=(0+4 a+0, m)=(a, m). 

-- (0, 1) 1s the multiplicative identity. So RxZ is a ring 
with unity element (0, 1). 

Now consider the subset S’ = Rx {0} of RX Z which consists 
of all pairs of the form (a, 0). We shall show that R x {0} is a sub- 
ring of RX Z. Let (a, 0), (8, 0) be any two elements of Rx {0}. 
Then (a, 0)—(5, 0)=(a, 0) Has —b, —0,=(a—b, 0—0)=(a—b, 0) 

ERx {0 

Also (a, 0) (6. 0)=(ab+0a+0b, 00)=(ab+-0+0, 0) 

es RX {0} is a subring of Rx Z. 

Finally we shall show that R is isomorphic to RX {0}. Let¢ 
be a mapping from R to Rx {0} defined as ¢ (a)=(a,0) ¥ aER. 

¢ is One-One. We have 
¢(a)=¢(b)>(a, 0)=(b, 0)>a=b=¢ is one-one. 

¢ is onto. Let (a, 0) be any element of Rx {0}. Then a€ R and 
we have ¢ (a)=(a, 0). Therefore ¢ is onto, 

¢ preserves additions and multiplications. 

If a, b be any two elements of R, then 

¢ (a+6)=(a+5, 0)=(a, 0)+(b. I= (a)+¢9(5). 
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Also ¢ (ab)=(ab, 0)=(a, 0) (6, O)=¢ (a) (5). 
.. preserves Compositions. 

Hence ¢ is an isomorphism of R onto RX {0}. 

This completes the proof of the theorem. 

§ 14. The ficld of Quotients. 

Definition A ring R can be imbedded ina ring Sif S contains 
a subset S’ such that R is isomorphic to S’. 

If D is a commutative ring without zero divisors, then we 
shall see that it can be imbedded ina field F i.e, there exists a 
field F which contains a subset D’ isomorphic to D. We shall 
construct a field F with the help of elements of D and this field F 
will contain a subset D’ such that D is isomorphic to D’. This 
field F is calledthe ‘‘field of quotients’’ of D, or simply the 
‘‘quotient field’ of D. 

On account of isomorphism of D onto D’, we can say that D 
and D’ are abstractly identical. Therefore if we identify D’ with 
D, then we can say that the quotient field F of D is a field contain- 
ing D. We shall also see that F is the smallest field containing D. 

Motivation for the construction of the quotient field. We are 
all quite familiar with the ring l of integers. Also Our familiar 
set Q of rational numbers is nothing but the set of quotients of the 


elements of I. Thus Q= + pel, ozgell. If we identify the 


rational numbers..., =, =, es a . =. with tne integers 

, —3, --2, --1, 0, 1, 2, 3,..., then IE Q. 

Also ae +, i is a field. It is the smallest field containing I. 

Also if P 9 and , E Q, then we remember that 

a_c ad+be 

(i) 2 5= =5 if ad=be, (ii) a+g=7 bd , (iiiy ; mn 7 

Taking motivation from these facts, we now proceed to cons- 
truct the quotient field of an arbitrary integral domain. We have 
the following theorem : 

Theorem 1. A commutative ring without zero divisors can be 
imbedded in a field. (1.A.S. 1969; Rajasthan 74; Andbra 75, 77; 

‘Nagarjuna 78, 80; Allahabad 80; Utkal 70; Banaras 70) 
Or: 
Every integral domain can be imbedded in a field. Or 
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From the elements of an integral domain D, it is possible to 
construct a field F which contains a subset D’ isomorphic to D. 

Proof. Let D be a commutative ring without zero divisors. 
Let Dy be the set of all non-zero elements of D. Let S=DxX Dg 
f.e., let S be the set of all ordered pairs (a, b) where a, 6 € D and 
530. Let us define a relation ~ in S. We shall say that 

(a, b)~(c, d) if and only if ad==bc. 

We claim that this relation is an equivalence relation in S. 

Reflexivity. Since D is a commutative ring, therefore ab=ba 
¥ a,bE D. ‘fherefore (a, b)~(a, b) ¥ (a, b) E S. 

Symmetry. We have (a, b)~(c, d) 

=> ad=be » da=cb [*; Multiplication is commutative in D] 

=> ch=da » (c, d)~(a, b). 

Transitivity. Let (a, b) ~ (c, d) and (c, d) ~ (e, f). 


Then ad=be and cf=de. 
.. adf=becf and bcf=bde. 
.. adf=bde 
=> afd=bed [°' Dis a commutative ring] 


=> afd—bed=0 =» (af— be) d=0 
=> af—be=0 [°. d <0 and D is without zero divisors] 
=> af=be > (a, b) ~ (e, J). 
Thus ~ is an equivalence relation in S. Therefore it will 
partition S into disjoint equivalence classes We shall denote the 


equivalence class containing (a, 5) by ; Other notations to denote 


this equivalence class are (a, b) or {a, 8}. 
Then pale, d) E S:(c, d) ~ (a, b)}. 


Obviously = ; iff (a, b) ~ (c, d) i.e., iff ad=be. 
Also ie a x €E Dy. The reason js that 
b bx 


(a, b) ~ (ax, bx) since abx= bax. 
These equivalence classes are our quotients. Let F be the set 


of all such quotients i.e., F={5 -(a, bE sh 


We now define addition and multiplication operations in F as 
follows ; 
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Since D is without zero — therefore b0, d+0 bd=40. 
Therefore both ote and —— bd a are elements of F. Thus F is 
closed with respect to addition and multiplication. We shall now 


Show that both addition and multiplication in F are well defined, 
For - is we are ‘o show that i 


a’ c’ ac a’ oad 
= — and i aera and - er a 


We have 2 — => ab’=baq’ and v7 => cd'=dc’. 


Now to show that 5+ oepts qe We are to show that 


act aetre i.e., (ad+bc) b’d’==bd (a'd’+b’'c’). 
Now (ad-+-bc) b'd’==adb'd' + bcb’d’ =ub' dd’ + bb’cd’ 
==bq’ dd’+-bb’ de’ [° @b’=ba’ and cd’=dec’] 
= bda‘d’ -+-bdb’c' =bd pe c 2 which was desired. 


Again to show that > 5 [= . S we are to show that 


= ac i.e., acb'd’ =bda’c’. 
Now ach’d’ =ab‘cd’ =ba'dc’=bda'c’, which was desired. 
Therefore both addition and multiplication are well defined 
on F. We shall now show that F is a field for these two opera- 


tions. 
Associativity of addition. We have 


\4 e t+ e (ad-+bc) f+ bde bde 
(5+a)+ f f bdf 
af bef+ bde aaa A a cftde 2 (5 e 
rr Sn yd ar eed Ts sty): 
Commutativity of addition. We have 
a,c adtbe cbh+da ca. 
bta= bd = db =dtb 
Existence of additive identity. We have 
. € F where a#0. ifs ‘ is any element of F, then 


Oe Od+ec ay ac c “3 acd=ade). 


a'd:| ad” ad °add 


e 2 is the additive identity. It should be noted that 
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0 O ec 6 |06jl. ; 
oars ¥a,beE Do. Also I 7 iff cas dO i.e., c=0. 


Existence of additive inverse. If = e€ F, then = e F., 
_(-@) b+ba 0 9% OF. og 50] 


Also we have, — - oa 7 a) ele | 


oe > is the additive inverse of = . 


Associativity of multiplication. 

a $)4- ac e _ (ac) e_ a (ce) _ ace a (5 +); 
\b d/f bd f (bd)f b(af) b of b y 
Commutativity of multiplication, We have 

ac _a_ca_c a. 


bo d~ bd db~ ad b> 
Existence of multiplicative identity, We have 


= €& Fwnere a0. Also if 5 & F, then 


ae oo S L'’ (ac, ad)~(c, d) because acd =adc). 


ae 4 is the multiplicative identity. It should be noted that 


ab 
ab ¥ a,b & Dy. 


Existence of multiplicative inverse of non-zero elements of F. 


a 
Let - be any non-zero element of F. Then a0. 


ie < © F. Also we have 
ab ab ab a 
“5 a hae =O g athe unity element. 


. ~. is the multiplicative inverse of - 


Distributivity of multiplication over addition. We have 

ajc ,e\ acf+de a(cf+de) acftade (acf+ade) bdf 
slatF f j= “5 df —  bdf ~~ bdf bdf baf 
acfhdf+bdfade acf ade ac,ae ac ue 


=~ bdfbdf bat thay bd if ~b até f° 
Similarly the other distributive law holds. 


.. Fisa field under the addition and multiplication as 
. defined above. This field Fis called the field of quotients of D. 
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We shall now show that the field F contains a subset D’ such that 
D is isomorphic to D’, 


Let p={= G F:a,04x*€ o}. Then D'C F. If x40, 


y#0 are elements of D, then <= =~ since axy=xay. Therefore 
if x is any fixed non-zero element of D, we can write 
p-{% & F:ae D }- 

We claim that the function ¢ : DD’ defined by 

f (=< ¢ a & D is an isomorphism of D onto D’. 

¢ is one-one. We have | 

¢ (a}=¢(b) > 7 @ axx=xbxvax%bx*=>(a--b) x'=0 

=> a-- b=, since x*40 


=> a=b, 
-. iS one-one. 


¢ is onto D’, If << D’, then a& D. Also we have ¢ (ay=m 
Thus ¢ is onto J)’. 


=e 
——s 


2 2 
Also ¢ (24-b)anS2i 2.5 (oth) at axt bet ane xbs 


eee rm 


x ae (a) + $(6) 


2 2 
and ¢ oyna (2) 0%) “Fg (a) $40). 
-. % is an isomorphism of D onto - 
Hence D & D’. 
If we identify D’ with D i.e., if in F we write a, 0, c etc, in 
place of = cba = etc., then we see that D is contained in F. Thus 
ae 


F (the fcld of quotients of D) is a field containing D. 
In the next theorem we shall show that the quotient field F of 
D is the smallest field containing D. In other words if D is cone 
tained in any other field K, then F will also be contained in K. 
Theorem 2. Jf K is any field which contains an integral domain 
D, then K contains a subfield isomorphic to the quotient field F of D. 
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In other words the quotient field F of D'is the smallest field 
containing D. (Aliahabad 1980; Banaras 69, 70) 

Proof. Let D be a commutative. ring without zero divisors. 
Let a@€@ D and 040 © D. Since K is a field' containing D, there- 
forea € K, 0b € K » ab" EK. 

Let K’ te the subset of K containing the elements of the form 
ab where a,b € D with b40. Thus 

K'={ab™ € K: a, Ob & D}. 

We shall show that K’ is a subfield of K and K’ is isomorphic 

to the quotient field Fof D. Let ab € K’,cd-"' € K’. Then 
0b, 0#dE D. 

Now ab~!— cd-!=add "1 b=! - chb™! d-4=(ad—bc) d= b= 

=(ad—bc) (bd)! € K’, since ad— be € D and 034bd € D. 

Further suppose that 03¢ca-! © K’. Then c40 and we have 
(ab-1) (ed) =ab— dce~'=ad (cb) G K’, since ad € D and 
04cb € D. 

Hence K’ is a subfield of K. We shall now show that the 
quotient field # of D is isomorphic to K’. We have 


F={4 :a & D, 046 v\. 
Consider the mapping f : F—>K’ defined by 
f (4 )=ab a > € F. 
The mapping / is ane-one because we have 
(ler (4) = arama 
=> ab“ bd=cd" bd => ad=cb d“' d 


aoe 
=> ad=bc = (a, b) ~ (c, d) > 327 


Also f is onto K’. If ab-' is any element of K’, then © F 
and f ( kal )=ab- 


Further s(+ Gee 5)-f igs )~(ad+be) (bd)-2 
=(ad-+-bc) d-) b-?=add-! b-4--.be d-! 3 
conares (3) () 

Also f ( — af (5) 100 (bd)-2 = (ae)d-? b-2 
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2 2 | c 
*(ab-?) (edt) =f (+ | r(5): 

Hence Feo K’. | 

If we identify K’ with F, we see that if D is contained in any 
field K, then F is also contained in K. Therefore F is the smallest 
field containing D. 

Cor. The quotient fie'd of a finite integral domain coincides 
with itself. 

Suppose D isa finite integral domain. Then D is also a field. 
Thus D is the smallest field containing D. The quotient field F of 
D is also the smallest ficld containing D. Hence F coir cides with 
D. 


Ex. What is the quotient fieid of 2Z, where Zis the ring of 


integers ? (Poona 1973) 
Theorem. Any two isomorphic integral domains have isomor- 
phic quotient fields. (Banaras 1965) 


Proof. Suppose D and D’ are two isomorphic integral 
domains. 

Let fbe an isomorphism of D onto D’. Ifa, 6, ¢ etc. are 
the elements of D then f(a), f(b), f(c) etc. will be the elements 
of D’. Also 

f (a+ b)=f (a)+f (b) and f (ab)=-f(a) f (5) ¥ a,b D. 

Let F, F’ be the quotient fields of D, D’ respectively. Then 


: a 
F consists of the equivalence classes (quotients) of the form ge 
where a, 0b G D aad F’ consists of the equivalence classes of 


the form a where f (a), OAf(b) € D 
Consider the mapping ¢ : FF’ defined by 
f(a) ., a 
*(5 =F (6) YE 
— we shall show that the mapping es is defined i.e., if 
7 =>) then $( + )=8(5 ). We have -=S => ad=bc 
> "ig (ad)=f (bc) =» f (a) f (d)=f (5) f (c) 
(a) f(c) ce), 
ofa 7 * (6 )=#(7) 
.. is well-defined, 
¢ is one-one. We have 
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f(b)” f(a 
=> f (a) f (d)=f (Of (c) » f (ad) =f (bc) 
=> ad=be [°° fis one-one] 

a Cc . 
rg 


4. ¢ iS one-one. 


6 i 2 ‘4 
Also ¢ is onto F’. itr 6) € F’, then 


+ G Fand¢ (+ 9. Therefore ¢ is onto F’. 
ud+be\ f (ad+ bc) f (ad) +f (be) 
Jains (3 ata a) +| bd )= fbdy FOF @ 
f/f @ FAAS (b) f(e) f(a), Sc) _ =% (4) +s (5): 
~ fOS@ ~ fit 7 rie 
ac ac ac) _ a) f (c) 
also #( 5 G)=#(5a)= Fea)" FOTW) 
mr aC) fo) =+(4 $(4): 
f(b) f(a) — d 
.. is an isomorphism of F onto F’. 
o Fae F’ 
§ 15. Ideals. Definition. 
(a) Left Ideal. (Kurushetra 1970) 
A non-empty subset S of a ring Ris saidto bea left ideal of 
R if: 
(i) Sis a subgroup of R with respect to addition. 
(ii) rsESV¥rE Rand¥seES. 
(b) Right Ideal. A non-empty subset S of a ring R is said to 
be a right ideal of R if : 
(i) S isa subgroup of R under addition. 
Gi) ssES¥re Randy seE S. 
(c) Ideal. (Kurushetra 1970; Rajasthan 76; Kanpur 71; 
Nagarjuna 78, 79; Sambaipur 77; Meerut 81) 
A non-empty subset S of a ring R is said to be an ideal (aiso 
a two sided ideal) if and only if it is both a left ideal and a right 
ideal. Thus a non-empty subset S of a ring Ris said to be an ideal 
of Rif: 
(i) S isa subgroup of Runder addition i.e,, Sis a subgroup 
of the additive group of R. 
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(ii) rs € S and sr € Sfor every r= Rand for everysE S. 

If S is an ideal of a ring R, then S is alsoa subring of R. 
The obvious reason is that Sis a subgroup of R under addition 
and from condition (ii), we have xs E S ¥ x,s E S because 
x€ S$>xeE R. Thus S is closed with respect to multiplication. 
Therefore S is a subring of R. Thus every ideal of a ring R is also 
a subring of R. But every subring is not an ideal. An ideal requires 
a stronger clusure property than the subring. If S is a subgroup 
of KR under addition, then S will be a subring if S is closed with 
respect to multiplication f.e., the product of two elements of S is 
again in S. But S will be an ideal if the product of any element of 
S with any element of R& is in S. | 

It R is a commutative ring, then every left ideal will also be 


aright ideal. Therefore in a commutative ring every left (right) 
ideal is an ideal. 


Note 1. If we are to prove thata non-empty subset S ofa 
ring RK is an ideal of R, then it is sufficient to prove 

(i) a&S, bES > a--bES 
and (ii) rsG@S and srES ¥ re Rand ¥ sES. 

Obviously (i) is a sufficient condition for S to be a subgroup 
of R under addition. 

If R is a commutative ring, then the condition (ii) will be- 
come more simple. Then it will become 

rsES ¥ rER and ¥ sES, 

Note 2. Every ring & always possesses two improper ideals ; 
one & itself and the other consisting of OQ only. These are respec- 
tively known as the unit ideal and the null ideal. 

Any other ideals of & are called proper ideals. A ring having 
no proper ideals is ca!led a simple ring. 

Algebra of Ideals. 

Theorem 1. The intersection of any two left ideals of a ring is 
again a left ideal of the ring. (Meerut 1978) 

Proof. Let /, and /z be two left ideals of aring R. Then /;, 
I, ate subgroups of & under addition. Therefore (ly is also a 
subgroup of R under addition. 

Now to show that 1, /, is a left ideal of R, we are only to 
show that re R, sE€ANh > rsEhN ls. 

We have sELNK > seh, s€lz. 

But J, and /2 are left ideals of R. Therefore 

rE R sE€, > nS fyand rE R,sEA > rs € kh, 
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Nowrs€ h,rsE h> rs] Nk. 
. Afds is also a left ideal of R. 


Note. A similar result can be proved for right ideals as well 
as for ideals. 


Theorem 2, An arbitrary intersectiun of left ideals of a ring is 

a left ideal of the ring. (Banaras 1966) 

Proof. Let R be a ring and let {S;:1E€7} be any family of 

left ideals of R. Here Tis an index set and is such that ¥ teT, 

S, is a left ideal of R. Let S= Ls S={xER: xES; ¥ 1ET} 
te 


be the intersection of this family of left ideals of R. Then to prove 
that S is also a left ideal of 2. 


Obviously S#, since at least 0 is in S; ¥ 1G T. 
Now let a, 5 be any two elements of S. Then 
abESrxabES: ¥tEeT 

>a—-beS; ¥teT 

[°° WleT, S, is a left ideal of Rj 
~a-bEe Nn S:>a--beES. 
te T 
Now let a be any element of S and r be any element of R. 
We have aES >a e& ae S:> aES, ¥ (ET 
f 


>raec 8; ¥ teT [°° ¥ 1ET, S; is a left ideal of R] 
2-raece 1) S&S zrmaeS. 
‘ET 


Thusa,be€ Sxa-bE SandrERaES>raes. 

.. S is a left ideal of &. 

Smallest left ideal containing a given subset. 

Definition. Let M be a non-empty subset ofaring R. Then 
a left ideal I of R is called the smallest left ideal of R containing M, 
if L contains M and if I is contained in every left ideal of R ccntain- 
ing M. 

The smallest left ideal of R containing M is called the left 
ideal generated by Af and will be deuvted by (AZ). 

_It can be easily seen that the intersection of the family of left 
ideals containing M is the left ideal generated by M. 

Note. A similar definition can be given for the right idea] 
. generated by M as well as for the ideal generated by M. For this 
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purpose simply replace the word ‘left ideal’ by ‘right ideal’ or by 
‘ideal’. 

Sum of two left ideals. 

Theorem 3. The left ideal generated by the union LUE, of two 
left ideals is the set 1,+-Iz consisting of the elements of R obtained 
on adding any elerient of t; to any element of 1g. 


(Meerut 1970) 
Proof. Let a,-+43, b,+b2 © hth. 


Then a, 55 € J; and ag, bs € Js. 

Since 4, J, ate left ideals of R, thereforethey are subgroups 
of the additive group of R. Therefore 

4,5,E€h > a,—b, © hand a, b: € bk > a—h, € I. 

Consequently (a,+a2) ~ (61+ 5,)= (a, —b3)+-(a,—by) E+ Jy. 

Therefore /)-+/2 is a subgroup of the additive group of 2. 

Now let re Rand a,+a2: © y+. Then aEh, aE. We 
have r (a,+ a@e)=ra,+ ra,Elyt+ ls. 

[°* his a left ideal implies ra,€ 4 and similarly ra, I] 

.. It, is a left ideal of R. 

Since 0€ In, therefore a,E J, can be written as a,40. Thus 

gel a aehth. 
ee € Ath, 
Similarly he C Ntds. 
RULGAtH. 

Thus /,+J, is a left ideal containing 1,U J. 

Also if any left ideal contains 4, U /2, then it must contain 
T+ Is. 

” ti, is the smallest left ideal containing 4,U 4. 

©. t+Je=the left ideal generated by AU A=(HUh). 

Note. A similar result can be proved for right ideals as we}| 


as for ideals. 
Solved Examples 


Ex. 1. The set N of all 2x2 matrices of the form 
a 0 
b 0 

for a, b, integers is a left ideal but not a right ideal in the ring R of 

all 2x2 matrices with elements as integers. Here N is the subset of 

R consisting of those elements whose second column contains only zeros, 

(Rajasthan 1977) 


: a 0 _fe 0 
Solution. Let A=| f 0 | B= (; 0 | be any two élements of 
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a 0 c 0 a—c 0 
w. then A—B=[> 9 |-[5 9 |=[5-a 4 EN. 
~. Nisasubgroup of R under addition. 
Now let U= [" 7] be any element of R and A= 5 4 be 


any element of N. 
_|w xfa OF [wa+xb 0 
nee va=[¥ “le ol-[ ete o| mi 
Therefore N is a left ideal of RX. It is not a right ideal, since 


l 0 jer. (4 i jer 


1 0 0 1 
1 Of! 2 1 2 eho iue 
and the product } 0 Ilo ; -| ' 2] which is not an element 


of N. 
Ex. 2. If misa fixed integer, the set P of integers given by, 
P={xm : x is an integer} 
is an ideal of the ring R of all integ:rs. 

Solution. Let xyn and xem be any two elements of P. Then 
x, and x2 are some integers. 

We have xym—xgm=(x,—X2) m € P since x,—<xz is also an 
integer. 

:, Pisa subgroup of R under addition. 

Now let r be any integer j.e., 7 be any element of R and xm 
be any element of P. Then r (xm)=(rx) m € P since rx is also an 
integer. Therefore P is a left ideal of R. But R is a commutative 
ring. Hence P is an ideal of R. 

Ex. 3. The set of integers Lis only a subring but not an ideal 


of the ring of rational numbers (Q, +,°) 
{Meerut 1980, 81, 82; Rajasthan 77) 


Solution. The product of a rational number and an integer 
is not necessarily an integer. 

For example 3E], 2/5 € Q but (2/5).3=6/5 € I. 

., lis not an ideal of the ring of rational numbers. 

Ex. 4. The set Q of rational numbers is only a subring but not 
an ideal of the ring of real numbers (R,+,¢). (Meerut 1983 P) 

Solution. The product of a rational number and a real num- 
ber is not necessarily a real number. For example } € Q, /7ER 


but ive Q. 


<Q is not an ideal of the ring of rea] numbers. 
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Ex, 5. Prove that the subset S of all matrices of the form 


et 


with a and b integers, forms a subring of the ring R of all 2x2 mat- 
rices having elements as integers. Prove further that S is neither a 
right ideal nor a left in R. 


‘ a Q 0 
Solution. Let A= b b |, Ba : d |be any two elements of 


a—c 0 
S. Then A-B=| 0 a Ee S. 


a OTfe O ac 0 
Also AB=| 5 a al=|‘o mes 


-. SS is a subring of R. 


Further } ‘|e S, : 4 € Rand the product 


é : Io ; l-[L; ile S. Therefore S is not a left ideal. 


Again B rf : il- : 4 é S. Therefore S is not a 
right ideal. 

Ex. 6. Jf U is an idea! of a ring R with unity and 1 E U prove 
that U=R, (Sambalpur 1977) 

Solution. We have U © Rsince U is an ideal of R. Let x 
be any element of R. Since U is an ideal of R, therefore 

1EU,xE RP IXEUVMXE U. 
~~ RCT. 
o. UR. 

Ex. 7. If Risaring andae R let T={xER : ax=0}. Prove 
that T is a right ideal of R. 

Solution. First we see that JT is not empty because 

0 € R is such that a0=U0. 

Let x1, x2 be any two elements of T. Then axy=0, axgu(, 

We have a (X1—X2) =ax1—Xg=0—0= 0. 

eo = Xy—As E I. 

~. Tis a subgroup of R under addition. 

Now to show that 7 is a right ideal of RK we are to show that 
xET,yERa>xEQT. ButxEeT=> ax-0. If we show that 
a (xy)=0, then xy will be an element of 7. 

We have a (xy) =(ax) y=Oy=0. 
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~. Tisaright ideal of R. 
Ex 8. Prove that the intersection of two ideals of R is an ideal 
of R. (Vikram 1976; Kumayon 78; Meerut 80, 81, 83, 84 P) 
Solution. Let Sand Tbe two ideals of R. Then S, T are 
subgroups of R under addition. Therefore S(\T is also a subgroup 
of R under addition. 
Now to show that S{\ 7 is an ideal of R, we are only to show 
that 
rE R,sESNT > rseESNT, srESNT. 
We have sES(I\T=> seE5S, s€ T. 
But S and 7 are ideals of R. Therefore 
rek, se S => rsES, srEeS 


and rER, seT > rse€T, srET. 
Now rsES, rsET > rsE SOT 
and srES, sr&T => srE SOT. 


. ST is also an ideal of R. 

Ex. 9. Show that S is an ideal of S+T where S is any ideal of 
ring R, and T any subring of R, (Meerut 1984) 

Solution. Since S is an ideal of R therefore S is a subring of 
R. Also T is a subring of R. First we shall show that $+ 7 is 
a subring of R. Let a+oa, b+8 G S+T, where a, bE S and 
eo PET’. 

Since S is a subrinp, therefore a—b € S. Similarly «— BE T. 

(a+a) —-(6+ £)=(a- b)+(% - 8B) E S+T. 

Also (a+) (6+ 8)=ab+aB+ab+4 a8 =(ab+aB-+ab)+ a8. 

Now S is a subring. Thereforea,hE S sabe §, 

Also § is an ideal, therefore a,b € S anda, B © R => ap, 
ab € §. Therefore ab+-cB+a«b € S. 

Further T is a subring implies «8 € 7 if a, B € T. 

“. (ata) (6+8)=(ab+ o8+ ab)+a8 € S+T. 

~- S&+T 1s a subring of R. 

Since 0 € T, therefore a © S can be written as 

=a-+0 &' $+ T. 
& SC S+T. 

Thus S @ $+7 and S+7 is a subring of R. Since Sisan 
ideal of R, therefore S is also an ideal of S+T. 

Ex. 10. If U is a left ideal of a ring R, let 

A(W)={x E R: xu=0 ¥ vEU}. 
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Prove that \ (U) is a two sided ideal of R. 
Solution. First we see that A(U)4~@ because 0 € R is such 
that Ou=O ¥ ue U. 
Now let x,, x2 be any two elements of A(U). Then 
xu=0 ¥ uc Vand xue0 Yue U. 
We have (x1—x,) u=x,u—x.u=0—0=0 forallu & U. 
xXy—X, © A(V). 
Now let x be any element of A(U) and 7 be any element of 2. 
Then xu=0 ¥ weEU [by def. of A(U)] 
> r(xu)=r0 ¥ veU 
=> (rv) u=0 for all vEU > rx E A(U). 
Further U is a left idealof R. Therefore run@U ¥ uu. 
Since x G A (U), therefore by def. of A (U), we have 
xEGA(U), rueU > x (ru)=0 for all neU 
=> (xr) u=0 for all ueU 
=> xr A(U). 
Thus x GA (U), rG@ R> xrrrx E AU), 
Hence A (U) is a two sided ideal of R. 
Ex. Il. Fur any given element a of a ring R let 
Ra={xa: x & R}. 
Prove that Ra is a !eft ideal of R. 
Solution Let x,a, x,a be any two elements of Ra where 
Xi, Xg G R. We have x1a— x2.a=(x1—X2) @ EG Ra, since 
1% ERY YK E R. 
Thus x1a, x.a@ G Ra > xa—-x.a € Ra. 
Now let xa be any element of Ra where x © Rand r be any 
element of R. We have r (xa)=(rx) a G Ra, since 
reR,xER> rxER. 
Thus re R, xa G Ra > r (xa) © Ra, 
°. Rais a left ideal of R. 
Ex. 12. If U is an ideal of a ring R, let 
[R: Uj={xER: rxeu ¥ rSR}. 
Proye that [R :U] is an ideal of R and that it contains U. 


Solution. First we see that [R : U} is not empty because OG R 
is such that rO=O€U for all r EG R. 
Now let x, x2. be any two elements of [R: U]. Then 
nm GUY re R,and rrEu ¥ rer. 
Since U is an ideal, therefore 
rx & U,rxe GU > rxy—-rx, € U 
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>r(m—x)GUYrEeR 
=> X1—X, E [R: UV], by def. of [R: UV]. 

Now let x be any element of [R: U] ands be any element of 
R. ThenrxG@ U¥ rER 

= (rx) sEU ¥ rER [Y Uis an ideal and so 

sER, rxEU => (rx) seU] 
> r(xs)EU for all r&aR=> xsE[R: VU]. 

Also rxGU ¥ rER > sxeU [vy sER] 

» (sx) reU ¥ rER 
["” U isan ideal and so sx&U, 
rER => (sx) reU] 
=> sxG[R: VU]. 

Thus x € [R: U], sER > xse [R: U], sxE[R: UI. 

Therefore [R : U] is an ideal of R. 

Now to show that U © [R:U]. We have 

yeUur>yreEuvreR [°° U is an ideal] 
=> yo[R: U]. 

-. UC[R: VU). 

Ex.13. IfU, V are ideals of a ring R let UV be the set of all 
those elements of R which can be written as finite sums of elements 
of the form uv where u&U and veV. Prove that UV is an ideal of R. 

(Marathwada 1972; Lucknow 70; Meerut 70) 

Solution. U and V are ideals of aring R. Let 

UV= {uyvy tudo ...-+UnVn 2 Uy, Uoy 00, UNV, Vz, Va,+005 wneV 
and n is any positive integer}. 

To prove that UV is also an ideal of R. 


Let a= 1y¥y-$ UaVg-+ on. avn, B= ty’¥y! +2’V9_’ + ...+tm' vm’ be 
any two elements of UV, where t%, ue ,..., Un, Ua’, Ue’,--, Un’ & U 
ANC Vy, Vyseoe, Vary V's Vg’y sey Vm’ & V. Alsom andn are any posi- 
tive integers. 

We have «— B=u,14+ ugvet ... + aVa— Uy Vy! — Ua’ V 3! — 000 — Um’ Vn’ 

om V3 + Mave + 0. -+ Un Vat (— 14’) Vy’ +(—uQ’) vo’ +...+ (—Um’) Vo’. 

This is obviously an element of UV because U is an ideal and 
therefore u,'GU > (—m’) & U, etc. 

Again let rE R and ae UV. Then 

roe 7 (Uyvy Uae... lyVn) = (rt) Viet (rita) ve-+.. + (rn) Ya 

This is an element of UV because U is an ideai and therefore 
rE R, 4CU > ruyeu, ete. 
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Also ar=(1,¥1+ ug¥24-... bUnVa) P=uy (Vyr)+- Ue (var}+ ...-+ie (Val). 
This is an element of UV because V is an ideal and. therefore 
rR, nhEV > wre, etc. 
Hence UY is an ideal of R. 
Now to show that UV © UN FV. 
Let a=2¥,+...-1unvea be any element of UV where 
U1,..., UU and Vy4,-.-, EV. 
Now EV > y4,ER. Also U is an ideal. Therefore 
WER, uecU> mywyEU. 
Similarly y~G@U > w4ER. But V is an ideal. Therefore 
wWEeER, WEV > wy,€ V. 
Thus w4y,€U, 4.,EV > my,EUNvV. 
Similarly weve,..., unracUNV. 
Since U()V is also an ideal of R, therefore 
UV, 0005 Un, UNV > =v +... +n eUNV. 
Thus o=UV > «EUV. Therefore UV © UNV. 
Exercises 
1. Distinguish between Subrings and Ideals in a ring. Show 
that the 2-rowed matrices of the form 
a 0 
I> el 
where a, b, c afe integers form a subring of the ring of all 2-rowed 
matrices with integral entries. Is this subring an integral domain ? 
Ans. No. (Kerala 1970; Meerat 73, 75, 77, 78, 79) 
2. Show that the set M of all 2x2 matrices of the form 


0 a 
loo 
a, b integers is a left ideal but not a right idea! in the ring of all 
2x2 matrices with elements as integers. (Meerut 1970) 
3. Show that for a field F, the set of all matrices of the form 
a b 
Lo | 
for a, bE F is aright idea] but not a left ideal of the ring of all 
2x2 matrices over the field F. (1.A.S. 1970; Delhi 70) 


4. If U, V are ideals of a ring R, let 
U+V={utv: ucu, veV}. 
Prove that U-+V is also an ideal of R. 
(Marathwada 1972; Meerut 81) 
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5. Show that an arbitrary intersection of ideals of a ring is 
an ideal of the ring. (Banaras 1961) 
6. IfU is an ideal of a ring R, let 
r(U)={xER : xu=0 for all weU}. 
Prove that r (VU) is an ideal of R. (Guru Nanak 1982) 
7. Consider the ring R of all 3x3 matrices of the type 


E b | 
0 d e |, 
0 0 f 


a, b, c, d, e, f are real numbers. Show that the set I of all matrices 
of the form 


is a left ideal of R, which is not a right ideal. (Meerut 1974) 


8. Verify the following for being true or false : 
(i) The set of all positive rationals is a subring of the ring 
of all rational numbers. 
(ii) A subring of any field is a field. 
(iii) Any subring of the ring of integers, Z, is an ideal of Z. 
(Meerut 1976) 
Ans. (i) and (ii) are false; (iii) is true. 
§ 16. More about ideals. 
Theorem 1. A field has no proper ideals i.e., if F is a field then 
its only ideals are (0) and F itself. 
(LA.S. 1972; Poona 73; Meerut 76, 80; Delhi 70; Andira 77; 
Nagarjuna 80; Banaras 70; Sambalpur 77) 
Proof. Let S be any non-zeio idcal of the field F and let a be 
any non-zero element of S. We have a € F. 
Since § is an ideal, therefore 
a&S,a'*e F=> aciec S> 1eES. 
Now Iet x be any element of F. Then 
1EeS,xe€ F=> 1xES > xe. 
Thus each element of F belongs to S. Therefore FCS. But 
SEF. Therefore S=F. 
Thus the only ideals of F are (0) and F itself. 
Theorem 2. /f R is a commutative ring and a& R, then 
Ra={ra:r & R} is an ideal of R. 
(Kanpur 1980: Madras 77) 
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Proof. In order to prove that 4a is an ideal of R, we should 
prove that Ra is a subgroup of R under addition and that if we Ra 
and xER then xu and ux are also in Ra. But R is a commutative 
die therefore xu==ux. Thus we only need to check that xu is in 

a. 

Now, let u, ve Ra. Then u=r,a, v=rza for some ry, reG RK. 

We have u—v==r,@ —rea=(r1— ra) @E Ra since n~ NER. 

Thus u,v & Ra = u—veRa. Hence Ra is a subgroup of 
R under addition. 

Now let xE R. 

Then xu=x (r,a)=(xr)a G Ra since xneE Kk. 

~. Ra is an ideal of R. 

Theorem 3. A commutative ring with unity is a field if it has 
no proper ideals. 

(1 A.S. 1973; Guru Nanak 82; Nagarjuna 79, 80; Meerut 76, 82 P; 
Kanpur 71; Vikram 76; Andhra 77; Rajasthan 77) 

Proof. Let R be a2 commutative ring with unity having no 
proper ideals i.e., the only ideals of R are (0) and R itself. In 
order to show that Risa field, we should show that each non- 
zero element of R possesses multiplicative inverse. 

Let a be any non-zero element of &. 

The set Ra={ra:r G R}isanidealof R. [See theorem 2] 

Since 1 & R, therefore la=a € Ra, Thus 04a © Ra. There- 
fore the ideal Ra34(0). Since RK has no proper ideals, therefore the 
only possibility is that Ra=R. Thus every element of R is a 
multiple of a by some element of R. In particular, | © A so it can 
be realised as a multiple of a. Thus there exists an element bER 
such that ba=1. Therefore a?=5. Hence each non-zero element 
of R possesses multiplicative inverse. 

. Risa field 

Ex Prove that a commutat.ve ring R with identity is a field if 
and only if it has no proper ideals. (Madras 1978) 

Theorem 4, Let R be a ring with unit element, R not necessarily 
commutative, such that the only right ideals of R are (QO) and R. 
Prove that R is division ring. (Kanpur 1971; Meerut 73) 

Proof. Let R be a ring with unity element having no proper 
right ideals i.e., the only right ideals of R are (0) and & itself. In 
order to show that 2 is a division ring, we shoul! show that each 
non-zero element of R possesses multiplicative inverse. 
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Let a be any non-zeroelement of R. Then aR={ar:r & R} 
isaright ideal of R. Since 1GR, therefore al=aGaR. Thus 
04a G aR. Therefore the right ideal aR7<(0). Since R has no 
proper right ideals therefore the only possibility is that cR=R. 

Now 1&GR > 1EaR [°° aR=R] 

=> ]-—ab for some DER 
=> b is the right multip)icative inverse of a. 

Thus each non-zero element of R possesses right multiplicative 
inverse. 

Note that l=ab = b=0 because if b=0, then 

ab=a0=0+1. 

Now it remains to show that 6 is also the left multiplicative 
inverse of a. 

We have (ba) b=b (ab)=b1=5b. 

Since 6 is also a non-zero element of &, therefore 5 also 
possesses right multiplicative inverse. Let 5-1 G R be such that 
bb-+=], 

We have (ba) b= b> (ba) b6-4=bb"'=> (6a) l=labu=!. 

Thus 8 is also the left inverse of a and so 6 is the inverse of a. 

Hence each non-zero element of & is inversible. 

« Ris adivision ring. 

Theorem 5. Let Rbearing with unity element such that the 
only left ideals of R are (0) and R. Show that R is a division ring. 

(Sagar 1967; Kurushctra 70) 

Proof. Proceed exactly as in the theorem 4. Here note that 

Ra={ra : r&R} is a left ideal of R. 


§ 17. Ideal generated by a given subset of a ring. 1f Af is any 
subset of a ring R, we can find ideals containing M. For example, 
the ring & itself is an ideal containing any subset of R. 

Smallest ideal containing a subset. Let Af be any arbitrary 
subset of a ring R. Then an ideal S of Ris called the smallest 
ideal of R containing M if 

MCS, 
and if S is contained in every ideal] of R containing M. 

Definition. Let R bea ring and let M be an arbitrary subset 
of R. The smallest ideal of R containing M is saidto be the ideal 
generated by M and is denoted by (M). 

In particular, if M consists of a single element, say a, of the 
ring R we write (a) in place of M. An ideal such as (a) generated 
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by a single element of the ring is called a principal ideal. 

Principal ideal. Definition. An ideal S of a ring R is said to 
be a principal ideal if there exists an element a & S such that any 
ideal T of R containing a also contains S i.e., S=a(a). 

(Lucknow 1970) 

Thus an ideal generated vy a single element of itself is called 
a principal ideal. 

If aring R has a unity element 1, then the ideal generated by 
I is the whole ring /.e., (1)=.R, since every element r @ A may be 
written as rl. For this reason ring itself iscalled the unit ideal. 
The idea] generated by the zero element of R i.e., (0) consists of 
the zero element alone and is called the null ideal, . Every ring & 
has at least one principal ideal, namely, (0). Every ring with unity 
has at Jeast two principal ideals, (0) and (1). 

Theorem 1. Jf a isan element ina commutative ring R with 
unity, then the set S={ra:r & R} isa principal ideal of R genera- 
ted by the elemeni ai.c., S=(a). 

Proof. First we should prove thata & §. Since R is a ring 
with unit element 1, therefore la=a © S. 

Now we should prove that S is an ideal of R. So first we 
should prove that S is a subgroup of R under addition, Letu, v 
be any two elements of S. Then u=ra@, v=r2a@ for some nj, 7, & R. 

We have wu —v=na—rid=(ry— rg) a E S since my—r, S RK. 

.. Sis subgroup of R under addition. 

Now we should prove that x@ R,uG S> xueGS and 
ux & S. But £& is a commutative ring, therefore xu=ux and thus 
it is sufficient to show that xu © S. 

We have xu=x (7,@)=(axr1) @ € S since xr; © R. 

.. Sis anideal of Randa e€ 5S. 

Now in order to prove that S is an ideal generated by the 
element a, we should prove that if Tis an ideal of R and a & 7, 
then § C T. 

Let ra be any element of S. Thenr € R. If T is an ideal of 
R containing a, then a@&T, rE R>raeT. Thus SCT. 

Hence S is a principal ideal of R generated by the element a. 

Example. Suppose we are to find the principal ideal generated 
by 5 in the ring of integers. The ring I of integers is a commuta- 
tive ring with unity. Therefore (5)={5r: r € I}. 

Thus the principal ideal generated by 5 is given by 
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(5)={.... —10, —5, 0, 5, 10,...}. 

Obviously (—5)=(5). 

Theorem 2. Let S he an ideal of a commutative ring R. Leta 
be an element of S such that 

x& S> x=yja for some y € R. 

Then S is a principal ideal of R generated by a. 

Proof. As given in the statement of the theorem, S is an ideal 
of R containing the element a. Let T be any ideal of R containing 
a. Then S will be a principal ideal of R generated by a if SCT. 

Let x be any element of S. Then x=ya for some y € R. 


Now yER,aecT> yrET [°: T is an ideal] 
>xeETl. [| x=yal 

Thus xESrAxET. 

2. oS C. 7, 


Hence § is a principal ideal of R generated by a. 

Note. The above theorem will be very helpful in proving that 
an ideal S of a commutative ring R is a principal ideal. If we are 
able to find an element ain S such that 

x & S > x=ay for some y € R, 
then S will be a principal ideal of R generated by a, 

§18 Principal Ideal Ring. Definition. 

(Meerut 1981, 84 P; Rajasthan 78; Guru Nanak 32; 
Andbra 77; Madras 83) 

A commuiative ring R without zero divisors and with unity 
element is u principal ideal ring if every ideal Sin R is a principal 
iical i.e., if every ideal S§ in R isof the fourm S=(a) for some 
aeGs. 

Theorem 1. The ring of integers is a principal ideul ring. 

(Banaras 1971; Lucknow 70; Rajasthan 77; Andhra 77; 
Meerut 84 P; Nagarjuna 78; Madras 83) 

Proof. Let (I, +, °) be the ring of integers. Obviously I is 
a commutative ring with unity and without zero divisors. There- 
fore I will be a principal ideal ring if every ideal in I is a principal 
ideal. 

Let S be any ideal of the ring of integers. If S is the null ideal, 
then S=(0) so that S is a principal ideal. 

So let us suppose that S=4(0). 

Now S contains at least one non-zero integer, say a. Since S 
is asubgroup of R under addition, thereforeae S$ + —ae S. 

*This shows that S contains at least one positive integer because if 
Oa, then one of a and —-@ muse be positive. 
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Let S,. be the set of all positive integers in S. Since S$, is not 
empty, therefore by the well ordering principle S, must possess a 
least positive tnteger. Lets be this least element. We will new 
show that S is the principal ideal generated by s i.e , S=(s). 


Suppose now thatzwis any integer in S. Then by division 


algorithm, there exist integers q and rsuch that n=qs+r with 
Ogrcs. 


Now sES,qeElwaqeES [° S is an ideal] 

and nES,gEGS>n-qsE S [** S isa subgroup 
of the additive group of IJ 

>res. [° 2—qgs=r] 


But 0 < r < sands is the least positive integer such that 

s€S. Hence r must be 0. 
n=gs. 

Thus n © S » n=qs for some g € I 

Hence § is a principal ideal of I generated by s. 

Since S was an arbitrary idea! in the ring of integers, therefore 
the ring of integers is a principal ideal ring. 

Theorem 2 Every field is a principal ideal ring. 


Proof A field has no proper ideals. The only ideals of a 
field are (i) the null ideal which 1s a principal idea! generated by 0 
and (ii) the field itself which is also a principal ideal generated by 
1. Thusa field is always a principal ideal ring. 

§ 19. Divisibility in an Integra) Domain. Definition. Suppose 
O=s4a is an element of a commutative ring R. Then a is said to divide 
b & R, if there exists an element c E R such that b=ac. 

We shall use the symbol a{ to represent the fact that a 
divides ®. Also if a divides 6 then sometimes we Say that ais a 
factor of b or Bb is divisible by aor aisa divisor of 6. From the 
definition of divisibility it follows that every non-zero element of 
R is a divisor of its zero element. Obviously we can write 0=a0. 
Therefore if 04a € R, then a| 0. 

Example 1. In the ring I of integers, we have 3 | 6 since we 
have 6=3x2and2¢é I. 

However in the ring of integers 3 is not a divisor of 7, 

Example 2. In the ring Q of rational numbers, we have 3| 7 
since we have 7=3X(7/3) and 7/3 & Q., 
Theorem1. Jf Ris a commutative ring, then 
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(1) aj bandb|c = a|ci.e., the relation of divisibility in R 
is a transitive relation. (Allahabad 1957) 
(if) albanda|c = al (b+c). 
(iif) a| ba | bx for all xER. 
Proof. (i) a|b2b=<ap for some pER 
and b | cac=bg for some gE R. 
Now c=bq and b=ap>c=(ap) q>c=a (pq) 
=> a|c since pqeR. 
(ii) a@|beb=ap for some pE R 
and a\|c=> c=ag for some gE R 
Now }-: ap and c=aqg>b+c=ap+ aq>b+c=a(p+q) 
=> a|(b-+c) since (p-} QER. 
(iii) @ | b> b=ap for some pe R. 
Now 6=ap=>> bx=(ap) x ¥ xER 
= bx=a (px) > a| bx since pxER. 
Units. (Raj. 77). Let R be a commutative ring with unity element 
1. Anelementa € Ris aunit in R if there exists an element bE R 
Such that ab=1, In other words units of R are those elements of 
R which possess multiplicative inverse. 


The students should not confuse a unit with the unit element 
or the unity element of the ring. There may be more than one 
units in a ring but the unity element is always unique. Of course 
the unity element is also one of the units. 

In the ring of integers I, the only units are 1 and —1. These 
are the only inversible elements of the ring of integers. 

Every non-zero element of a field possesses multiplicative 
inverse. Therefore every non-zero element of a field is a unit. 

It is obvious that if a is a unit in a ting R, then a7 is also a 
unit in R. Also the product of two units is again a unit. Because 
if a, b are two units in R, then (a6)-?=:b-1 q-) which is an element 
of R. Of course the set of all units in R forms a group under multi- 
plication. (Madras 1975) 

Example. Find all the tinits of the integral domain of Gaussian 
infegers. 

Solution. Let D={a+ib : a, b G 1 the set of integers} be the 
ring of Gaussian integers. The element 1+0/ is the uvity element 
of this ring. Let x+i/y be a unit and x +/y’ be its inverse. 

Then (x+ip) (x’+ip)=1+40i 
or (xx" — yy’) + i(xy'’ +yx')= 14-07. 
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Equating real and imaginary parts, we get 
xx’ - yy’=!1 CE) 
and xy’ -Fya‘=0. -«(2) 
Syuaring and adding (1) and (2), we get 
xx Bh yPy 9 yg xt y Bh phy a | 
ol (x? y?) (x84 yr ?)= IN. 
Now the product of two positive integers can be equal to | if 
and only if each of them is 1. 


x24 pel. 
This gives x?--0, =I 
or x2=[, yiaQ. 
Thus x=0, y= + 1 
or x=+1, y=0. 


.. The only units cf the integral domain of Gaussian integers 
are O+/, (4+1)4-Of i.e., 1, —1, i,—i. 

Associates. Definition. (Raj. 1977). Let R be a commutative 
ring with unity element 1. Then an element aof R is said to be an 
associate of be R if a=ub for s me unit u in R. 

In symbols, we express it by writing a ~ b which is read as 
‘a is an associate of B or ‘a and 0 are associates’. 

From this definition we observe that in a commutative ring 
With unity all the associates of an element can be obtained by 
multiplying the element by different units in that ring 
I}ustrations. 

1. The only units of the integral domain of integers are 1 
and —1. Therefore if a is any non-zero integer, then it has 
exactly two associates namely la and (—Il)a /.e,a@ and —a, 
Thus the two associates of 5 are 5 and —5. 

2. In any commutative ring with unily the associate of 0 is 
only zero. 

3. The only units of the domain of Gaussian integers are 
1,—1,é, -ié. Therefore if.a+ib 1s any non-zero element of this 
domain, then it has exactly four associates namely, 

1 (a-+ib), —1 (a+-ib), i (a+ib), —i (a+ ib) 
i.e, a+ib; —a—ib, - b+ia, b—ia. 

Theorem 2. Let R be a commutative ring with unity element 1. 
The relation in R defined by ‘a is an assuciate of 6° is an equivalence 
relation. 
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Proof. 

Reffexivity. Let a be any element of R. Then a= 1a. There- 
fore a ~ a because 1 isa unit in. R. Thus ~ is reflexive. 

Symmetry. We have a~ b= a=ub for some unit u im 
RR was yb = wia=lb > uwta=b = b=u1a> b ~ a be- 
cause uw is also a unit in R. Therefore ~ is symmetric. 

Transitivity. Leta ~b,b~c. Then ag=ub and b=ve for 
some units u,v@G R. This yzives a=u(ve)=(uvy)c. But the 
product of two units in A is again a unit in R. ' Therefore uv isa 
unit in R and 80 a=(uv) c > @ewc. Therefore ~ is transitive. 

Hence ~ is an equivalence relation in R. 

Theorem 3. Let D be an integral domain with unity element 1. 
Two non-zero elements a, b & D are associates if and only if a| b 
and b | a. 

Proof. Let two non-zero elements a, b be associates of each 
other in D. Then g=bu where uw is a unit in R. 

Now a=bu @ b | a. 

Again a=bu > au buy > au4=b = b=au => a| b. 

Thus a and 6 are associates > @| b amd b | a. 

Conversely, Iet a| 5 and b|a. ‘Fen to prove thata and dD 
are associates. 


We have a| 6 > 4c € D sueh that b=ac. 


Similarly b|a > dd e€ D such that a=dd. 
-. b=ac=(bd) c=b (de). 


” 51=6 (dc). fo bi=nbi 
or b (I—de)=0 
or (1—dc)=0 [. 540 aad D is without zero divisess] 
or l=dc. 


~. Both ec and dare units in D. 

Thus abd whered isa unit in D. Hence a and & are 
associates. 

Note. In a field any two oua-zero elements are associates, 

Proper and Improper Divisers. Definitsea. Let OD be an integral 
domain with unity element 1. Est abe aay non-zero element of D. 
Then the units of D and ‘associates of a are always divisers of a. 
These are called improper or trivial divisors of e. Any other divisors 
of a are called proper or nwm-trivial divisors of @. 

In the integral domain of integers +1, +6 are trivial divisors 
of 6. But +2, +3 are proper divisors of 6. 
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Prime Elements. Definition. (Raj. 77). Let D be an integral 
domain with unity element 1. A non-zero non-unit element a & D, 
having only trivial divisors, is called a prime or irreducible element 
of D. An element 046 € D having proper divisors is called a 
reducible or composite element of D. From this definition it is 
obvious that if p isa prime element of D and if p=xy, where 
x, y € D, then one of x or y must be a unit in D. 

Also 06 € D isa compcsite element of D if and only if we 
can find two elements x, y © Dsuch that b=xy and none of x and 
y isa unit in D. 

_ Greatest Common Diviser. Defisition. Let R be a commutative 
ring. Ifa, bE R then0xXd € Ris said tobea ereatest common 
divisor of a and b if 

(i) dlaandd|oa. 

(ii) Whenever c|a andc| b then c|\ d, (Madras 1983) 

We shall] use the notation d=(a, 5) to denote that d is a grea- 
test common divisor of a and b. 

Now suppose a, ) © D where D is an integral domain with 
unity element 1. Let a, 5 possess a greatest common divisor. 

If dy, d, are two greatest common divisors of a and b, we 
have 

dy | d, and dz | dy 
=> dy and de are associates. 

Thus in an jntegral domain with unity in case a greatest 
common divisor of a and 6 exists, it is unique apart from the 
distinction between associates. 

Relatively Prime Elements. Definition. (Raj. 1967). Let D 
be an integral domain with unity elerient 1. Two elements a, 6b & D 
are said to be relatively prime if their greatest common divisor is a 
unit of D. 

But any associate of a greatest common divisor is a greatest 
common divisor. Also the unity element [ is an associate of any 
unit. Therefore if a, 6 are relatively prime we may assume that 
a preatest common divisor of a and 6 is 1 i.e., (a, b)=1. 

§ 20. Polynomial Rings. While studying algebra in high 
school classes we are introduced polynomials. We kuow that 
exoressions of the type 2x*—4x+5,x+7, 9x8 — §x9+ 404-5 ete, 
are called polynomials inthe indeterminate x. In place of x we 
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can use other letters like y, z etc. to denote these polynomials. 
Now we shall define polynomials over an arbitrary ring. 

Definition. Let R be an arbitrary ring and let x, called an 
indeterminate, be any symbol not an clement of R By a polynomial 
in x over R is meant an expression of the form 

f(x) =apxX®+ ayx+agx?+......, where 
Gg, 44, Ag,...are elements of Rand only a finite number of them are 
not equal to , the zero element of R. (Apra 1970; Meerut 73) 
Here x 1s an indeterminate. We could have used any other 
letter, say, y in place of x. Also aex°, a,x, a2x® etc. are called terms 
of the polynomial and ao, a,, a2 etc. ate called coefficients of these 
terms. All these coefficients are elements of R. The number of 
terms in the polynomial /(x) willbe infinite but except a finite 
number of terms, the coefficients of all (he remaining terms will be 
equal to 0, the zero element of the ring. The symbol ‘+’ con- 
necting various terms in f(x) has no connection with the addition 
of the ring R. This symbo! has been used here only to connect 
different terms. Also x is not an element of R. The powers of x 
are nothing to do with the powers of an element of &. The different 
powers of x only tell us the ordered place of different coefficients. 
There is no harm if we represent this polynomial f(x) by the infinite 
ordered set (do, @3, de, ..... ) where do, aj, do,..... are clements of R 
and only a finite nuinber of them are not equal to zero. Since from 
high school classes we represent a polynomial with an indetermi- 
nate x, therefore we have preferred this way tc represent 
polynomials. 
Set of all polynomials over a ring. Let R be an arbitrary ring 
and x an indeterminate. The set of ali polynomials f(x), 


oe 
f(x)= a An x" = dgx®+4.x+4.X°-.. 


where the a’s are elements of the ring R and onlv a finite number of 
them are not equal to zero, is called R [x]. 

We shall make a ring out of R[x]. Then R [x] will be called 
the ring of all polynomials over the ring R. For this we shall 
define equality, addition, and multiplication of two elements of 
R [x]. 

‘Definition. Suppose R is an arbitrary ring and 
f(x)=agv° + 4xtagx't+agr?+... 
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and B(x) = yx? + byx-! byx?-+ bx +... 
are any elements of R(x]. Then 
(a) f(x)—g (x) if and only if aga=ba + non-negative integer n. 
Thus two polynomials are equal iff their curresponding coefficients are 
equal, 
(b) fix)+g (x) con® Fey t cgx? + c9x9 +... where 
Cn=Q,-+b, for every non-negative integern Thus in order ta add 
two polynomials we should add the coefficients of like powers of x. 
Since ¢, € R and only a finite number of c's can be not equal 
to zero, therefore f(x)+g (4) is an ciement of & [x]. Thus 2 [x] is 
closed with respect to addition of polynomials as defined above. 
(c) f(x) 2(x) = dox®4+-dix-] dax?-! dyad | .. 
where da==dolbn-+ dyhg_y-| dabnot ok neg 


for every non-negative integern. Wecan write daw 2 ayby 
i+j=n 


where by this summation we mcan the snmof all the products of 
the type ajby with ¢ and; non-negative integers whose sum is 7. 

Since d, © Rand only a finite number uf 2’s can be not equal 
to zero, therefore f(x) g(x! is anelement of R [x]. Thus R [x] is 
closed with respeci to miultirlication of polynomials as defined 
above. 

We have ly == Gg), dye dgby + Uyhg. 

da= dolg-+ ayhy-} dela, dg = dgbs-t aye t dyf1+aa% and so on. 

Therefore in order to multiply two polynomials f(x) and g(x), 
we should first write 

F(X) B(x) == (20x98 + ax +.0gx? + Gg2?-} ...) (bax? + byx+ bgx*-f ...). 

Now we should multiply different powers of the indeterminate 
x and using the relation .‘xv/=x‘t? we should collect coefficients of 
different powers of x. 

Zero Polynomial. The polynomial 

S(O) = Xaty x" = Ag x9 4X + ay X* + gx? +... 

in which all the coefficients dp, a1, @z,.--are equal to 0 is called the 
zero polynomial! over the ring R. 

Degree of a Polynomial. (Meerat 1978) 


Let f(x)= ax + ayxt azx2+ agxP +... + Gnx" +... 
be a polynomial aver an arbitrary ring R. We say that n is the 
degree of the polynomial {(x) if and only if aan F 0 and amn=0 for all 
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m>n. We shall write deg f(x) to denote the degree of f(x). 
Thus the degree of f(x) is the largest non-negative integer i for 
which the ith coefficient of f (x) is not 0. If in the polynomial f(x), 
Q (i.e. the coefficient of x®) is not 0 and all the other coefficients 
are 0, then according to our definition, the degree of f(x) will be 
zero. Also according to our definition, if there is no non-zero 
coefficient in f(x), then its degree will remain undefined. Thus we 
do not define the degree of the zero rolynomial. Also it is obvious 
that every non-zero polynomial will possess a unique degree. 


Note. If f(x) = a_x®+ ayx+a,x7+ «0.4 G_x"+ ...i8 a polynomial 
of degree n i.e., if anx40 and a,,=0 for all m > n, then it ts con- 


n 
venient to write f(a}=2 ajxt=agx9+ ayX+dex2t+ ...panx™ It will 
s=0 


remain understood that all the termsin f(x) which follow the 
term a,x”, have zero coefficients. Also we Shall call a@nx” as the 
leading term and a, as the leading coefficient of the polynomial. 
The term aox° is called the constant term and ao is called the zero‘ 
coefficient of f(x). For example f(x)=2x°+43x - 4x*+4-5x?—8x¢ is 
a polynomial of degree 4 over the ring of integers. Here —8 is the 
leading coefficient and 2 is the zerot® coefficient. The coefficients of 
all terms which contain powers of x greatcr than 4 will be regarded 
as zero. Similarly g(x)=3x° is a polynomial of degree zero over 
the ring of integers. In this polynomial the coefficients of x, x?,x3, .. 
are all equal to zero. The zero polynomial over an arbitrary ring 
R will be represented by 0x°. 

Set of constant polynomials over a ring. Let R be an arbitrary 
ring and R [x] the set of all polynomials over R Let R’ denote the 
set of all polynomials over R whose coefficients are all zero except 
for the constant term, which may be either zero or non-zero. That is, 

R’={ax®: ae R}. 

Then R’ will be called as the set of constant polynomials in R[x]. 

Thus all the polynomials of degree 0 as well as the zero poly- 
nomial will be called as constant polynomials. 

Example 1. Add and multiply the following polynomials over 
the ring of integers : 

S(xX) = 2x0 5X4 3x9 — 4x3, 26x) = 3x9 + 4.v— x9 + Sixt 

Solation. By our definition of the sum of two polynomials, 

we have 
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F(x) +8(x) = (24 3) x9--(54+4)x+(3-40° +? 
+ (—4--1) x84 (O+5) x# 
== 5x94 9x4 3x2—~ Sx9-} Sx, 
Also f(x) 9(x)=(2x9 + Sx-+43x2- 403) (3x94 4v—x9+ 5x4) 
= 619+ (8+ 15) x-}-(204+9) x?4(--2+12 12) x8 
+(10—5 — 16) x8£+(25) 3) a5 (15 +4) x8 —20x7 
= 6x8 +23x-429x2 2x81) x44 22x51 1916 — 207, 
Example 2. Add and multiply the following polynomials over 
the ring (Ie, +6, Xe): 
fix) = 2x8 + 5x + 3x7, g(x) 1x8 4 44 23, 
Sojution. f (x)+g (x)=(2-+ 61} x® + (S4 64) x 
+ (3+ 60) x? + (0 +62) x? 
== 3x94 3 1 32+ 243, 
Also f(x) glx) =(2x9-+ Sx 43x) (1209+ 4 4 203) 
=(2 61) x®-} [((2% 64) +6(5 Xel ]v+[(5 X64) +6 (3 X6l)] x? 
+1(2X62)+6 (3% 6 VE x91 (5x62) c4+(3 X92) x® 
7 79+(2 -{ 6)) x-+(2 + 63) x? 4. (4 | 60) x3 t 4xt 0x5 
==2x9-} xt 5x24 4y84+ 4x4 
Note. Here degrce of / (x) =2, degree of g(x)=3 and degree 
of f(x) g(x)=4. The point to note is that degree of f(x) g(x) may 
be less than the sum of the degrees of /(v) and g(x). 
§ 21. Degree of the sum and the product of two polynomials. 
Theorem. Let {(\) and @(x) he to non-zero polynomials over 
an arbitrary ring R. Then 
(i) deg [f(x)-+2(0)] < Max [deg f(x). deg a(x)], 
if f(x)+g(x)360. 
(ii) deg { f(x) 2(x)] < deg f(x) | deg glx) if {(x) B(x) #0. 
(Meerut 70, 78) 
Proof. Let f(x) =ao\9beyx tag! -b e+ Ix", Gn 0 
and g(x) =hy194- byt bev? bw + bmx™, bmO be two elements of 
R [x]. 
Here deg f(x)=n and deg g(v)=m. 
From our definition of the sum of two polynomials, it is 
obvious that if f(x)-+ g(x) 40, then 
max (n, m) if nam 
deg (seo-+e00I=| nif n=m and ant bn #9 
<n ifn=m and ay + b,=0. 
Again /(x) 2(x)=(ayho) x9+- (dghy+a,hua) Xf es Hanhmx®t™, 
Suppose f(x) ev) #9. Then f(x) g(x) has a unique degree. 
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If anbm~-0, then deg [ f(x) 2(x)]| =n-+m=deg f(x) +deg g(x). 

Also if anbm=0, then deg [ f(x) g(x)] < n+m. 

Cor. 1. Important.’ Suppose D is an integral domain and J(x), 
&(.x) are nvo non-zero elements of D [x]. Then 

deg [ f(x) g(x)]=- deg f(x)+ deg g(x). 

Proof. Since a,340, bm+~0, therefore a,b,540 because in an 
integral domain the product of two non-zero elements cannot be 
zero, Hence deg [ f(x) g(x)J=m- rn. 

Cor.2. If F isa field and f(x), g(x) are two non-zero elements 
of F(x], then deg | f(x) g(x)]= deg f(x)+deg g(x). 

(Meerut 1973; Kanpur &0) 

Proof. Since a field is also free from zero divisors, therefore 
Onlmse0 when an30 and b,=40 Hence the result. 


§ 22. Ring of Polynomials. 

Theorem, The set R[x] of all polynomials over an arbitrary 
ring R is a ring with respect to addition and multiplication of poly- 
nomials, (Meerut 1973, 80; Sagar 77) 

Proof, Let f(x), g(x)E Rix]. Then f(x)-+2(x) and f(x) g(x) 
are also polynomials over R. Therefore R[x] is closed with respect 
to addition and multiplication of polynomials. 

Now Iet 

f(x) = Lagxt=ag\9+ ayx+aex? + .., 2(x)=2b9x9+ bix+b.x8-+..., 

A(x) == 1r9x°+¢4X + c2x?-++...be any arbitrary elements of R[x]. 

Commutativity of addition. We have 

S(x)-+ 8(x)= (Got bo) x°+-(a1+51) x+ (a+ be) x?+... 

==(bg-+ dy) X°-+ (O1-+ ay) x + (Dg ag) x?+...=2(x) + f(x). 

Associativity of addition. We have 
[ f(x) +2(x)] + A(x) == (4¢-+5;) xt +2 yx'=% [(a:+5,) 4 ci] x* 
oD [ay+(b)-+))] x= 2 agxt +2 (bj; +e;) x4=f(x)+[e(x) +h(x)]. 

Existence of additive indentity. Let 0 (x) be the zero poly- 
nomial over Rie., O(x)=0x®°+0x.+ 0x?+... 

Then /(x)+ 0 (x) =(ag+0) x°+(a, +0) x-+(a2+0) x*+... 

= AgX°-+- 4X +0, X* +... =f (x), 

.. the zero polynomial 0(x) is the additive identity. 

Existence of additive inverse. Let —/(x) be the polynomial 
over R defined as - f(x) =(—d,) x0+-(—~—a,) x +(—de) x* +... 

Then — f(x) +(x) = (—ay-+ 40) 2° +(—aa-+ ay) x-+-(—ay-+ a) x84... 
r= ()x9-+- Oy -} Ox?-+...=0 (x)= the additive identity. 
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each member of R[x] possesses additive inverse. 
Associativity of Multiplication, We have 
L(x) B(x) = (0x9 +0yx + aex?+...) (bya + Dyx+ box® +...) 
= 9x9 + dyx+d.x94-...4d)x'+ ..., where dj == a aby. 


+4 
Now [ f(x) g(x)] A(x) 
==(dyx°+ dyx+ d,x* +- he) (cy v9 + CyX + ex®-+...) 
= e9Xx9 t-eyx t+ Cax¥+ 0. -beax + ..., 
where eén=the coeif. of x* in [ f(x) 2(x)] A(x) 


= 2 ake p> (¢ a a;b;) rn x ajbycr. 
itkwan itk~=r i+j~] tt+J+k=n 


Similarly we can show that the coeff. of x* in 
Six) [8(x) Axi 2 aybyc. 
S+j+k=n 


Thus [ f(x) g(x)] A(x) =f(x) [e(x) A(X)] since corresponding 
coefficients in these two polynomials are equal. 

Distributivity of Multiplication with respect to addition. We 
have f(x) [g(x) + h(x)] 
=: (dgx9 ay x+ dex? +...) [(boeg) x9 + (by ter x+(et+ee) 8+...) 

If 7 is any non-negative integer, then the coefficient of x" in 
I(x) [8()+ A(x)] 


= 2 Qy (bjtcpe= 2 (apd; +ages)= a ab, +4- >y QC} 
itjun ition i+J=n f+J-a 


= Coeff of x" in f(x) g(x)-+ coeff. of x” in f(x) htx) 
==Coeff. of x" in [ fix) 2(x) 4 S/(x) A(x)J. 
f(x) [2 (x) FAC) =f) (4) 4-f(x) A(x). 

Similarly we can prove the right distributive law. 

Hence R [x] isaring This iscalled the ring of all polyno- 
mials over R. The zero elemen: of this ring is the zero polynomial 

Ox® + Ox + Ox? + Ox8-+... 

§ 23. Rasa subset of A[x] or Imbedding of R into R,x]. 

Theerem. Jf R is an arbitrary ring and R' is the set of constant 
polynomials in R[x], then R’ is isomorrhic to R. (1 A.S. 1974) 

Proof. We have R’ ={ax0+ Ox +0x?4 0x3+...such that aE R}. 

Let 6: R~>R’ such that 

d(a)= ax®+0x+Or?-+0x9+.. Y¥ GER. 

¢ iS One-one since 

p!a)=o(b) > ax®-1 Ox-+0x?-+ ...= bx94 OX-] Ox? +... > amd. 

Also ¢ is obvicusly onto R’. 

Again ¢(a+b)=(a+b) x° + O0x+0x7+0x9 + ... 
=='qx0+ Ox-+Ox?+...J-+ [bx9+ Ox+ 0x?+ ...J=¢ (a) 4 ¢ (5). 
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Also ¢ (ab) = abx® -| 0x + 0x?+ 0x8+ ... 
== (ax° + Ox-+-Ox8+...) (bx°+0x-+-0x?+... )==¢ (a) ¢ (d). 


-. £ iS an isomorphism of R onto R’. Hence R&R’. 
Since R is isomorphic to R’, therefore in R[x] we can identify 


R’ by R i.e. all the constant polynomials in R [x] can be replaced 
by the corresponding elements of R. This replacement will not 
affect the addition and multiplication of polynomials. 

Hence in future we shall write 0 in place of the zero polyno- 
mial. If ax®+0x+0x°+...is any constant polynomial in R [x], 
then we shall simply write a in place of this polynomial. 

Also in place of aex®-+-a,x-+azx'+,.....we shall write 
Qo+ ayx4+-d2x*-+...... If we are to multiply f(x) by a constant 
polynomial ax°+0x.-+0x?-+..., then we shall write af (x) in place 
of (Qx9+0x-+4...) f(x). 

§ 24. Polynomials over an integral domain. 

Theorem. /f D is an integra! domain, then the polynomial ring 
D [x] is also an integral domain, 

(1.A.S, 1974 ; Rajasthan 74 ; Jabalpur 70 ; Allahabad 80 ; 
Gujrat 71 ; Marathwada 72 ; Meerut 78, 84 P) 

Proof, Let D be acommutative ring without zero divisors 
and with unity element 1. As proved in § 22, D[x] is also a ring. 
To prove that D [x] is an integral domain, we should prove that 
(i) D [x] is commutative, (ii) is without zero divisors and (iii) 
possesses the unity element. 

D [x] is commutative. Let f(x)—2ao+a4x-+G.x?+ ....0 and 
8(x)=: bg +hyx-} box*+... be any two elements of D [x]. 

If nm is any non-negative integer, then the coefficient of x* in 
S(X) &(4) 18= 3 aby= 2 hya;, since D is commutative 

= ne 


= Coefficient of 1” in g(x) f(x). 

. S(x)e(x)=g(x) f(x). Hence D [x] is a commutative 
ring. 

If 1 is the urity element of D, then the constant polynomial 
1-| Ov +0x?-+ 0x5-+4-... is the unity element of D [x]. We have 
[ao + ayx+-dgr?-+ ...] [1+ Ox-+ 0x?-++ 0x8+...] 
=(91)-} (a,1) A4- (Gol) x24... =agt+ayxagx*+... 

"the polynomial 14+0x+0x?-+-.. or simply 1 is the unity 
element of D [v]. 

D{[x] is without zero divisors, Let 
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I(X) Ag + Ayxe te agx®+ 22. tmx. On 0 
&(x) = bgt bx byx?+ ...+ b,x", 6,240 
be two non-zero elements of D[y]. 

Then f(x) g(x) cannot be a zero polynomial i.e., the zero ele- 
ment of D [x]. The reason is that at least one coefficient of 
I(x) g(x) namely agb, of x™+* is AO because dm, ba ure non-zero 
elements of D and BD is without zero divisors, 

Hence D[x] is an integra] domain. 

Theorem 2. Jf Ris an integral domain with unity element, 
then any unit in R[x] must already be a unit in R. 

Proof. If R is an integral domain with unity clement 1, then 
R[x] is also an integral domain with unity elcment. Further the 
constant polynomial I is the unity element of R(x]. Let f(x) bea 
unit in R[x], i.e., let f(x) be an inversible element of R[x]. Let 
g(x) be the inverse of f(x) in R[x]. Then 

I(x) a(x) =1 
=> deg [ f(x) e(x}]=0 [7 degree of the constant polynomial 


1 is O 
=> deg /(x)-+-deg g(x) =0 => deg f(x) =90, dez e{x)=0 ' 
=> both f(x) and g(x) are constant polynomials in A[ x}. 

Let f(x)=eE R and a&x)=6CR. Then ab=i>a@isa unit in 
R. Thus aay unit in R[x] must already be a unit in R. 

Nete. If a&@R isaunit in R, then a&@R[x] is also a unit 
in Rix]. DFG is the inverse of a in.R, then the constant polynomial 
6 is the imverse of a in Rx]. 

§ 25.. Polynomials ever a field. 

Fheevers 2. If F ix a field, then the set F(x} of all polynomials 
over F is an integral domain. 

(Aligarh 1966 ; Bombay 70 ; Allahabad 66 ; Meerut 69) 

Preof. Every field is an integral domain. So give the same 
proof as we have given in § 22 and then in § 24. 


We shall call the set F[x] as the polynomial domain over the 
field F. 


Theorem 2. The polynomial domain F{x] over a field F is not 
a field. 

Proof. In order to show that F[x] is not a field, we should 
show that there exists a non-zero element of F[x] which has no 
multiplicative inve-se. Let f(x) be any member of F[x] such that 
deg f(x) is greater than zero. The inverse of f(x) cannot be the 
zero polynomial because the product of f(x) and the zero polyno- 
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mial will be equal to the zero polynomial! and not equa) to the 
unity element of F[x] which is the polynomial 1+0x+0x?-+.... 
Suppose now g(x) is any non-zero polynomial. Then F being a 
fizlid, we have 
deg | f(x) g(x)]=deg f(x)-+ deg g{x) > 0 because deg f(x) > 0 

and deg g(x) > 0. 

The degree of the unity element of F[x] is 0. Hence f(x) g(x) 
cannot be equal to the unity element of F[x]. Thus f(x) does not 
possess multiplicative inverse. 

.. F{[x] is not a fiela. 

Important. The only inversible elements of F[x] are constant 
polynomials excluding the zero polynomial. No member of F[x] 
whose degree is greater than 0 is inversible. 

§ 26. Ring of polynomials in 7 variables over an integral 
domain. 

Definition. Let R be an integral domain. Then the ring of 
polynomials in the n-variables x, ..,X%_, over R is denoted by 
R [x,,..., Xn] and is defi .ed as follows : 

Let Ry=R [x1], the polynomial ring in x, over k, 

Rs=R; [xa], the polynomial ring in x, over Rj, 
Rs= Ry [Xs], the polynomial ring in xg over Ra, 


Ra= Ray [Xa], the polynomial ring ia X_, over Ry-1. 

Thea R, is called the ring of polynomials in xy, .... X, over R 
and we write Ra=R [x3,.. , Xo]. 

Theorem 1, Jf R is an integral domain, then so is ‘R [X},-0-, Xa). 

Proof. If R is an integral domain thea Ri= [x] is also an 
integral domain. Now is an integral domain implies that 
Rs Ry [xgl=R [x1, X,} is also an integral domain. Continuing this 
process a finite number of times we see that R [x,, -, Xs] is an 
integral domain. | 

Theorem 2. If Fis a field, then F [x4,..., Xa] is an integral 
domain. 

Proof. If / isa field, then Fp}=F [x,]is an integral domain. 

Now f, is an integral domain implies that /a=F, [x,] 
=x F [x,, xs) is also an integral domain. Continuing this process 
a finite number of times we see that F [x,,..., Xa] iS an integral 
domain. 

Note. if £ isa field, then F [x1,-.., Xn] is an integral domain. 
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Now we can construct the field of quotients of the integral domain 
F [x1, .+) Xn]. This field is called the field of rational junctions in 
Xy, ..., Xn Over F and is denoted by F (ag, ---, Xn): 

§ 27. Divisibility of Polynomials over a field. 

Suppose Fis a field. Then F[x] isan integral domain. If 
a (x)+0 and f(x) are elements of F(x], then @ (x) is a divisor (or 
factor) of f(x) if and only if there is a pelynomial 6 (x) in F[x] 
such that f(x)=a(x) b(x). Symbolically we write a (x) | /(x). 

A unit is an element of F[x] which has multiplicative inverse. 
All the polynomials of zero degree belonging to F [x] are units of 
F [x]. Thus the non-zero elements of F are the only units of F [x]. 

If f(x) and g(x) are polynomials inF [x], then we call j(x) 
and 2(x) associates if fix)=c g(x) for some O¢c E F. It can be 
easily proved that two non-zero polynomials f(x) and g(x) in F [x] 
are associates if and only if f(x) | gx) and gx) | /i). 

If f(x) is any non-zero polynoinial in F [x], then f(x) is 
always divisible by its associates and by all units of F [x]. These 
divisors of f(x) are called its improper divisors. Ail other divisors 
of f (x), if there are any, are called its proper divisors. 

Definition of an irreducible polynomial over a field. Let F be 
a field and f(x) be a non-zero and non-unit polynomial in F [x] i.e., 
(x) be a polynomial of positive degree. Then fix) is said to be 
irreducible over F (or prime) if ithas no proper divisors in F [x] ; 
f(x) is reducible over F if it has @ proper divisor in F [x}. 

(Mecrut 1983P) 

Thus a positive degree polynomial f(x) in F [x] is irreducible 
over F if whenever /(x)=a (x) 6 (x) with a(x), 4 (x) € F [x] 
then one of a (x) or b (x) is a unit in F [x] i.e., has degree 0. Also 
fx) is reducible over F if andonly if we can find two polynomials 
a(x) and b(x) in F [x] such that /(x)—a (x) 6 (x) and none of 
a (x) and b (x) is a unit in F [x] ie., has degree 0. 

Irreducibility depends on the field. The polynomzal x®-- 2 is 
irreducible over the field of rational numbers while it is reducible 
over the field of real numbers, since x*—2=(x-+ ¥ 2) (x— +2). 

The polynomial x*-+-1 is irreducible over the field of real num- 
bers while it js reducible over the field of complex numbers Since 
x2+ J=(. +i) (x—i). 

Monic polynomia)s. Definition. 

Let f(x) =a0+yX+ 0. +x", with an#O, be a polynomial in 
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F [x] over an arbitrary field F. If the leading cocfficient an of f(x) 13 


equal to 1, the unity element of F then the polynomial f(x) will be 
called monic. 


The polynomial 2x— 3x3 over the field of real numbers is rot 

monic since its leading coefficient is —3. But the polynomial 

—3x+4 over the field of real numbers is monic since its leading 
coefficient is 1. 

Greatest common divisor of two polynomials over a field 
Definition. Suppose F is any field. Let f(x) and g(x) be two elements 
of F[x]. A greutest common divisor of f(x) and g(x) is a non-zero 
polynomial d(x) such that 

(i) d(x) | f(x) and d(x) | g(x). 

(ii) Ifcx) is a polynomial such that c(x) | f(x) and c(x) | g(x), 
then c x) | a(x). 

Relatively prime polynomials Two polynomials f x) and 
g(x) € F[x] are said to be relatively prime if their greatest common 
divisor is 1, the unity element of F. 

§28 Divisiom Algorithm for polynomials over a fie!d 

Theorem. Let f(x), ¢(x)=3-0 be any two polynomials of the poly- 
nomial domein F[x], over the field F. Then there exist uniquely two 
polynomials q(x) and r(x) in F[x] such that 

Si =Qx) B(x) + r(x) 
wheye either r(x)=0 or deg r(x) < deg g(x). 
: (Allahabad 1970; Vikram 76; Kerala 70; Bombay 70; 


Meerut 74, 76) 
Proof. Suppose 


FEx) = Ag+ QyX+ G2X94 2.4 Gmi™, Amz 
and 8(x)= bet byx+box*®+ ..4+ bax", bn. 

If degree m of f(x) is smaller than the degree 7 of g(x) or if 
f(x)=O6, then we are nothing to prove Because we can always 
write f(x)=0. 2(x)+ftx). So in this case 9g,x)=0, r(x)=f(x) and 
we have either {(x)=0 or deg f(x) < deg g(x). 

Now let us assume that m 3 n. In thiscase we shall prove 
the theorem by induction on mi.e., degree of f(x). 

If m=0, then m > n>n=0. Therefore f(x) and g(x) are both 
non-zero constant polynomials, /(x)=a, a0, and g(x)=—hg 
by~0. We have in this case 

L(X) = de=(dgbg™) 49+ 0=(Gybo-3) B(x) +0. 

Thus the theorem is true when m=O or when the degree of 

f(x) is less than 1, 
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We shall now assume that the theorem is true when /(x) is a 
polynomial of degree less than mand then we shall show that it 
is also true if f(x) is of degree m and then the proof will be com- 
plete by induction. 

Let fi(x)=fix) —(ambag®) x™-* g(x) .. (I) 

Obviously deg fy (x) < m. Therefore by our assumed 
hypothesis, there exist polynomials s(x) and r(x) such that 

Sux) = 5(x) g(x) + r(x), 

where r(x)=0 or deg r(x) < deg g(x). 

Now putting the value of f,(x) in (1), we get 

Sir) B(x) + rx) =f(x) — (Amba) x" B(x) 

or I(%) = (amba71) x" + 5(x)] B(x) +r(X). 

If we write g (x) in place of (a,6,71) x™ *45(x), we get 

(x)= q(x) B(x) + r(x) 

where s(x)=90 or dey r(x) < deg g(x). 

This proves the existence of polynomials ¢(x) and r(x). Now 
to show that g(x) and r(x) are unique. Let us assume that 

Kx) = 41 (X) 8() + 0) = Ga (x) B(x) tra). 

Then 9x (X) Bx) tra (x) = Ge (x) B(x) tre (x) 
or {41 (x) 42 Cx)] eX) = r(x) — 14x). (2) 

If [qa(x)— ga(x)] AU, then [q,(x) —9_(x)] g(x) cannot be equal 
to the zero polynomial because g(x)3—0 and F[x] is without zero 
divisors Also then the degree of [g;(x) — go{x)] g(x) is at least n, 
the degree of g(x) But 7,(x)—r,(x) is either equal to the zero 
polynonnial or elsz its degree is less than a because the degrees of 
r(x) and r,(x) are both less thana Hence the equality (2) among 
two polynoraials holds only if 

gi(x) - 92(x)=0 and ro(x) —ry(x)=0 
i.e., only if qi(x) = a(x) and ry(x)=r,(x) 
the polynomials q(x) and r(x) are unique. 

Definition. Jn the division algorithm, the polynomial q(x) is 
called the quotient on dividing f(x) by g(x) and the polynomial r(x) 
is called the remainder. 

Theorem. <A polynomial domain F[x] over a field F is a princi- 
pal ideal ring (Vikram 1976; Lucknow 70; Madras 78; 

Kanpur 71; Kumayun 77; Meerut 79, 81) 

Proof. Obviously F[x] is a commutative ring with unity and 
without zero divisors. Therefore F[x] is a principal ideal ring if 
every ideal in F [x] is a principal ideal. 
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Let S be an arbitrary ideal of Fix]. If S is the null ideal, then 
S=(0) i.e., the ideal of F[x] generated by 0. Therefore S is a prin- 
cipal ideal. So let us suppose that Sis not a null ideal. Then 
there exist non-zero polynomials f(x) in S. Let g(x) be a polyno- 
mial of lowest degree m belonging to S. We shall show that S$ Is 
the principal ideal generated by g(x). 

Let f(x) be any arbitrary member of §. By division algorithm 
there exist two polynomials g(x) € F{x], r(x) € F[x], such that 

f(x)=q(x) g(x)-+r(x), where r(x)=0 or deg r(x) < deg g(x). 

Since S is an ideal, therefore 

g(x) & F[x], g(x) & S > g(x) g(x) € S. 

Also f(x) € S, q(x) g(x) € S > f(x)—q(x) a(x) E S. 

But f(x)—q(x) 2g(x)=r(x). Therefore r(x) € S. 

Now either r(x)=0 or deg r(x) < deg g(x). But we have 
assumed that g(x) is a polynomial of lowest degree belonging to S. 
Hence deg r(x) cannot be less than deg g(x). Therefore we must 
have r(x)=0. Then f(x)=q(x) g(x). Thus g(x) € Sis such that 
Six) € S => f(x)=q(x) g(x) for some g(x) € Fix]. Therefore S$ 
is a principal ideal of F[x] generated by g(x). Hence F[x] isa 
principal ideal ring. 

Important. A polynomial ting over an arbitrary field is a 
principal ideal ring. But a polynomial ring over an arbitrary ring 
is nota principal ideal ring as is obvious from the following 
example. 

Example. Show that the polynomial ring 1 [x] over the ring of 
integers is not a principal ideal ring. (Meerut 1976, Andhra 75) 

Solution, To prove this statement we shall show that the ideal 
(2, x) of the ring I [xi generated by two elements 2 and x of I [x] 
is not a principal ideal. Let (2, x) be a principal ideal in I [x]. 
Then there will exist a non-zero element g(x) € I [x] such that 


(2, x)=(g(x)). 


Since 2 & (g x)} and x € (g(x)) therefore there will exist 
elements ¢(x) and y,x) beionging to I [x] such that 


2= $(x) g(x), + (1) 
x=(X) g(x). .»-(2) 

From (1), we get 2x==[¢(x) g(x)} x aud from (2), we get 
2x== 2p (x) g(x). 


vo 2p(x) B(x) x d(x) g(x) [*" I [x] is a commutative ring]. 


“  2fi(x)== xg (x) since g(x)340, and I [x] is without zero divisors. 
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Now 2(x) =x (x) implies that the coefficients of ¢(x) must 
all be even integers. Therefore $(x)=2h (x) where A(x) 1s some 
polynomial! in I[x]. Putting this value of $(x) in (1) we get 

2= 2h (x) g (x) 
or l=sh (x) g (x). 

Now 1=A(x) g(x) > 1 & (g(x)). Therefore each element of 
K [x] will belong to (g(x)). Thus we have I[x]=(g(x))=(2, x). 
Therefore each element of I(x] will belong to (2, x). We shall 
show that 1 ¢ (2, x) and this contradiction will mean that (2, x) 
is not a principal ideal in I{x]. 

Now | € (2, x) > we can write 

L==2p(x)+ xq(x) 
where p(x) and q(x) are some elements in I [x]. 

Let p(x)=ag+ayx i ax? + .. and g(x)= by +byx+b,x*+ ... 

Then P==2 (dgta,r | ax®+ ..) 4x (bg thyx t bax? t ...) 
or 1 = 249 + (2a, | by) x+ (2454+) x?+... 

This equality implies 1==2a@» where a, € I. 

But tor no integer ag we can have |=2d9. Hence |} € (2, x). 

(2, x) is not a principal ideal in I {y]. 

§ 29. Euclidean Algorithm for polynomials over a field. 

Theorem. Lert F bea ficld and ,.x) and g(x) be any two poly- 
nomials in F[x], not both of which are zero. Then f(x) and gix) 


have a greatest common divisor d(x) which can be expressed in the 
form 


d(x) ==m(x) f(x)-+n(x) g(x) 


for polynomials m(x) and n(x) in F(x]. (Meerut 1976) 
Proof Corsider the set 
S={s(x) f(x) +(x) g(x): s(x), (x) E Flx]}. (1) 


We claim that S is an ideal of F[x]. The proof is as follows : 

Let sy(x) f(x) + h(x) g(x) and 5,(x) f(x) + #,(%) a(x) be any two 
elements of S. 

Then [sy(x) f(X +4:(x) 8(x)] —[50(x) f(x) +42(x) 2(x)] 

==[81(x) — 54(x)] f(x) +(x) —he(x)] a(x) E S 

since 5y(x)—s,{x) and ,(x)—f2(x) are both members of F[x]. 

Also if a(x) be any member of F[x], then 

a(x) [sa(x) f(x) +f(x) 2(x)] 
[(x) sy(x'] f(x) + [a(x) (xd) a(x) € S. 
Therefore S is an ideal of F[x]. Now every ideal in F[x] 1s 
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principal ideal. Therefore there exists an element d(x) in S such 
that every element in S is a multiple of d(x). 

Since d(x)ES, therefore from (1) we see that there exist 
elements m(x), n(x) F[x] such that 

A(x) = m(x) f(x) +(x) 2(x). 

Now F[x] is a ring with unity element 1. 

.. Putting s(x)=1, 1 (x)=0 in (1), we see that f(x) © S. 
Also putting s (x)=0, f (x)=1 in (1), we see that g(x) € S. 

Now f (x), g (x) are elements of S. Therefore they are both 
multiples of d(x). Hence d (x) | f(x) and d(x) | g(x). 

Now suppose c (x) | (x) and c (x) [ g (*). 


Then ce (x) | [m (x) f(x)] and c (x)! [2 (x) g(x). Therefore 
¢ (x) is also a divisor of m (x) f (x)+7 (x) g (x) ie., c (x) is adivi- 
sor of d (x). 

Thus d (x) is a greatest common divisor of f (x) and g (x). 

Note. If d(x) is a greatest common divisor of f (x) and g (x) 
then any associate of d (x) i.e., kd (x) where 0;4kE F will also be 
a greatest Common divisor of f(x) and g (x). In particular if 036 
is the leading coefficient of the polynomial d (x), then the monic 
polynomial b-! d(x) will also be a greatest common divisor of f(x) 
and g (x). Often while defining greatest common divisor of two 
polynomials over a field we include one more condition in our definition 
that the greatest common divisor should be a monic polynomial. 
The advantage of this extra condition is that now we shall geta 
unique greatest common divisor as shown below : 

Suppose d, (x) and d, (x) are two monic polynomials aud each 
is a greatest common divisor of f(x) and g (x). Then d (x) | dz (x) 
and d; (x) | di (x). Therefore d, (x) and dz (x) are associates and 
we have d, (x)=ud; (x) for some 04uEF. Since a, (x) and a, (x) 
are both monic, therefore y=}. 

§ 30. Unique Factorization Domain. Definition. An integral 
do rain, R, with unity element 1 is a unique factorization domain if 

(a) any non-zero element in R is either a unit or can be written 
as the product of a finite number of irreducible (prime) elements 
of R; 

(6) the decomposition in part (a) is unique upto the order and 
associates of the irreducible elements. 
(Punjab 1968; Madurai 78; Banaras 64; Meerut 70) 
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Thus if R isa unique factorization domain and if ax-0 is a 
non-unit in R, then acan be expressed as a product of a finite 
number of prime elem nts of R. Also if 
A= Py P2 Ps.. Pa=Py Pa’ Ps Pm’ 
where the p,; and p,’ are prime elements of R, then m=n and each 
Pi, 1 St <n is an associate of some py’, 1 <j < mand conver- 
sely each p’x is an associate of sume pr. 
§ 31. The unique Factorization Theorem for polynomials over 
a Field. We shall now prove that every polynomial over a field 
can be factcred uniquely into irreducible factors. Before stating 
the main factorization theorem, we shall give two preliminary 
theorems that are needed for its proof. 

Theorem 1. Let fix), 8 (x), andh (x) be S polynomials in F{x] 
fora field F. If f(x)j g(x) 4 (x) end the greatest common divisor 
of f (x) and g (x) is 1, then f (x) | h (x). 

Proof. If the greatest common divisor of f (x) and g (x) is 
1, then by theorem of § 29 there exist polynomials m (x) and 
n(x) € F [x] such that l=m (x) /(x)-+n (x) g (x). Multiplying 
both members of this equation by / (x), we get 

h (x)=m (x) f (x) A (x)-bn (x) a(x) A (x). .. (1) 
But f(x) | g(x) A(x), so there exists a polynomial q(x) © F[x] 
such that g (x) & (v)=g (x) f (4). 
Substituting this value of g (a) A(x) in (1), we get 
A (x)= m(x) f(x) h (x) +4 (x) ¢g (%) F(x) 
ea f(x) [m (x) h (x)+n (x) q (x); 
which shows that fx) is a divisor of h (x). 

Hence the theorem. 

Theorem 2, Jf f(x) is an irreducible polynomial in F [x] for a 
field F and f (x) j 2 (x) h(x) where g (x), h (x) & F [x] then f(x) 
divides at least one of g (x) or h (x). (Allahabad 1967) 

Proof. Suppose that f (x) does not divide g (x). Since f (x) 
is prime therefore f (x) does not divide g (x) implies that f(x) and 
g (x) are relatively prime. Therefore the greatest common divisor 
of f (x) and g (x) is 1. Hence by theorem 1, we get that f(x) | A(x). 

Corollary. If f(x) isan irreducible polynomial in F [x] fora 
field F, and if f{ (x) divides the product gy (x) 82 (X)...8n (x) of poly~ 
nomials in F [x], then f (x) divides g; (x) for somei, 1 Riqan. 

This result follows immediately by repeated application of 
theorem 2. 
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The Unique Factorization Theorem for polynomials over a 
field. Let f(x) be a non-zero polynomial in F [x], where F is a field. 
Then either { (x) is aunit in F [x] or f (x)=apy (x) ps (x).. Pm (x), 
where each p; (x), 1 < i < m, is an irreducible monic polynomial in 
F [x] and aGF is the leading coefficient of f (x). Further the factors 
Pa (x), Po (X),--- pm (X) are unique exccpt for the order in which they 
appear. (Banaras 1969) 

Proof. We shall prove the theorem in two parts. First we 
shall prove that f(x) can be factored as required, and then we 
shall show that the factors are unique. 


Let f (x) be a non-zero element of F [x]. Then either/(x) 
is a unit in F [x] i.e., deg f (x) is 0 or deg f(x)>0. If deg f (x)>0, 
and the leading coefficient of f (x) is a we are to prove that f (x) 
can te expressed as a product of a and a finite number of irredu- 
cible monie polynomials in F [x]. The proof will be by induction 
on the degree of f (x). 

Suppose that f(x) is of degree one. Let f(x)=b+ax for 
a,b G Fand a0. We can write f/(x)=a (a? b+ x). Therefore 
the theorem holds in the case where f (x) has degree one since 
a1 6+-x is irreducible and monic. 


Now assume, as the induction hypothesis, that every polyno- 
mial of degree less than n can be factored as stated in the theorem. 
Consider an arbitrary polynomial f(x) of degree n having @ as its 
leading Coefficient. We can write f(x)= af, (x), where A(x)=a7¥f(x) 
and fy (x) is monic. If f(x) is irreducible, then /{ (x) is also irre- 
ducible and the theorem holds If f (x) is reducible, then it can be 
factored as f(x)=g (x) 4 (x} where neither g(x) nor A(x) isa 
unit in F[x] Now the degree of f(x) is equal to the sum of the 
degrees of g (x) and h(x). Alsog(x) and h (x) are not units io 
F [x], so each of them must be of degree one or larger. Hence 
both g (x) and A (x) have degrees less than”. Therefore by our 
induction hypothesis we can write 


Q(X) Cay (x) ey (x) ..0, (x), h (x)= By (x) Bs (x).-.B; (x) 
where each a, (x) and each B; (x) is monic and irreducible and 
where c and d are leading coefficients of g(x) and h (x) respec- 
tively. Thus 

S (x)=ed ay (x) es (x) ay (x)...040 (x) By (x) Bg (x)---B; (x). ‘ 

Since the leading coefficient of f (x) is a, therefore we must 
‘have a=cd because each « (x) and each B (x) is monic. Therefore 


Rings 343 


F (x)=anry (x) % (x)... (X) Ba (0) Bg (x)..-Be (x). 
The factorization of f (x) satisfies the requirements of the 
theorem. Hence the theorem holds for all polynomials of degree x, 


and by the principle of induction, for all polynomials of arbitrary 
degree. 


In order to prove that the factors are unique, let us suppose 
that f (x)=ap, (x) ps (X).+-Pm (x)= 09; (x) 2 (X)..- Gn (x) Where each 
p (x) and each q (x) is irreducible and monic. Then we shall prove 
that m—m and each p (x) is equal to some g (x) and each g (x) is 
equal to some p(x). From these two decompositions of f (x), we 
have Pr (x) pe (X)---Pm (X)=41 (X) Ga (4). Ga (X). 

Now py (x) | p1 (x) pa (x)..-Pm (x). Therefore 

Px (X) | 91 (x) 9a (x)---9n (x). 

By Cor. to theorem 2 of this article p, (x) must divide at least 
one of gy (x), G2 (X),...5 ga (x). Since F [x] is a commutative ring, 
therefore without loss of generality we may suppose that p, (x) 
divides gq, (x). But p, (x) and q, (x) are both irreducible polyno- 
mials in F [x] and py (x) | q,(x). Therefore p, (x) and q; (x) must 
be associates and we have q (x)=up.i (x) where uw is a unit in F[x] 
i.é., uw is a non-zero clement of F. Since q, (x) and p; (x) are monic 
therefore u must be equal to 1 and we have p; (x)=q, (x). Thus 
we have 

Px (X) Pa (x).- pm (%)= ps (X) Gs (X)-+-Gu (x). 
Cancelling 0: (x) from both sides, we get 
De (X) pa (x)... Pm (X)=Ge (x) Ga (x)-+-Gn (x) + (1) 

Now we can repeat the above argument on the relation (1) 
with p, (x). Ifm > m,_ then after m steps the left hand side be- 
comes | while the right hand side reduces to a product of a certain 
number of g (x) (the excess of mover m), But the q (x) are irre- 
ducible polynomials so they are not units of F [x] i.e., they are not 
polynomials of zero degree. 


So their product will be a polynomial of degree 2 1. So it 
cannot be equal to 1. Therefore 1 cannot be greater than m. Then 
n<m. Similarly interchanging the roles of p (x) and q (x), we get 
man. Hencem=n. 


Also in the above process we have shown that every p (x) is 
equal to some g (x) and conversely every g (x) is equal to some 
p (x). Hence the theorem has been completely established, 
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Thus we can say that the ring of polynomials over a field is a 
unique factorization domain 

§ 32. Value of a polynomial at x=c., 

Definition. Let f(x)=dg+ ayxt+a2x*+ ...+anx" be a polynomial 
in F [x] for an arbitrary field F and let c be an element of F. Then 
f (c)=ag+ayc+azc8 + ...+anc", where the indicated addition and 
multiplication are the operations in F, is called the yalue of f(x) at 
x=c. Obviously f(c) is an element of F. 

Zeros of a polynomial Definition /f f(x) is a polynomial in 
F [x] for an arbitrary field F, and f (c)=0 for an element c E F, 
then c is called a zero of f(x). 

Polynomial equations and their roots Definition. Let f(x) be 
a polynomial of degree n over a field F. We say that f{(x)=Q is an 
equation over the field F and n is the degree of the equation 

{fe isa zero of the polynomial f(x), then c isa root of the 
equation {(x)=0. A root of an equation is also called a solution 
of the equation. 

Remainder Theorem. /f f(x) € F[x] anda € F, for any field 
F, then f(a) is the remainder when f (x) is divided by (x—a). 

Proof By division algorithm there exist polynomials g (x) 
and r(x) such that f(x)=@q (x) (x- a)4-r (x), where either r(x)=0 
or deg r(x) is less than the degree of x-—-a. But the degree of 
(x-a)isl. Therefore r(x) has degree Q or no degree. Hence 
r(x) is A constant polynomial i.e., r (x) 1s simply an element, Say, 
rin Ff. Thus f(x)=q (x) (x--a)+ 7. Putting x=a in this relation, 
we gel f (a)=q (a) (@- a)t+r > f(a)=r. 

Cor. Factor Theorem. /f f(x) © F[x] and ae F, for a 
field F, then x- a divides f(x) if and only if f (a)=0. 

(Meerut 1976; 84 P) 

Proof. By remainder theorem, {(a) is the remainder when 
f(x) is divided by (x - a). Therefore if f (a)=0, then (x— a) divides 
f(x). 

Conversely, if f(a) ts divisible by (x- @) we get 

J (x) =(x- a) q (x). 

Putting x=a, we get f (a)=—(@ -a) g(a)=0 gq(z)=0. 

Example. Show that the polynomial x*-+-x- 4 is irreducible 
over F, the field of integers modulo 11. (Meerut 1982, 83 P, 84 P) 

Solation. The field F is (0, 1, .., 10}, +a, Xa). 

Let f(x)=a'4+x4 4. 
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IfaEF, then by a” we shall meanaX 4g, aX, aX @...upto 
n times. 

Now f (0)=09 +3; 04-4) 4-=4, f (1) ="*+4) 14-41 4=—=6, 

f (M=B+ay 2A 4=10, £(3)— 34a, 7a 4=5, f (4 —2, 
F(S)\=1, F(6)=6? +2) 641, 4=2, f (N=5, ¢ (8)=10, £ (9) =6, 
Ff (10)=4. 

Since f(a)40 ¥ a€F, therefore by factor theorem x— a does 
not divide f(x) ¥ aG@F. Therefore f(x) has no proper divisors 
in F [x]. Hence f (x) is irreducible over F. 

§ 33. Prime fields. Definition. A field is said to be prime if 
it has no subfield other than itself. 

(Andhra 1977; Nagarjuna 79, 80; Delhi 70: Mecrut 80, 81) 

The field of rational numbers is a prime field while the field 
of real numbers is not a prime field The field I, 1s prime for each 
prime integer p. (Andhra 1977) 

Theorem 1. Show that every prime field of characteristic 0 is 
is. morphic to the field of rational numbers. 

(Nagarjuna 1980; Kurushetra 70; Meerut 76, 81; 
Andhra 77; Sagar 66) 

Proof. Let Fbea prime field of characteristic 0. For the 
sake of convenience let us denote the unity element (multiplicative 
identity) of F by e. Since F is of characteristic 0, therefore for any 
integer m, we have ne=0 (zero element of F) if and only if a=0. 

Here ne is an integral multiple of the element e of F. [For the 
def. of integral multiple see § 3 page 256 of thischapter on rings]. 
We have ne@F. Consider a subset F’ of F defined as 

F’={me/ne : m,n€ the set of integers I with n-7-0}. 

Since n340 => nes<0, therefore ne is an inversible element of 
F, So me/ne=(me) (ne)— is definitely an element of F. We claim 
that F’ is a subfield o: F. 
me Mme 
ae. ae 
n,€ I with 2\40 and m0. We have 

mye mye (mye) (mae) —(nye) (ze) _ (m1) e? —(nym,) e* 


Let be any two elements of F’. Here my, 71, mg, 


me me — 1¢) (M2€) = (Min2) e* 
_, (one) €.= (ryP1g) ée I e%==e] 
(nang) ¢ 


(mane — myme) € E F' since 0mm, € L 
(iNe) © 
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: mye me 
Again let be any element of F’ and a be any non-zero 
a 2 


element of F’,. Then m,, mGI with 71340. Also me, mz € I with 
m0, 1230. We have 
mye (=< ) “lL mye nme (mie) (nze) (rn) e? 


————— 


née \nge me nie (nye) (me) (nya) e? 
(mye) ¢ e 
ave € F’ since 4~nym, & I, 


Therefore F’ 15 a subfield of F. But F can have no proper 
subfield because F is a prime field. Therefore we must have F’=F. 

Thus F={mejne : m,n € I with n40}. If Q is the field of 
rational numbers, then Q={m/n : m,n € I with n340}. 

Let f be a mapping from F into Q defined as 

St (me/ne)=m/n 4 m, nEI with 10. 

f is well-defined. We have "= = 7 
=> (mye) (ne) (nye) (mae) > ne e==(n,m,) e* 
=> (imyng) e=:(mym2) e 
=> (iyng—nym,) e=0 & myna—nyn,=0 


My Me ‘mye Bur 
My Ny mye nse 


.. the mapping f is well-defined. 
Ae Nae | 
f is one-one. We have f(™ ff (7 | 
my, Mme 
> aie > MyNg=mM, => (mynz)e=(Nymg)e > (m4N2)e*=(nym,)e* 
"2 
mye __ me 
me Mee 
fis onto, Let m/n be any element of Q. Then me/ne € F 
and is such that f (me/ne)=m/jn, Therefore fis onto, 


J preserves compositions. We have 


f (Mat, mae )— [i (me) (m2) +(me) Lime) _f (runtime) €) 


nye nge (nye) (nee) (77;"9) 


a Malatmiy _ my ot (™*) +r (2). 


=> (mye) (nse)==(nye) (me) > — => f is one-one 


USE} nye Fee 
mise mae) _¢ Foner) _¢ Forms) 
PEO (2 Mge f bas |S L Game) e ‘| 


__MyM2 _ my My =f (BE )r (ms ; 
Mfg My Me Nye Nye 
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Hence F2Q. 

Theorem 2. Every field of characteristic 0 contuins a subfield 
isomorphic to the field of rational numbers (Nagarjuna 1979) 

Proof. Let F be any field of characteristic 0 and let e be the 
unity element of F. Since F is of characteristic 0, therefore for any 
integer nm, we have ne=O if and only if n=0. 

Consider the subset F’ of F defined as 

F’={melne : mE, 0n Gh}. 

Now prove that F’ is a subfield of F and F’ c= Q where Q is 
the field of rational numbers. Give the same proof as in theorem I. 

Theorem 3. Every prime field of finite characteristic p is 
isomorphic to the field 1, of the residue classes of the set of integers 
modulo p. (Kurushetra 1970; Andhra 77; Nagarjana 80) 

Proof. Let F be a prime field of finite characteristic p. Then 
Pp must be a prime number. The unit element e of F will beof 
order p regarded as an element of the additive group of F. The 
identity element of the additive group of F is the zero element of 
F. Therefore if 7 is any integer, then 

ne=0 if and Only if p 1s a divisor of #7. 

Consider a subset F’ of F defined as 

F’={ne : n€I where I is the set of integers}. 

F’ is a cyclic subgroup of the additive group of F. 

Since I’ is generated by e whose ordsr is p, therefore F’ con- 
tains p distinct elements. We claim that F’ 1s a subfield of F. For 
this we shall prove that F’ is an integral domain and we know 
that every finite integra) domain is a field. 

Let me, ne be any two elements of F’. Then 

me—ne=(m—n)e € F’sincem-n EL 

Also (me) (ne)==(mn) e2=(mn) e E F' since mn & I. 

Thus F’ is a subring of F. Since F is without zero divisors, 
therefore F’ is also without zero divisors. Therefore /’ is a com- 
mutative ring without zero divisors. Therefore F’ is an integral 
domain and so F’ isa subfield of F. But Fcan have no proper 
subfield because F is a prime field. Therefore we must have 

F=F’m{ne: nel}. 
Now we shall prove that F & I). 
Let f be a mapping from F into I, defined as 
f (ne)=the residue class [n], ¥ nel. 

S is well defined. We have ne=me 

=> (n—m) e=0 > pisa divisor of m om > nzem (mod p) 
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=> (n)=[m] > f(ne)=f(me) = f is well-defined. 
S is one-one. We have f(ne)=/f(me) 
=> [n]=[m] » n—m is divisible by p > (n—m) e=0 
=> ne=me =» f is one-one. 
fis onto. Let [rn] be any element of I,, Then ne € F and is 
such that f(ne)=[n]. Therefore f is onto. 
J preserves compositions. We have 
f(me+-ne)=f((m+n) e)=[m+n) =[m) +La) =f(me) +f (ne). 
Also f((me) (ne) =f((mn) e)=[mn] = [m)] [n] =f(me) f(ne). 


Hence FezI,. 

Theorem 4. Let R be an integral domain with unity of finite 
characteristic p. Then R contains a subset isomorphic to the field 
I, of the residue classes of the set of integers modulo p. 

(Banaras 1974; Nagarjuna 79) 

Proof. Proceed as in theorem 3. If eis the unity element 
of R, then prove that R’={ne ; nEV} is isomorphic to I,. 

Theorem 5. Let R be an integral domain with unity of charac- 
feristic 0. Then R contains a subset isomorphic to the jntegral 
domain of integers. (Banaras 1965) 

Proof. Ife is the unity element of R, then prove that 

R={ne: nel 
is isomorphic to the integral domain I of integers. Show that the 
mapping f from R’ into I defined as f(ne)=n ¥n € Lis an iso- 
morphism of R’ onto I. 

§ 34. The ring of endomorphisms of an abelian group. 

Endomorphism ofa group. Definition. Let G be a group, the 
composition being denoted muttiplicaiively. A mapping fof G into 
itself is called an endomorphism of G if 

f (ab)=f(a) f(b) ¥ a,b E G. 

Now suppose G is an abelian group, the operation in G being 
denoted additively. We recajl that a mapping f of G into itself 1s 
an endomorphism of G, if 

flatb=f(a+f(b) ¥ a,b EG. 

Let R denote the set of all endomorphisms of an abelian 
group. We shall presently show that we can impose a ring struc- 
ture on the set R by suitably defining the operations of addition 
and multiplication on it. This ring is called the ring of endomor- 
phisms of an abelian group. 

Theorem 1. Let G be an abelian group (with the operation 
denoted additively) and let R be the set of all endomorphisms of G. 
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Suppose addition and multiplication in R are defined as follows : 

Uff, g & R, then for eacha € G, 

(f+8) (@)=/(a)+8(a), ( 1g) (a)=/ [g(a)].- 

Then under these operations Ris a ring. (Nagpur 1970; Andhra 79) 

Proof Gis an additive abclian group and Re={f:/f is an 
endomorphism of G}. If f, g & R, we have defined f+g as 
follows : 

( f+2) (4)=f(a)+ g(a) for all a € G. 

Since f(a), g(a) E G > fia)+e(a) EG, therefore f+g is 
a mapping of G into itself. We shall show that /4¢ is also an 
endomorphism of G. For all a, 6 € G, we have 


(ftg) (a+b)=f (a+b) +8 (at) [by def. of f+ g] 
=[ f(a) +f(b)]+[2(a) +2(6)] [°. fand g are endoumorphisms] 
=[ f(a) +gia)]+[ f(6) +9(5)] ["° G is an abelian group] 
=(f+g) (a)+( f+) (5). [by def. of f-+g] 


Therefore f+ g is an endomorphism of G. Thus f/E Rk, ge R 
> ft+gE R_ Therefore R is closed with respect to addition. 

Further if f, g & R, we have defined the multiplication fg in 
R as follows : 

( fg) (a)=f [e(a)] ¥ a EG. 

It should be noted that fg is nothing but the composite of the 
functions f and g. Obviously fg is a mapping of G into itself. 
We shall show that /g is also an endomorphism of G. For all 
a, b E G, we have 


( fg) (a+b) =f [g(a+5)] [by def. of fg] 
=f [2(a)+2(b)] [°° g is an endomorphism] 
=f (g.a)| +f [g(5)] [° fis also an endomorphism) 


=( fg) (4) +( fg) (4). 

Therefore fg is an endomorphism of G, Thus 
f,gER>fgER. Theretore & is closed wath respect to multi- 
plication. 

Now we shall show that all the other riug postulates are also 
sutisfied by these two operations on R, We should remember that 
if f and g are two mappings of a set G into itself, then f=g if and 
only if f(a)=g(a) ¥a GG. 

Associativity of addition. For all f, g, 4 € R and for all a€G 
we have 

[! f+2)-+A] (a)—=( f+2) (a)+hA (a) [by def. of addition in R] 
=[ fla)+s(a)l+h(a)=/fla)+(ela)+hla)] [by associativity in G] 
=f(a)+(gt+h) @)=[f+(e+h)] (a). 
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Therefore by definition of equality of two functions, we have 


( f+8)+ h=f+ (g+A). 
Commutativity of addition. For all a & G, we have 


( f+8) (a)=f(a)+2(a)= 81a) +f(a)=(g+f ) (a). 
There fore f+ eg=etl. 


Existence of additive identity. Let 0 denote the identity ele- 
ment of the group G. Let us define a mapping 0 of G into itself 
by the rule i) (a)=0, uv a€éG. Foralla, b € G, we have 

0 (a+b)=0=0+0=0 (a)+0 (5). 


Therefor 0 is an endomorphism of G i.e., O€R. Now for 
all f © R and for all a G G, we have 


(O+-f ) (a)=0 (a) + f(a)=0+4 fla)=f(a). 
Therefore O+f—=f Thus 0 E Ris the additive identity. 
Existence of the additive inverse. Let fC R. Let us define a 
mapping — fof G into itself by the rule 
(-f) (@)=—fila), vaEG. 
For all a, b G G, we have 
(—f) (a+ b)= —f(a+b)= -[ f(a) +f(d)] 
==(—f(a)] + {—/(b)—=(—f) (@)+(—S) (6). 


Therefore —f is an endomorphism of G. Now for alla € G, 
we have 


(—f+f) (a)=(—-f) (a) +a) = — fia) + f(a) =0=0 (a). 

Therefore —f+f=0. Thus —f€ Ris the additive inverse 
of fE R. 

Associativity of multiplication. We know that composite or 
product of functions is an associative operation. 

Distributive laws. For allf,g,h © Rand foralla€ G, we 
have 

[fet] a=f ((g +h) (a))=f (g(a) +h(a)l=f (g(a)) +f [4 (2)] 
=( fg) (a)+( fh) (a)=[ fg +h) (a). 
Therefore fig +h)=fge+fh. Similarly we can show that 
(g +4) feast hf. 

Thus &, has a ring structure for the addition and multiplica- 

tion compositions as defined. 
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Note. The ring of endomorphisms of an abelian group G is 
a ring with unity. If 1 denotes the identity mapping of G i.e., if 
1 : GG such that | (a)=a, ¥ a € G, then 1 is the unit element 
of this ring. Obviously 1 isan endomorphism of G and we have 
1 f=f=flvfER. Thering R may not be commutative and 
may have zero divisors. 

Theorem 2. Every ring with unity is isomorphic to a ring of 
endomorphisms of an abelian group. (Nagarjuna 1979) 

Proof. Let Rbe aring with unity element 1. The additive 
group of R is an abelian group. Let S denote the ring of endomor- 
phisms of the abelian group R. 


Ifa € R, let f. denote the mapping of R into itself defined by 
the rule fa (x) =ax Y¥xER., 


Obviously f, is an endomorphism of the additive group of R. 
For, if x, »y G R, we have 
Sa (x+y) =a (x+y) =ax+ay=fa(x)+fe(y). 
Thus f, is an endomorphism of the additive group of R. Let 


T={ fo: GER}. Then TES. We shall show that J is a subring 
of S. First we shall show that 


Sorw=fathe, Soo™ fa fo, f-a™ —fas 

Now for all xE 8, we have 
faso(x)= (+b) x=ax+bx =f,(x)+fo(x)=(fatse) (2). 

Therefore Sasb=fat +fo. 

Also fas(x)=(ab) x=a(bx) =a [ fo(x)]=Se [ fo(x)] =( fo fe) (x). 

Therefore fap fa fy. 

Further fe (x)=(—a) x= —(ax)=—[ fo(x)] =(—Sa) (x). 

Therefore f_,= —f,. 

Now let f,, fo be any two elements of T. We have 
fe—fo=fat(—-fr)=fa+fo=ferr-vy=fo-s. Since a~b & R, there- 
fore fx.ET. Also fa4=fa € T since abe R. Thissa, fp G T 
> fa—fe © Tand fa f,ET. Therefore T is a subring of S. 

Now we shall show that the ring R is isomorphic to the ring 
T. Let $: RT such that d(a)=fa ¥ a€R. 

@ is one one. If a, bE R, then 

$(a)= (5) pe eeep => fa(x)=fo(x) ¥ xER 

=> ax=bx ¥ xE 

> al=b] ne 1E R) 

=> axb, 

Therefore ¢ is 1-1]. 


¢ is onto. Let (,E T. Then aR and we have (a) =e. 
Therefore ¢ is onto. 
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¢ preserves compositions in R and 7. Leta, bER. Then 
$(a+-5)=fe.s=fa + fo=4(a)+¢(d) 
and $(ab)=fas=fa fo=$ (a) $(5). 
Hence ¢ is an isomorphism of the ring R onto the ring T and 
therefore Re=T. 


Exercises 
1. Show that if a ring & has no zero divisors, then the ring 
R[x] has also no zerv divisors. (Meerut 1976) 


2. If p is a prime integer, show that it need not be a prime 
Gaussian integer. 
3. Show that the polynomial x*—9 is reducible over the ring 
of integers modulo 11. 
4. Resolve x4+4 into factors over the field 
({0O, 1, 2, 3, 4}, +8, Xs). (Meerut 1980) 
Ans. x*+4=(x+1)(x+2)(x+3)(x+ 4). 
5. Resolve x?+1 into factors over the field Zs. 
(Meerut 1981, &82P, 83) 
Ans, x*-+-1=({x-+2)(x + 3). 
6. Find the solution of the equation 3x=2 in the field (Zz, 
+7, X49). (Meerut 1981) 
Ans, x=3 because 3X7 3=2. 
7. Show that f(x)=x?+8x—2 is irreducible over Q. Is it 
irreducible over reals 2? Give reasons for your answer. 
(Meerut 1980) 
8. Let f (x)= 2x4+3x°+2 and g (x)=3x5+4%45+2x +3 be 
two polynomials over the field 
Zs=({0, 1, 2, 3, 4}, +5, Xo). 
Determine (i) (d/dx) f(x), (ii) f (x).g (x). (Meerut 1983) 
Sol. (i) We have 


d 
qi w=4 (2) x°+3 (3) x# 


=(2+52+5 2+5 2) x°+(3--5 3+ 3) x? 
=3x?+ 4x7, 
(ii) We have f(a) g (x) 
a (2-+3x2-+ 2x8) (3-+2x3-+ 4x9 +3.x5) 
==(2X5 3)+(2X 8 2) x?+[(2X5 4+5 (3X5 3) x9+(2X5 3) x6 
+((2Xs 3) +5 (3X5 2)) x8 +[(3X5 4)+5 (-Xe 2)] 2° 
+(2Xs8 4) x74(3X6 3) x8+(2% 5 3) x® 
| 4 FP yF xO 2,54 x84 3x74 4x8 + x9, 
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9. Lf f (x)= 3x7-+2x43, g (x)=529+2x+46 he two polyno- 
mials over the field Z7=({0, f, 2, 3, 4, 5, 6}, +2, Xz}, determine 
(i) (d/dx) f (x), (ii) f (x).g (x), and (iii) f (x)+g (x). 

(Meerut 1981) 

Ans. (i) 2. (ti) 4+4% 44x94. x3-1 3x64 4x74 ¢ 8-4 x10, 

(iii) 3x7-+ $x9+ 4x42. 

10. Let f (x)= x®+325+-4x?. -3x+2 and g (x)=x?+ 2x --3 be 

in Z, [x]. Find 
(i) Sum and product of f (x) and g (x) ia Z, [x]. 

(ii) Two polynomials q(x) and r(x) in Z, [x] such that 
Ff (x)=q (x) g (x) +r (x) with degree of r(x) < 2. (Meerut 1980 S) 

Ans. (i) /(x)+8 (x)=x8+3x5 +5x2+6x+6 ; 

Sf (%) 8 (0; = 14 6x4. APF 5x74 4x6 4-S x5 3x84 SaT +8, 

Note that in Z7, we have —3-=4, —1=6 etc. 

(iit) g (x)= x84 x84 x24 x45, rv (x) =443. 

11. Define a prime field. Prove that the field of rational 
numbers is a prime field. Give an example of a field which is 
not a prime field. (Nagarjuna 1980) 

12. Prove that the field I, is prime for each prime integer p. 

13. Prove that the field of rational numbers and the field 
J{(p) of residue classes modulo a primep are the only prime 
fields apa-t from tsomorphism. (Nagarjuna 1980) 
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$1. Quotient Rings or Rings of Residue Classes. Suppose R 
is an arbitrary ring and S is an ideal (two sided ideal) in R. Then 
S is a subgroup of the additive abelian group of R. We can form 
the cosets (right as well as left) of Sin R. Since Ris an abelian 
additive group, therefore if a € R, then the right coset S+a will 
be equal to the corresponding left coset a+S. Thus we shall call 
S-++a as simply a coset of Sin R. We remember from our study 
of cosets in group theory, that if a, b& R, then 

St+a=S§+5 << a—beSs. 

The cosets of S in R are called the residue classes of S in R. 
We denote the set of all residue classes of S in R by the symbol 
R/S. Thus R/S={S+a : a€ R}. 

We shall now impose a ring structure on the set R/S by defin- 
ing addition and multiplication of residue classes. 

Theorem. [f S is an ideal of a ring R, then the set 

R/S={S+a : aR} 
of all residue classes of S in R forms a ring for the two compositions 
in R/S defined as follows : 

(S+ a)+(S+b)=$-+(a+b) [Addition of residue classes] 

(S+-a) (S+b)=S-+ ab [Multiplication of residue classes} 

(I.A.S. 1973; Meerut 68; Raj. 78; Vikram 76; 
Nagarjuna 78; Andhra 71; Kanpur 80) 

Proof. Since S+(a+5) and S-+ ab are also residue classes of 
S in R, therefore R/S is closed with respect to addition and multi- 
plication of residue classes. First of all, we shall show that both 
addition and multiplication in R/S are well defined. For this we 
are to ehow that if S+a=S+4a4’ and St+b=S+0’, then 

(S+a)+ (S+5)=(S+a')+(S+b’) 


and (S+a) (S+b)=(S+a’) (S+0’). 
We have S+a=§-+a'sa’ES+a 
and S+b=2$+6'>b'ES +5. 


¥ 
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Therefore there exist «, BES such that a’=a+a, b'=B+0. 
Now a’-++ b’=(a-+a@)+ (8+6)=(a4+6)+(a+8). 
ee (a +b')—(a+b)=2+2ZES. 
eo S+(a’+6’)=S+(a+b) 
=> (S+a')+(S+6')=(S +a)+(S +5). 
Thus addition in R/S is well defined. 
Again a°b’=(«+a) (8 +b)=08 +ab+aB+-ab 
=ab-+-o8 + ab+ a8. 
.. a'b’—ab=oB8+ab+ageES. [Since S is an ideal therefore 
‘, BES and a, bE R > «bES, aBES, «BES and finally 
aB-+ab-+aBE S$). 
Now since a’b’- abE S, therefore S+a’b’=S+ab 
> (S+a’) (S+b’)=(S+a) (S48). * 
Hence multiplication in R/S is also well defined. 
Associativity of addition in R/S. We have 
(S+-a) + [(S+ 5) + (S+c)] =(S+a)+[S+(6+c)] 
= S+(a+(b+c))=S+[(a+5)+c]=[S + (a+5)] +(S+c) 
=[((S+a)+(S+6)]+(S+4 c). 
Commutativity of addition in R/S. We have 
(S+a@)+(S+b)—=S+4 (a+-b)=@S+(b-+ a)=(S+5)4+(S+a). 
Existence of additive identity. We have S=S+0ER/S. If 
+ae R/S, then (S+0)+(S+a)=S+(0+a)=S+a. 
-. 3S is the additive identity. 
Existence of additive inverse. Let S+aé R/S. 
Then $+(—a)E R/S. Also we have 
[S+(—a)] +[S+a]=S+[(—a)+a]=S+0=S. 
-» S&+(—a) or S-a is the additive inverse of S+a. 
Associativify of multiplication. We have 
((S+a) (S-+5)] (S+¢)=(S+ab) (S+c)=S+(ab) ¢ 
=S+a (bc)=(S +a) (S+bc)=(S+ a) [((S+b)+(S+0)}. 
Distributivity of multiplication with respect to addition, We 
lave 
(S+a) [(S+5)+(S +c)]=(S+a) [S+(b+c¢)] 
=S§+a (b+ c)=S+(ab+ac)=(S+ab)+(S+ ac) 
=(S+a) (S+5;+(S+a) (S+c). 
Similarly, we can prove that 
[(S+5)+(S+c)] (S+a)=(S +) (St+a)+(S +e) (S+a). 
Hence R/S isa ring with respect to the two compositions. 
he residue class S+0 or S is the zero element of this ‘ring. 
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Note. The students should not confuse that by the multipli- 
cation (§+-a) (S+5) of residue classes we mean the totality of cle- 
ments obtained on multiplying the elements of S+a_ with those of 
S+5. This multiplication of residue classes is a new composition 
which we have defined in the set R/S. 

Howerver the addition (S+a)-!-(S-+5) of residue classes as 
defined by us coincides with the totality of elements obtained on 
adding elements of S+a to the elements of S+5 as can be easily 
seen : 

(S+a)+(S-+b)=S 4-(a4-S)-| b=S4-(S+a)+b 

= ($+S)+(a+5)=S+(a+5). 

Ex. If R/S is a ring of residue classes of S in R, prove that 

(i) If R is commutative, so also is R/S. 

(ii) If R has a unity element \ so also has R/S, namely S+1. 

(Poona 1973) 

Solution. (i) Suppose R isa commutative ring. Let S+a, 
S+-6 be any two elements of R/S. Then a, bE X and ub=ba. 

We have (S+-a) (S+b)=S+ab=S8-+ba=(S+b) (S+a). 

-. R/S is also a commutative ring. 

(ii) Suppose & isa ring with unit element {. Then S+1ER/S. 
If S+a is any element of R/S, we have 

(S+1) (S+a)=S+(la)=S+a 
and (S+a) (S+ 1)=S+(al)=S-++a. 

«» S+1 is the unit element of R/S. 

§ 2. Homomorphism of rings. 

Definition. Homomorphism into. 4 mapping / from a ring R 
into a ring R’ is said to be a homomorphism of R into R' if 

(1) fat+b)=f(a)+flb) v¥ a,b ER 

(ii) f(ab)=f(a) f(b) for all a, b & R. 

(Delhi 1970; Allahabad 80; Kumayun 77) 

Homomorphism onto. A mapping f from a ring R onto a ring 
R is said to be a homomorphism of R ontu R’ if 

(i) fla+b)=f(a)+fib) ¥ a, DER. 

(ii) f(ab)=f(a) fib) for all a, LGR. 

Also then R’ is said to be a homomorphic image of R. 

Theorem 1. /f f-is a homomorphism of a ring R into a ring R’, 

en 


(i) f(0)=0’, where 0 is the zero element of the ring R and Y is 
the zero element of R’. (Kamayua 1977; Allahabad $0) 


(ii) f(—a)= —f(a) ¥ a@ER. (Utkal 1969; Allahabad 80; 
Kumayun 77) 
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Proof, (i) LetaGR. Then f(a)ER’. We have 
f(a) +0’=f(a) [-. 0° is the additive identity of R’] 
flat 0=fla)+/(0). 
Now R’ is a group with respect to addition. Therefore 
f(a) +.0'=f(a) +f(0) 
> 0’=/(0). [by left cancellation law], 
(ii) Let abe any element of R. Then —aG&R. 
We have 0’ =/(0)=f [a+ (—a)]=f(a)+f( —a). 
f(—a) is the additive inverse of f(a) in the ring R’. Thus 
J(—a)= — f(a). 
Theorem 2. Let ¢ be a homomorphic mapping of a ring R into 
aring R’. Let S' be the hcmomorphic image of R in R’. :Then S§’ 


is a subring of R’. (Nagarjuna 1978; Karnatak 77) 
Proof. Since S’ is the image of R in R’ under the mapping ¢, 
therefore ¢(R)=S' © R’. 


Let a’, b’ be any two elements of S’. Since S’=¢(R), there- 
fore there exist elements a, b&R such that ¢(a.—a’, o(b)—b’, 
We have a’ — b’=¢(a)— $(b)= {a — 5). 
[°° ¢ is a homomorphism] 
Now a- bE R is such that a’ —h’=¢ (a—6). Therefore 


a’—b’e S’. 
Further a’b’ =: $(a) $(b) = ¢(ab)ES’, since abe R, 
Thus a’, b’' ES’ => a’—b —S' and a’b’E S’. 


Therefore S’ is a subring of R’. 

§ 3. Kernel of a ring homomorphism. 

Definition. If f is a homomorphism of a ring R into a ring R’, 
then the set S of all those elements of R which are mapped onto the 
zero element of R’ is called ihe kernel of the homomorphism f. 

Thus if f is a homomorphism of R into 2’, then S is the ker- 
nel of f if S={xE R : f(x)=0' where 0’ is the zero clement of R’}. 

Theorem . If fis a homomorphism of a ring R into a ring R’ 
with kernel S, then S is an ideal of R. 

(Andhra 1977; Karnatak 77; Banaras 70; Nagarjuna 90, 
Allahabad 80; Meerut 71, 78, 79, $1) 

Proof. Let f be a homomorphism of a ring R into a ring R’. 
Let 0, 0’ be the zero elements of R, R’ respectively. Let S be the 
kernel of f. Then S={x € R: fix)=0'}. 

Since f(0)=0’, therefore at least OES. Thus 5 is not empty. 

Let a, 6ES. Then fia)=0, f(b)=0’. 

We have fla—b) =f fa-+-(—5)] =f(a)+-f€—8) 
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=f(a) —f(b)=0' —0’=0". 
” a—be §. 
Also if r be any element of R, then 
Slar)=f(a) f(r)=0' f(r) =0° 
and fira=f(r) f(@=f(r) 0’=0". 
. are S,rae 8. 
Thus a,b € S,rE R=> (a—-b) E S,ar E S, rae S. 
”. S isan ideal of R. 
Theorem 2. Thc homomorphism ¢ of a ring R into aring R’ is 
an isomorphism of R into R’ if and only if I (¢$)=(0), where I (4) 
denotes the kernel of ¢. (Vikram 1975) 
Proof. Let ¢ be a homomorphism of a ring R into a ring R’. 
Let 0, 0’ be the zero elements of R, R’ respectively. Let S=J(¢) 
be the kernel! of 6. Then § is an ideal of R and 
S={a€E R: d (a)=—0'}. 
Suppose ¢ is an isomorphism of R into R’. Then ¢ is one-one. 
Leta © S. Then 


¢a)=0' iby def. of kernel] 
> $(a)=¢ (0) cv  ¢(O)=0) 
> a=0. [°° ¢ is one-one] 


Thus a€ S » a=. In other words 0 is the only element 
of R which belongs to S. Therefore S=(0). 

Conversely suppose that S=(0). Then to prove that ¢ is an 
isomorphism of R into R’ i.e., to prove that ¢ is one-one. 

Ifa, b EG R, then ¢(a)=¢(5) 


=> ¢(a)— ¢(b)-:0' [“° ‘#(a), ¢(b) are in the ring R’] 
=> ¢$(a—b)=0’ {\* ¢ is a homomorphism] 
»>a—-bEs [by def. of kernel] 
> a—b=0 (' S=(0)] 
> a=b. 


¢ is one-one. Hence ¢ is an isomorphism of R ‘into R’. 

Theorem 3. Suppose Ris a ring, S, qn ideal of R. Let fbea 
mapping from R to .R(S defined by fae Saha fl GR. Then fis 
a homomorphism ef Ronto R/S..: (1 A.S. 1973; Vikram 75; 

: 1 Kanpur $0;, Nagarjans 48; Kaynatgk 77; Andhra 77) 

Proof. Cansider the mapping of f; Roo Ris: Such that | 

Ka)=Sxaw ag R, 

Let S+x be,amy element. of Ris. Then, xGR. 

We have f(x)=S+ x... Therefore. the mapping f is ‘onto R/S. 

Leta,b G R, Then; jy 
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f (a+b)=S+(a+b)=(S+a)+(S+b)=/ (a)+/ (8). 

Also f (ab)=S-+ ab=(S-+ a) (S+ b)=f (a) f (6). 

.. fis a homomorphism of R onto R/S. 

Thus every quotient ring of a ring is a homomorphic image of the 
ring. 

Theorem 4. Fundamental theorem on homomorphism of rings. 

Every homomorphic image of a ring R is isomorphic to some 
residue class ring (quotient ring) thereof. 

(Nagarjuna 1979, 80; Meerut 79, 83 P, 84) 

Proof. Let R’ be the homomorphic image of aring R and f 
be the corresponding homomorphism. Then/ is a homomorphism 
of R onto R’. Let S be the kernel of this homomorphism. Then 
S is an idea! of R. Therefore R/S is a ring of residue classes of R 
relative to S. We shall prove that R/ScR’. 


Ifa ER, then S+a € R/S and f(a) € R’. Consider the 

mapping ¢: R/S—>R’ such that 
¢ (S+a)—=f (a) ¥ aGR, 

First we shall show that the mapping ¢ is well defined i.e., if 
a, b& Rand S+a=—S-+4, then ¢ (S+a)—¢(S-+4). 

We have S+a=—S+b 

s-a—bEes 

=>f (a—b)=0’ [i.e. Zero element of R’] 

oof (a+(—b)]==0'>f (a)-+f (--b)=0' af (a)—F (b)—0" 

=f (a)=f (b)=> 4 (S+a)=¢ (S44). 

”. ¢ is well-defined. 

¢ is one-one. We have ¢ (S+a)=¢ (S+-5) 

=f (al=f (b)af(a)-f(b)=0 — 

=f (a)+f (--6)=0’>f(a—b)=0' - 

~a—-be S$ C. S.is kernel of f] 

>S+a=S+5, 

-. ¢ IS One-one. ba ne 

¢isonto R’. Let » be any element of R’. Then y=/(a) for 
some a& R because Jf isonto RX’. Now S+a€-R/S and we have 
¢ (Stal=f (a)=y. Therefore ¢ is onto R’. 
° Finally we have 
SUSLO+ S+D=$ [S+ (64 bbaef +0) 

=f (a)-+flb)=¢ (S-+0)+¢ (S+5). 
Also '¢ [(S-+a) (S+6)] “4 (Srt.9b) =f fab) =f (an f.(b) 
é (S-+a)l [¢ (S-+5)}. 
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«. ¢ 18 an isomorphism of R/S onto R’. 

Hence R/S c= R’. 

Solved Examples 

Ex. 1. Show that every homomorphic image of a commutative 
ring is commutative. 

Solution. Let R be a commutative ring. Let f be a homomor- 
phic mapping of R onto aring R’. Then R’ isa homomorphic 
image of R. 

Let a’, b’ be any two elements of R’. Then f(a)=a’, f(b)=6' 
for some a, bE R because f is onto R’. We have 

a’b’ = f(a) f(b)=f(ab) 
=f(ba) ['. R is commutative] 
= f(b) f(a)=5b'a’. 
R’ is a commutative ring. 

Ex.2. If Ris aring with unit element 1 and ¢ is a homomor- 

phism of R onto R’ prove that ¢ (1) is the unit element of R’. 
(Allahabad 1980) 

Solution. Since ¢ is a homomorphism of R onto R’, therefore 
R’ is a homomorphic image of R. If 1 is the unity element of R, 
then ¢(!1) € R’. Leta’ be any element of R’. Then a’=¢(a) for 
some GER since ¢ is onto R’. We have 

¢ (1) a’ =4,1) $(a)=¢ (1a)=9¢(a) =a" 
and a’ ¢(1)=¢(a) (1) =4(al) = 9(a) =a’. 
¢(1) is the unity element of 2’. 

Ex. 3. Jf Risa rit g with unit element 1 and ¢ is a homomor- 
phism of R into an integral domain R’ such that kernel of $i.e., 
Nid) xR, then prove that $(1) is the unit element of R’. 

Solution. ¢ is a homomorphism of a ring KR into an integral 
domain R’. Then kernel of ¢ 

=o I(¢)={x:xER and ¢{(x)=0ER’}. 

Since (¢)R, therefore there exists an clement a & such 
that a) 0E R’. 

We have ¢({!) #(a)=¢ (la) =¢ (a). 

Now let b’ be any clement of R’. We have 

Ha) b’ = ${a) b’ 
1» (1) $(a) b’ = g(a) b’ ‘. MT) Ha) =a} 
=> $(a) [9(1) b’}= g(a) b” 
[> 61), KDER’ which, being an int’ gral 
domain, is a commutative ring} 
> (a) (41) B°]— pla) b’ =O | 
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=> ¢(a) [¢(1) b’—b']=0 
=> $(1) b’- b’ =O 


[°  ¢(a)40 and R’ is without zero divisors] 
=> ¢d(1) b’=b'=5b' 6(1). [. R’ is a commutative ring] 

Thus ¢(1) b’=b’'=b’ 4(1) ¥ VER’, 

¢(1) is the unit element of R’. 

Ex. 4. Prove that any homomorphism of a field is either an 

isomorphism or takes each element into 0. (Nagarjuna 1979) 
Or 

Show that a field has no proper homomorphic image. 

Solution. Let ¢ be a homomorphism of a field F into a ring 
R. Let S be the kernel of ¢. Then S§ is an ideal of the field F. 
We know that a field has no proper ideals. Therefore either S=F 
or S=(0). 

If S=F, then by definition of kernel of 4, we have ¢(x)=0 
¥ xEF, Thus in this case ¢ takes each element of F into the 
zero element of R- In other words in this case 4(F) is the zero 
subring of the ring R. 

If S=(0), then the kernel consists of zero element alone. So 
in this case ¢ is an isomorphism of F into R. [See theorem 2 on 
page 358]. Since the isomorphic image of a field is a field, there- 
fore in this case ¢(F) is a field isomorphic to the filed F. 

§ 4. Maximal Ideal. An ideal SR ina ring R is said to be 
@ moximal ideal of R if whenever U is an ideal of R such that 
SCUCR, then either R=U or S=U. 

(Banaras 1971; Meerut 80, 84 P; Karesrak 77; Raj. 78; 
Gare Nasak 82) 

In other words an ideal S of a ring R ts said to be maximal 
ideal if there exists no ideal properly contained in R which itself 
properly contains S i.e., if it is impossible to findan ideal which 
lies between S and the full ring R. For example, in the ring of 
integers I, the ideal (6) is not maximal since it is properly contain- 
ed in the ideal (3), which in turn is properly contained in I. On 
the other hand, (5) is a maximal ideal since the only ideal properly 
contatining (5) is I itself. 

Ex. Uf A be the ring of all functions from the set of reals to it- 
self under pointwise operations and 1, the subset of all functions 
vani:hing at zero, prove that I is a maximal ideal of A. 

Theorem. An ideal S of the ring of integers 1 is maxtnal if and 
only if S is generated by some prime integer. 

(Mecrut 1979, 83 P, 84 P) 
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Proof. We know that every ideal of the ring of integers I is a 

principal ideal, Suppose S is an ideal of I generated by p so that 

==(p). Since p and - p generate the same ideal, therefore we can 
take p as positive. 

Now we are to prove that 

(i) S is maximal if p is prime. 

(ii) pis prime if S 1s maximal. 

First we shall prove (1). Let p be a prime integer such that 
(p)=S. Let 7 be an ideal of I such thatS C TEI. Since Tis 
also a principal ideal of I, let T=(q) where g is some positive 
integer. 

Now SC T=>(p)CT 


>peEfwr 
> pE{xq:xE B 
= p=rq for some positive integer r. 
Since p is prime, therefore g=1 or g=p. 
If q=1, we have 7=(q)—(I)=I1 
and if g=<p, we have T=(q)=(p)=S, 
Thus either T=I or T=S. 
Hence (p) is a maximal ideal of I 
Now we shall prove (ii). Let (p)=S be a maximal ideal. We 
are to show that p is prime. Let us suppose that p is a composite 
integer. 
Let p=mn, m1, a1. 
It is obvious that (p) € (m) € I. 
But since (p) is a maaimal ideal, therefore we have 
either (m)=(p) or (m)=I. 
If (m)=I, then m=], which is a ‘contradiction. 
If (m)=(p), then mmust be equal to Ip for some integer / 
since each elenient of (p) is a multiple of p. 
| Therefore p=mn=lpn=pin. But p#0, therefore In=1. This 
gives n=1 which is again a contradiction. 
Hence p must be a prime integer. 
§:5. Some mire results on Ideals. : 
.. Theorem 1, . Let S,;.S::b6 ideals of a ring R and let 
1 SatSgex {sy + Se 1548), Sg Sh. ae 
Then Si+ Sxis an ideal of R.generated by §,US:- (Vikraaf 1976) 
Pronf Let ay | Oe Si+ Sy -bi4+-62€ Sy4Ss.°* Then | " 
ays bye S, ‘dnd as, b2€ S45. 
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We have (a1-++ @2) - (by-+ bg)=(ay~- by) + (a2 -—6a). 

Since S$; is an ideal, therefore a, 6; € S,=>a,;— OE Sy. 
Similarly ag- D2E Sz. 

(a, -- by) + (ag — be) E S44 Ss. 
(a: az)— (61 +42)E S14 S. 

©. S14 Sp is a subgroup of the additive group of R. 

Let r be any element of R. Then 

r(aytd,) = ray+ ra. 

E S,-+S:2 since rE R, aE S,>ra,€ S, 
and similarly ras€ Sa. 

Similarly (@)+ a.) r=ayr+az rE S3-+ Sp since a,rE S,, agrE Sa. 

Hence S,;+ S, is an ideal of R. 

Since VE S, and also 0E Se, therefore obviously 

AYLGS Se and 52 € S,-+ Se. 
| 3s U 8: €S14+8,. 

Thus 5,+S, is an ideal of R containing SiU Ss. 

Also if S is any ideal of R containing S,US,. then S must 
contain Sy-++S3. Thus S§,+Sz2 is the smallest ideal of R containing 
S,US2i e., Si tSs=(S,U S,). 

Theorem 2. Ifan ideal U of a ring R contains a unit of R then 
U=R. 

Proof. Let R bea ring with unity element I. Let uv be a unit 
of R. Then u is an inversible element of R i.e., v7? exists. Let u&U. 

Since U is an ideal, therefore 

uu, we Reur ICUS lEU. 

Now let x be any element of R. Then 

xER, 1EV02x!] €CU>xEU. 
- 2. RCU. 

Also UCR as U is an idéal of R. Hence Re. 

Theorem 3. Let R bea commutative ring with unity and a, b 
be two non-zero elements of R.: Then 

' '* ¥qy=(b) ifa|handb| a: 

Proof. Here (a)=the principal ideal of R eeiierated by a 

={ax: xGR}, .. 

Similarly (6)=the principal ideal of R generated’by b, 

Let —s- (a) = ((b). 

Then (a)€ (5) 

sae (hb). 
 =>a=rb for some rE R : 
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>bjai.e., b is a divisor of a. 
Similarly (a)= (6) 
=> (b)C (a,>b€ (a) 
=> b=sa for some s©= R=a | b. 
Thus (a)=(6)=a | 6 and 6 j a. 
Conversely let a| b and | a. 
Now a|bb=pa for some pER. Let y be any element of 


(5). Then y=ub for some uER 
=u (pa)=(up) a&(a) since upER. 
Thus ye (b) > ye (a). 
‘. (6) (a). 
Thus a|b=>(b)C(a). Similarly b | a>(@)C(d). 


Consequently a | b, 5 { ae>(a)=(5). 

Corollary. Let R be an integral domain with unity and a, b be 
two non-zero elements of R. Then (a)=(b) iff a and b are associates. 
Theorem 4. An ideal S of a commutative ring R with unity is 

maximal if and only if the residue class ring R/S is a field. 
(LA.S. 1971; Madras 83; Karnatak 77; Marathwada 72; 
G.N.D.U. Amritsar 82; Meerut 79, 83 P) 
Proof. Since Risa commutative ring with unity, therefore 
R/S is also a commutative ring with unity. The zero element of 


the ring R/S is S and the unity element is the coset S+1 where 1 
is the unity element of R. 


Let the ideal S be maximal. Then to prove that R/S isa 
field. 

Let S+5 be any non-zero eiement of R/S. Then S+)#S i.e., 
b€éS. To prove that S+45 is inversible. 

If (6) is the principal ideal of R generated by 5, then S-+-(5) 
is also an ideal of R. Since b¢ S, therefore the ideal S is properly 
contained in S-+-(5). But S is a maximal ideal of R. Hence we 
must have S-+(b)=R. 


Since 1E R, therefore we must obtain 1 on adding an element 
of S to an element of (b). Therefore there exists an element a&S 
and «€ & such that 
a+eb= | [Note that (b)=={ab : eG R}] 
~. 1--ab=aES. 
Consequently S+-] = S§ +ab=-(S-+a)(S+5). 
-. S+e=(S+5)"2. Thus +5 is inversible. 
-. R/S is field. 


Conversely, let S be an ideal of R such that R/S is a field. We 
shall prove that S is a maximal ideal of 2. 
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Let S’ be an ideal of R properly containing Si.e., SOS’ and 
S#S’. Then S will be maximat if S’=R. The elements of R con- 
tained in S already belong to S’ since SCS’. Therefore R will be 
a subset of S’ if every element « of R not contained in S also be- 
longs to S’. If «ER is such that «€S, then S-+-«S i.e., S4« is 
a non-zero element of R/S. Also S’ properly contains S. There- 
fore there exists an element B of S’ not contained in S so that S-+B 
is also a non-zero element ot R/S. Now the non-zero elements of 
R/S form a group with respect to multiplication because R/S is a 


field. Therefore there exists a non-zero element S+y of R/S such 
that 


(S+y) (S+8)=S-+a. 
(We may take S+ y=(S +a) (S+8)" J. 
Now (S+y) (S+8)=S+ 
=> S+yz=S+a > yB -cE S> yB—2E S’. [ SCs] 
Now S’ is an ideal. Therefore yER, BE S’>yZES’. Again 
yBE S’, yB -2E S’>yB -- (vB -a)ES’ i.e., cES’. 
Thus RES’. Also S’C R as S’ is an ideal of R. 
ee oe 
Hence the theorem. 
§ 6. Prime Ideals. 


Prime Ideal. Definition. Let R be a ring and § an ideal in R. 
Then S is said to be a prime ideal of R if abe S, a, b=R implies that 
either a or bis in S, (Gujrat 1971; Karnatak 77; Raj. 78; 

1.A.S. 75; Guru Nanak 75) 

For example, in the ring of integers I, the principal ideal (7) 
is prime. Obviously if ab is in (7), then a or & must be a multiple 
of 7. On the other hand, (6) is not a prime ideal in I since, in 
particular, 12=:3 x 4 is in (6), yet neither 3 nor 4 is an clement 
of (6). 

Theorem 1. Let R be a commutative ring and S an ideal of R. 
Then the ring of residue classes R/S is an integral domain if and only 
if S is a prime ideal. (Gujrat 1970; Delhi 70; Indore 70) 

Proof. Let R be a commutative ring and S an ideal of &. 
Then R/S={S+a: aR}. 

Let S+a, S+5 be any two elements of R/S. Then a, bER. 

We have (S+a) (S+4)=S+ ab 

=S+ba [‘.. Ris acommutative ring] 
=(S+5) (S+a). 
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. R/S is a commutative ring. 

Now let S be a prime ideal of R. Then we are to prove that 
R/S is an integral domain. For this we are to show that R/S is 
without zero divisors. The zero element of the ring R/S is the 
residue class S itself. Let Sta, S+5 be any two elements of R/S. 

Then (S+a) (S+5)=S (the zero element of R/S) 


>S+ab=S=>abES 
=>either a or b is in S, since S$ is a prime ideal 


=>either S+a=S or S+b=S [Note that a@S@S+a=S] 
=> either S+a or S+b is the zero element of R/S. 
S/R is without zero divisors. 

Since R/S is a commutative ring without zero divisors, there- 
for R/S is an integral domain. 

Conversely, let R/S be an integral domain. Then we are to 
Prove that S is a prime idealof R. Let a, b be any two elements 
in R such that ahES. We have 

abe S>S+ub=]S>(S+a) (S+ b)=S. 
Since R/S is an integral domain, therefore it is without zero 


divisors, Therefore 
(S+a) (S+b)=S (the zero element of R/S) 


=either S+a or S+b is zeroseither Sta=S or S+b=S 

= either a@& S or bE SSS is a prime ideal. 

This completes the proof of the theorem. 

Note. If R is a ring with unity, then R/S is also aring with 
unity. The residue class S+1 is the unity element of R/S. There- 
fore if we define an integral domain as a cOmmutative ring with 
uuity and without zero divisors, even tlen the above theorem will 
be true. But in that case R must be a commutative ring with unity. 

Theorem Let K be a commutative ring with unity. Then every 
maximul ideal of R is a prime ideal. 

(I.A.S. 1970; Karnatak 77; Gujrat 1971; Calicut 75) 

Proof. R is a commutative ring with unit element. Let S be 
a maximal ideal of R. Then R/S is a field. 

Now every field is an integral domaio. Therefore R/S is also 
an integral domain. Hence by theorem 1, S is a prime ideal of R. 
This completes the proof of the theorem. 

But it should be noted that the converse of the above theorem is 
bot tiue /.e., every prime ideal is not necessarily a maximal ideal. 
Solved Examples 

PN. t fer R be the field of real numbers and S the set of all 
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those polynomials f (x) € R [x] such that f(0)=0—f (1). Prove that 
S is an ideal of R[x]. Is the residue class ring R\x]/S an integral 
domain ? Give reasons for your answer. (Gujrat 1970) 

Solution. Let f(x), g(x) be any elements of S. Then 

f(0)=0=/ (1) and g(0)=0=¢ (1). 

Let h(x)=/f (x)—g(x). Then 
h (0)=f (0)—g(0)=0-— 0=0 and A(1) =f (1) —g(1)=0- 0=0. 

Thus 42 (0)=0=A(1). Therefore 4 (x)ES. 

Thus f(x), g (x)ES > h(x)=f(x)—-8QX)ES. 

Further let f(x) be any element of § and r(x) be any element 
of R[x]. Then f (0)=0=/(1), by definition of S. 


Let ¢(x)=r (x) f (x) =f (x) r(x) [°° R[x] is a commuta- 
tive ring] 
Then t (0)=r (0) f (0)=r(0).0=0 
and t (i)e=r (1) f()=r(1).0=0. 
are t(ixye S. 


Thus r(x) E€ RI), f() ESM rOXfWMeES. 

Hence S is an ideal of R[x]. 

Now we claim that Sis not a prime ideal of R[x]. Let 
J (x)=x (x-—1). Then /(0)=0 (0--1)=0, and / (I)=1 (1—1)=0. 

Thus f (x)=x (x— 1) is an element of S. 

Now let p(x)=x, q(x)=x--!. 

We have p(l)=10. Therefore p(x) € S. Also 7 (0)=0—1 
=—10. Therefore g(x) € S. Thus x (x-—1) € S while neither 
xES norx—1¢€ S. Hence S is not a prime ideal of R [x]. 

Since S is not 2 prime ideal of R [x], therefore the residue 
Class ring R[x]/S is noi an integral domain. 

Ex. 2. Let R be the ring of all real valued continuous functions 
defined on the closed interval |0, 1). Let 

M={ f(x) € RK: f ($)=0}. 
Show that M is a maximal ideal of R. (Guru Nanak 1982) 

Solution. First of all we observe that M is non-empty 
because the real valued function e(x) on [0, 1) defined by 

exJ=0 ¥ x € (0, 1) 
belougs to M. 

Now let f(x), g(x) be any two elements of M. Then f($) 9, 
g(3)=0, by definition of M. 

Let A(x) =f(x)—g(«). Then fh 4)=/ (4) — g(4)=0 -O=m0, 

Therefore A(a) € M. 
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Thus f(x), g(x) € M > hix)=f(x) -2(x) € M. 

Further let f(x) be any element of M and r(x) be any element 
of R. Then f(4)=0, by definition of M. 

Let (x): =r(x) f (x)=f (x) r(x). ["" BR is a commutative ring]. 

Then 1(4)=r(4) £ (4) =r(4). O=0. Therefore t(x) € M. 

Thus r(x) € R, f(x) € M => r(x) f(x) E M. 

Hence M is an ideal of R. 

Clearly M>4R because i(x) EG R given by i(x)=1 ¥ x€ [0, 1] 
does not belong to A. 

The ring Ris with unity and the element i(x) is its unity 
element. 

Let N be an ideal of R properly containing Mie, MON 
and MN. Then M will be a maximal ideal of R if N=R, 
which will be so if the unity i.x) of R belongs to N. Since M is 
a proper subset of N, therefore there exists A(x) € N such that 
A(x) E€ M. This means A(4)40. Put A(4)=c where c#0. 

Let us define Biv) EG R by Bixy=c ¥ x € [0, 1]. Now 
consider #(x) G R given by (x) =A(xv) — A(x). 

We have H(4)=A($) = B(4)=c- c=0 

Therefore u(x) G M and So p(x) also belongs to N because N 
is a super-set of M. Now N is an ideal of R and A(x), (x) are in 
N. Therefore A(x)— (+) ==8(+) is also an element of NV. 

Now define y(x) & R by ¥(x)=I/e ¥ x E€ [0, 1]. Since N is 
an ideal of R, therefore y(x) € R and B(x) € N > v(x) BXJEN. 
We shall show that y(x) B(x)=i(x). 

For every « € [0, I], we have 

¥(X) BAJ=(/c) c=. 
Therefore y(x) B(v)=i(x), by the definition of i(x). 


Thus the unity element i(x) of R belongs to N and consequently 
N=R. 


Hence M 1s a maximal ideal of 2. 

Ex. 3. Jf Risa finite commutative ring (i.e., has only a finite 
number of elements) with unit evement prove that evzry prime ideal 
of R is a maximal ideal of R. 

Solution. Let R be a finite commutative ring with unit element. 
Let S be a prime ideal of R. Then to prove that S isa maximal 
ideal of R. 

Since S is a prime ideal of R, therefore the residue class ring 
R/S is an integral domain. Now 

R/S={S+a: a€ R}. 


Rings (Continued) 369 


Since R is a finite ring, therefore R/S isa finite integral do- 
main. But every finite integral domain is a field. Therefore R/S 
is a field. Since & is a commutative ring with unity and R/S is a 
field, therefore S is a maximal ideal of R 

Ex.4 Give an example ofaring in which some prime ideal 
is not a maximal ideal. (1.A.S. 1970; Calicut 75) 

Solution. Let I [x] be the ring of polynomials over the ring 
of integers I. Let S be the principal ideal of 1 [x] generated by x 
ie., let S=(x). We shall show that (x) is prime but not maximal. 
We have S=(x)={x f(x) : f (x)EI [x]}}- 

First we shall prove that S is prime. 

Let a (x), b (x) G I |x] be such that a(x) b(x) ES. Then 
there exists a polynomial c (x) & I [x] such that 

xe (x)=a(x) b (x). (1) 

Let a (x) =ay+ayx+aex?-+ ..., & (x)=batbyx+ bax?+ ... 

c (x)=cotcrx+erx?+.... Then (1) becomes 
X (Cg tcyx+...)= (dgtayx+ ...) (69 4+O4x+ --). 
Equating the constant term on both sides, we get 
aob,=0 
=> ae=0 or bb5=0 [°° Lis without zero divisors] 
Now d9=0 => a (xX) =a,x+a5x?-+ .. 
=> a (x)=X (ay + a.x+...) > a(x) E (x). 
Similarly b9=0 => b (x)}=byx+bax*+... 
> b (x)=x (b1+ baxt ...) > b (x)E(x). 

Thus a(x) d(x) © (x) > either a(x) € (x) or b (x) € (x). 
Hence (x) is a prime ideal. 

Now we shall show that (x) is not a maximal ideal of I [x]. 
For this we must show an ideal N of I [x] such that (x) is properly 
contained in N, while N itself is properly contained in I [x]. The 
ideal N=(x, 2) serves this purpose. 

Obviously (x) (x, 2}. In order to show that (x) is properly 
contained in (x, 2) we must show an element of (x, 2) which is 
not in (x). Clearly 2€(x, 2). We shall show that 2 & (x). Let 
2€(x). Then we can write, 

2=xf(x) for some f(x) € I [x]. 

Let S (x) =a9+0Q,x +... 

Then 2=x/f (x) > 2=x (d9+4,x+...) 

> 2=4a,xX+a,x' +... 


=> 2=0+49x4-ayx*+... 
=> 2=0 [by equality of two polynomials] 
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But 240 in the ring of integers. Hence 2 ¢ (x). Thus (x) is 
properly contained in (x, 2). 

Now obviously (x, 2) & I [x]. In order to show that (x, 2) 
is properly contained in I [x] we must show an element of I [x] 
which is not in (x, 2). Clearly | EI [x]. We shall show that 
1¢(x, 2). Let 1€ (x, 2). Then we have a relation of the form 

=x f (x)+2g (x), where f(x), 2(x) €& I [x]. 
Let f (x)=ao+a,x+..., 2(x)=bo+bix+.. 
Then 1 = x(ay+ayx+...)+2 (bp +4,%+4+...) 
=> 1=2b, [Equating constant term on both sides] 

But there is no integer by such that 1=205. 

Hence 1¢(x, 2). Thus (x, 2) is properly contained in I [x]. 

Therefore (x) is not a maximal ideal of I [x]. 


Exercises 
1. IfU is an ideal of aring R, then prove that R/U is aring and 
is a homomorphic image of R. (1.A.S. 1973) 


2. Let abea given fixed rea) number and R be the ring of real 
numbers, Let ¢ be the mapping which associates with every 
polynomial p(x)— with real coefficients—the real number p(a). 
Show that ¢ is a homomorphism from the ring R[x] onto the 
ring R. (1.A.S, 1975) 

3. Let R be the ring of all the real-valued continuous functions 
on the closed interval [0, 1] of the real line, the compositions 
being the usual pointwise addition and multiplication of 
functions, Let M be a subset of R defined by : 

M={fE RF (4)=0}. 

Prove that M is a maximal ideal of R. (I1.A.S. 1969, 73) 
4. (a) Show that the set Rof allelements of the form m-+in, 

m,n & Z, formaring for addition and multiplication of 

complex numbers. Here Z is the ring of integers. 

(b) Is the map ¢: R>Z, 0 m+in)=m, a ring homomor- 

phism ? 

(c) Give an example of a proper ideal in R. (Poona 1973) 
5. Let /be an idealinaring R. If R isan integral domain, is 

R/I also an integral domain ? Justify. (Poona 1973) 

§ 7. Euclidean Rings or Euclidean Domains. 

Definition. Let R be an integrul domain i.e., let R be a com- 
mutative ring without zero divisors. Then R is said to be a E clidean 
ring if to every non-zero element a& Rwe can assign a non-negative 
integer d(a) such that : 
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(i) For alla, b € R, both non-zero, d (ab) 2 d (a). 

(ii) For any a,b € R and b#0, there exist q,F E R such 
that a=qb +r where either r=0 or d(r) < d (5). 

(1.A S. 1973; Gora Nanak 82; Kanpur 80; Madras 83; Raj. 78; 

Andhra 75; Meerut 81, 82, 83, $4) 

The second part of the above definition is known as division 
algorithm. Also we do not assign a value to d (0). Thus d(a) will 
remain undefined when a=0. Also d (a) will be called d-value of 2 
and d (a) must be some non-negative integer for every non-zero 
element a € R 

Example 1. The ring of integers is a Euclidean ring. 

(Banaras 1971; Meerut 78, 81, 83, 84.P; Delhi 70) 

Solution. Let (1, +, .) be the ring of integers where 

i={..., —3, —2, —1,9, 1, dee ee 
Let the d function on the non-zero elements of I be defined as 
d(a)=|a|v¥ 0OAaE L. 

Now if 0£a & I, then | a{ is a non-negative integer. Thus 
we have assigned a non-negative integer to every non-zero element 
a€él. 

[d(—5)=|-5 |=5, a -D=| -1I=I, d(4) =| 4\=4 etc.] 

Further if a, 5 € I and are both non zero, then 

|ab|=la| 15 | 
=> |ab|pila| i lb| plifO4be WJ 
=» dab) > da). 

Finally we hnow that if@ € I and 06 € I, then there exist 
two integers g and r such that 

a=qb+rwhere0 Cr < |b] 
ies, where either r=0 or 1 r <|4| 
i.€., where either r=0 or dr) < a5). 

It should be noted that d(b)=| 5 | and ifr ts a positive integer 
then r= r |="). 

Therefore the ring Of integers is a Euclidean ring. 

Example 2. The ring of polynomials over a field is a Euclidean 
ring. (Kanpur 1980; Madras 83; Meerut 79, 83 P) 

Solution. Let F[x] be the ring of polynomials over a field F. 
Let the d function on the non-zero polynomials 10 F[x] be defined 
as 

d [f (xl=deg f(x), ¥ OAS (x) © F[x]. 
Now if 04/(x)EF[x], then deg f (x) is a non-negative integer. 
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Thus we have assigned a non-negative integer to every non-zero 
element f(x) in F[x]. 

Further if f(x), g(x) € Fix] and are both non-zero polyno- 

mials, then 
deg [ f(x) a(x)] = deg f(x) + deg g(x) 
=> deg [ f(x) e(x)] > deg f(x) [° deg g(x) 2 0] 
=> d[f(x) e(x)] > d [f(»)]. 

Finally we know that if f(x) & F[{x] and 04g(x) € Fl], then 

there exist two polynomials g(x) and r(x) in F(x] such that 
f(A) =q(x) B(x) + r(x) 
where either r(x)=0 or deg r(x) < deg g(x) 
j.e., where either r(x)=0 or d [r(x)] < d [g(x)]. 
_ Hence the ring of polynomials over a field is a Euclidean 
ring. 

Example3. Every field is a Euclidean ring. 

Solution. Let F be any field. Let the d function on the non- 
zero elements of F be defined as 

d(a)=0 ¥ 04a E F. 

Thus we have assigned the integer zero to every non-zero 
element in F. 

Ifaandb are two non-zero elements in F then ab is also a 
non-zero element in F. We have therefore 

d(ab)=0=d(a). 
Thus we have d(ab) > da). 
Finally ifa € Fand 0b € F, then wecan write 
a=(ab~) 5+0 
i.é., a=gb+r where g=ab™ and r=0. 
Hence every field is a Euclidean ring. 
Example 4. The ring of Gaussian integers ts a Euclidean ring. 
(1.A.S. 1973; Gujrat 70; Mysore 70; Delhi 70; Kanpur 80; 
Meerut 79, $0, 81, 82 P) 
Solution. Let (G, +, .) be the ring of Gaussian integers where 
G={x+iy:x, ye DB 
Let the d function on the non-zero elements of G be defined as 
d(x-+iy)=x*+y* ¥ 0+i04x+iy E G. 

Now if x+iy is a non-zero element of G, then (x*+-y") is a non- 
negative integer. Thus we have assigned a non-negative integer 
to every non-zero element of G. 

If x+iy and m+in are two non-zero elements of G, then 

d [(x+ fy) (n+ in)] = [(xm— ny) +i (my +xn)] 
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= (xm —ny)?+(my+ xn =x?m* + nty*+ my? + x*n? 

= (x*+ y*) (m?-+n’) 

ze x*+y', [! m+n? > I] 
Thus d [(x+iy) (m+ in)] > d(x-+iy). 

Now to show the existence of division algorithm in G. 


Let « € G and let 8 be a non-zero element of G. Let a=x+- iy 

and B=m-+in. Define a complex number A by the equation 
a *_ Xtly _ (ct iy) (m- in) ; 
A Bm+in ~~ mtn =PTID 

where p, q are rational numbers. 

Here A is not necessarily a Gaussian integer. 

Also division by B is possible since B40. 

Let p’ and q’ be the nearest integers to p and q respectively. 
Then obviously | p--p’| =. 4,519 9 |< 4. 

Let A’=p’+iq’. Then 4’ is a Gaussian integer. 


Now =F => a=A$ 


=> a=A'B+AB —-A’B, 
Thus a==A/B+(A—A’) B. (1) 
Since a, B, A’ are Gaussian integers, therefore from (1) it im- 
plies that (A—A’) B is also a Gaussian integer. 
Now if p and q are integers then p=p’, q=q’. 
So A—A’=(p—p’)+i(q—9')=0+i0. Thus (A—d’) 8=0+i0, 
If p and q are not both integers, then (A—A’) B isa non-zero 
Gaussian integer and we hive 
d ((A—A’) Bl =d [{(p—p’) +2 (9-—-9')} (m+ in)] 
=[(p—p’)*+(q--@')*] (m?+n*)=[(p—p’)? + (9—- 9')"] d (8) 
< [4+2] 4 (8) [ (p—p' <3, (@-9)¥ <2 
=} (B) < d (8). 
Thus «=A’B+(A—A’) B where A’ and (A—A’) 8 are Gaussian 
integers and either (A—A’) B=0 
or d ((A—A’) B] < (8). 
Hence the ring of Gaussian integers is a Euclidean ring. 


§8. Properties of Euclidean rings. 


Theorem 1. Every Euclidean ring is a principal ideal ring. 
(1.A.S. 1972; Guru Nanak 82; Meerat 79, 82 P, 84; Madurai 78; 
Sambalpur 77; Andhra 75; Raj. 77; Gujrat 70) 
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Proof. Let R be a Euclidean ring. Let S be an arbitrary Ideal 
of R. If S is the null ideal, then S=(0) i.e., the ideal of R gene- 
rated by 0. Therefore S is a principal ideal. So let us suppose 
that S is not a null ideal. Then there exist elements in S not equal 
to zero. Let 6 be a non-zero element in S such that d(b) is minimum 
ie., there exists no element c in S such that d(c) < d(b). We 
shall show that S=(b) i.e., S is nothing but the ideal generated 
by b. 

Let a be any element of S. Then by definition of Euclidean 
ring there exist eleménts gq and r in R such that 

a=qb-+r where either r=0 or d(r) < d(b). 

Now gG@ R,bE S => qb & S because S is an ideal. 

Further a & S, gb G S > a-—qb=reE S. 

Thus r © S and we have either r=0 or d(r) < db). 


If r0, then d(r) < d(b) which contradicts our assumption 
that no element in S has d-value smaller than d(6). Therefore we 
must have r=0. 

Then a=qb. 

Thus every element a in S is a multiple of the generating ele- 
ment b. ThusaeG S >a & (b). Therefore S € (6). 

Again if xb is any element of (5), then x E R. 

NowxE€ RAE S>xbES_ Therefore (8) € S. 

Hence S'=. (5) 

Thus every ideal S in R is a principal ideal. Therefore R is a 
principal ideal ring. 


Theorem 2. Every Euclidean ring possesses unity element. 
(Marathwada 1972; Meerut 73, 80, 81; Banaras 68) 


Proof. Let R be 2 Euclidean ring. Obviously R is an ideal 
of R. The'efore there exists an element up G R such that R=(uo) 
i.e., there exists an element ug © R such that every element in R is 
a multiple of uo. Since, in particular, ve EG R therefore there 
exists an element c © R such that w=wec. We shall show that c 
is the required unity element. Let now a be any element of R. 
Since a E€ R, therefore there exists some x € R such that a=ngx, 

Now ac=(uex)c [° a=tugx] 

=(vec)x [‘.° Ris a commutative ring] 
= UyX [°° Ug=tyc} 
=a es = lig]. 
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Thus we have ac=a=ca ¥ae€ R, 

Hence c is the unity element. 

Theorem 3. Let R be a Euclidean ring and a und b be any two 
elements in R, not both of which are zero. Thenaand b havea 
greatest common divisor d which can be expressed in the form 

d=ha+-pb for some dA, pE R. 
(Kanpur 1980; Meerat 74, 76; Madras 83) 

Proof. Consider the set 

S={satib:s,t € R}. 

We claim that S ts an ideal of R. The proof is as follows : 

Let x=53a-+1,b, and y=s,a+t2b be any two elements of S. 

Then Sy, f1, Sa, f2 EC R. We have 

X— p= (510+ 1,5) —(520 + fab) =(51 — Sq) at+(t,—te) b E S 
since 5;—S,_ and %);--f, are both elements of R. : 

Thus S is a subgroup of R with respect to addition. 

Also if u be any element of A, then 

Xxu==ux=u (S,a+ b)=(us,) a+ (uty) b E S since usy, utyeER. 

Therefore S is an ideal of R. Now every ideal in & is a princi- 
pal ideal. Therefore there exists an element d in S such that every 
element in S is a multiple of d. 

Since dE S, therefore from (1), we see that there exist elements 
A, & & R such that d=ja+4Kb. 

Now & is a ring With unity element 1. 

.. Putting s=1, t=O in (1), we see thata € S. Also putting 
s==(), t= 1 in,(1), we see that bE S. 

Now a, 6 are elements of S. Therefore they are both multiples 
of d. Hence d{aand @| 6. 

Now suppose ¢ | a and c | B, 

Thence |Agand c|b. Therefore c is also a divisor of Aa+-pb 
i.@., ¢ is a divisor of d. 

Thus d is a greatest common divisor of a and 5. 

Theorem 4. Leta, b and c be any elements of a Euclidean ring 
R. Let (a, b)=1 i.e., let the greatest common divisor of a and b 
be 1. Ifa| be, thena|c. (Kumayun 1977; Madras 83) 

Proof. If the greatest common divisor of @ and 6 is 1, then 
by theorem 3 there exist elements A and # in R such that 

1=)Aa+ pb. oe(1) 
Multiplying both members of (1) by c, we get 
c=hact+#be. +2) 
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But a | bc, so there exists an element gé R such that 

be= qa. 

Substituting this value of bc in (2), we get 

c=Aac+pqa=(Ac+ Bq) a, 
which shows that a is a divisor of c. Hence the theorem. 

Theorem 5. If p isaprime element in the Euclidean ring R 
and p \ ab where a, bE R then p divides at least one of a or 5. 

Proof. If p divides a, we are nothing to prove. So suppose 
that p does not divide a. Since p is prime and p does not divide 
a, therefore p and a are relatively prime i.e., the greatest common 
divisor of p and a is }. Hence by theorem 4, we get that p] 5. 

Corollary. Jf p is a prime element in the Euclidean ring R and 
p divides the product ayQz...aq of elements in R, then p divides at 
least one of ay, Ga,...5 Gn. 

The result follows immediately by repeated application of 
theorem 5. 

Theorem 6. Let R be a Euclidean ring. Letaand b be two 
non-zero elements in R. Then 

(i) ifbisaunit in R, d (ah)=da). 

(ii) if b is not a unit in R, d(ab) > d(a). 

(Meerut 1982, 83) 

Proof. (1) By the definition of Euclidean ring, we have 

d (ab) >d(a). .»A1) 
Now suppose that 5 is a unit in R. Then 0 is inversible and 
b-1 exists. We can write 
a=(ab) b=}. 
2. d(aj=d [(ab) 67 
But by the definition of Euclidean ring, we have 
d [(ab) b-*| > d (ab). 
d(a) > d (ab). ...(2) 
From (1) and (2), we conclude that 
d (ab)=d(a). 

(ii) Suppose now that Db is not a unit in R. Since aand b 
are non-zero elements of the Euclidean ring R, therefore ab is also 
anon-zero element of R. Now a@ Rand 0abER, therefore 
by definition of Euclidean ring there exist elements g ands in R 
such that 

a=q (ab)+r ...(3) 
where citherr=0 or d(r) < d(ab), 


Rings (Continued) 377 


If r==0, then 
a=qab 
=a—qab=(0>a (1—qb)=0 
=>1—qb=0 [°. a0 and R is free of zero divisors] 
=> qb=1=>b is inversible>6 is a unit in R. 
Thus we get a contradiction. Hence r cannot be zero. There- 
fore we must have 
d(r) < d(ab) 
i.e., d(ab) > d(r). ..(4) 
Also from (3), we have r=a~ qab=a (1-- qb). 
*. dr)=d[a (1— qb)]. 
But d[a (1—qb)) > d (a). 
.. d(r) > da). awe (5) 
From (4) and (5), we conclude that d (ab)>d(a). 
Theorem 7. The necessary and sufficient condition that the 
non-zero element ain the Euclidean ring R is a unit is that 
d (a)=d (1). 
Provf. Let abe aunit in R. Then to prove that d(a)=d(1). 
By the definition of Euclidean ring 
d (la) > di) 
=>d (a) > dl). AI) 
Since ais a unit in R, therefore a? exists and we have 
]=aa~? 
=>d(1)=d (aa™"). 
But d (aa™1) > d(a). 
- Gl) pa da). + (2) 
From (1) and (2), we conclude that d (a)=d(1). 
Conversely let d(a)~=d (1). Then to prove that a is a unit in 
R. If a is not a unit in R, then by theorem 6, we have 
d (la) > d (I) 
=>d (a) > d(\). 
Thus we get a contradiction. Hence a must be a unit in R. 
Theorem 8. Let R bea Euclidean ring. Then every non-zero 
element in R is either a unit in R or can be written as a product of a 


finite number of prime elements of R. 
(1.A.S, 1971; Meerut 73) 


Proof. Let a bea non-zero element of R. We are to prove 
that either a is a unit in R or it can be written asa product of a 
finite number of prime elements of R. We shall prove the result 
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by induction on d(a) i.e., by induction on the d-value of a. 

Let us first start the induction. We have a=la. Therefore 
d(a)3d(1). Thus 1 isan element in R which has the minimal 
d.value. If d(a)=d (1), thenaisa unit in R [See theorem 7]. 
Thus the result of the theorem is true if d(a)=d (1) and so we 
have started the induction. 

Now assume as our induction hypothesis that the theorem 
is true for all non-zero elements x © R such that d(x) < da). 
Then we shall show that the theorem is true foraalso. Ifa is 
a prime element of R, the theorem is obviously true. So suppose 
that ais not prime Then we can write a=bc where neither } 
norcisa unit in R. Since both band care not units in R, there- 
fore d (bc)>d(b) and d (bc) > dc). But d(a)=d (bc). There- 
fore we have d(b) < d(a) and d(c)<d(a). So by our induc- 
tion hypothesis each of b and c can be written as a product ofa 
finite number of prime elements of R. Let b=sipz...Drs, 
C=4199 --Gm where the p’s and q’s are prime elements of R. Then 
A=bC = pyPa---Pn 9192-+-m- 

Thus we have written @ as a product of a finite number of 
prime elements of R. This completes the induction and so the 
theorem has been proved. 

Theorem 9. Unique Factorization theorem. Let R be a Eucli- 
dean ring and a be a non-zero non-unit element in R. Suppose that 

QA=PyP2...Pm= 41G2---Qn 
where the p’s and q’s are prime elements of R. Then m=n and each 
p is an associate of some q and each q is an associate of some p. 


Proof. We have Pyp2...Pm=4192---Gn- Now py is a divisor of 
Prpa---Pm. Therefore p, is also a divisor of qyq2...dn. By Cor. to 
Theorem 5, py must divide at least one of gy, qe,-...da. Since R 
Is a cOmmutative ring, therefure without loss of generality we may 
Suppose that-p,; divides g,. But p; and q, are both prime elements 
in R. Therefore py and gq, must be associates and we have q,=up,; 
where u is a unit in R. Thus we have 

PriPs - Pm=UPe2-- Ja: 
Cancelling 0p, from both sides, we get 
P2ps3 - Pm=UQ2gs --n. »(1) 

Now we can repeat the above argument on the relation (1) 
with pe. If & m, then after m steps the left hand side becomes 
1 while the right hand side reduces to a product of some units in 
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R and certain number of q’s (the excess of m over m). But the q’s 
are prime elements of Rand so they are not unitsin R. So the 
product of some units in R and certain number of q’s cannot be 
equal to 1. Therefore n cannot be greater than m. _ 

Thus nm. 

Similarly interchanging the roles of p’s and q’s we get 

mn. Hence m=n. 

Also inthe above process we have shown that every p is an 
associate of some g and conversely every q is an associate of some 
p. Hence the theorem bas been completely established. 

Note. Combining theorems 8 and 9, we can say that every non- 
zero element in a Euclidean ring R can be uniquely written (upto as- 
sociates) as a product of prime elements or is a unit in R. Therefore 
a Euclidean ring is a Unique Factorization Domain. 

(Dibrugarh 1967; Meerut 1973) 

Theorem 10. An ideal S of the Euclidean ring R is maximal 
iff S is generated by some prime element of R. 

(I A.S. 1972; Meerut 70, 72; Calicut 75) 

Proof. We know that every ideal of a Euclidean ring R is a 
principal ideal. Suppose S is an ideal of R generated by p so that 
S==(p). Now we are to prove that 

(i) S is maximal if pis a prime element of 2. 

(ii) p is prime if S 1s maximal. 

First we shall prove (i). Let p be a prime element of R such 
that (p)=S. Let Tbe an ideal of R such that SC7CR. Since T 
is also a principal ideai of R, so let T=(q) where GER. 

Now SCT>( p)G(g)> rE (9) 

=> p= xq for some 1G R>q | p. 

Since p is prime, therefore either g should be a unit in R or q 
should be an associate of p. 

If g isa unit in R, then T=(q)=R. 

If q is an associate of r, then T=(g)=( p)=S. 

Thus either T=R or T=S. 

Now we shall prove (ii). Let (p)=S be a maximal ideal. We 
are to show that p is prime. Let us suppose that p is composite /.é., 
Pp is not prime. 

Let p=nin where neither m nor n is a unit in R. 

Now p=ain=>m | p | 
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»>(p)C(m). 
But (m)ER. Therefore we have (p)C(m)ER. 
But (p) is a maximal ideal, therefore we should have either 
(m)=(p) or (m)=R. 
If R=(m), then RC(m). 
’. 1ER2%1E(m) 
=> lym for some yER 
=m is inversible>m is a unit in R. 


Thus we get a contradiction. 

If (m)=(p), then mG(p). Therefore m=<[p for some IE R. 

-. p=mn=Ipn=pln. 

 p(l—in=0 

= 1-In=0 [°° p50 and R is without zero divisors] 

=> In=l =n is inversible=>n is a unit in R. 

This is again a contradiction. Hence p must be a prime ele- 
ment of R. 

§ 9. Polynomial rings over Unique Factorization Domains. 

We have already defined a unique factorization domain. For 
the sake of convenience we repeat the definition here. 

Unique Factorization Domain. Definition. An integral domain 
R, with untty element 1 is a unique factorization domain if 

(a) any non-zero element in R is efther a untt or can be written 
as the product of a finlte number of irreducible (prime) elernents 
of R. 

(b) the decomposition in part (a) is unique upto the order and 
associates of the irreducible elements. 

(Punjab 1968 ; Meerut 70 ; Calicut 75) 

In general commutative rings we have defined the greatest 
common divisors of elements. But the difficulty is that in an arbi- 
trary Commutative ring these might not exist. However, in unique 
factorization domain their existence is assured. Further we know 
that in an integral domain with unity in case a greatest common 
divisor of some elements exists, it is unique apart from the distin- 
ction between associates. 

Theorem 1. Let R be a unique factorization domain and a and 
5 he any two elements in R, not both of which are zero. Then a and- 
b have a greatest common divisor (a, b) in R. Moreover, if a and b 
are relatively prime (i.e., (a, b) is a unit in R), then a | be=>a | c. 

Proof. Suppose a and b are any two elements, not both of 
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which are zero, of a unique factorization domain R. If one of a 
and 3, say, 5 is 0, then obviously a is the greatest common divisor 
of a and 5. If any of a and 5, say a, is a unit in A, then obviously 
a is the greatest common divisor of a and 6. So let us suppose 
that neither a0 nor 5=0 and none of these is a unit in R. Then 
each of a and bcan be uniquely expressed as the product of a finite 
number of irreducible elements of R. Let 
a= py1p,™ ... p,/™, wo(1) 

and b=py" p,"* ...p,* , +(Z) 
where we have arranged the expressions in sucha way that the 
same irreducible factors p, pa,---» Pr appear in both, Note that we 
can definitely do so because the integer 0 can be used as power in 
any case, if necessary. The elements pj, ps,..., pr are all different 
primes and my, mg,.-., M,;, My, Ng,..., Mr are all integers > 0. 

Let gj=minimum (m, 7), where im], 2,..., 7. Then 
obviously 

px®1pas Pr &, 

is the greatest common divisor of a and b. 

This proves the exisience of greatest common divisor. 

Now suppose that a and 6 are relatively prime i.e., the greatest 
common divisor of a and 8 isa unit in R. Also suppose that 

a | bc. 

If a@isa unit in R, then obviously @ is a divisor of c. So let 
abe notaunit in R. Thenacan be uniquely expressed as the 
product of a finite number of prime elements of R. Let 


A= 43 - Qs. 
where 4, g2,.--, Js are prime elements of R. 
We have a| be>bc=ka for some kE R 
=> be=kq, qa --s- «+.(3) 


Since each element of Rcan be uniquely expressed as the 
product of a finite number of prime elements of R, therefore each 
of the prime elements q, 7a,---, 7s must o-cur as a factor of either 
borc. But none of g:, qz,--, 7s cam be a factor of b because 
Otherwise a and b will not remain relatively prime. Therefore 
each of q, 93,---, ds must be a factor of c. Hence 

9s 9a »-Ge iS a divisor of ca | c. 

Note. Ina similar manner we can prove that if @,..., ds 

are any 7 clements of a unique factorization domain, they possess 
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a greatest common divisor which will be unique apart from the 
distinction between associates. Thus if 21, 23 are two greatest 
common divisors of these » elements, then by the definition of 
greatest common divisor, we have 

81 | 82 and ge | 21 

=> g, and gs afe associates 

=> £5=uge2 where u is a unit in R. 

Thus the greatest common divisor of some elements is unique 
Within units of R. 

Theorem 2. If aisa prime element of a un‘que factorization 
domain R and b, c ure any elements of R, then 

a@|bcwa|bora|c. 

Proof. Ifa|6, then obviously the theorem is proved. So 
let a be not a divisor of b. Since a is a prime element of R anda 
is not a divisor of b, therefore weclaim that a and 5 are relatively 
prime. Since a is a prime element of R, therefore the only divisors 
of a are the associates of a or the units of R. Now an associate of 
a cannot be a divisor of b otherwise a itselt will bea divisor of b 
while we have assumed that a is not a divisor of b. Thus the units 
of R are the only divisors of a which alsodivide b. Therefore the 
greatest common divisor of a and 8 is a unit of R. 

Since a and b are relatively prime, therefore by theorem 1, we 


have 
a|be>a | c. 


This completes the proof of the theorem. 

Polynomial rings over unique factorization domains. Let & be 
a unique factorization domain. Since R is an integral domain with 
unity, therefore R[x] is also an integral domain with unity. Also 
any unit, (inversible element) in R[x] must already be a unit in 2. 
Thus the only units in A[x] are the units of R. Ap lynomial 
p(x) E R[x] is irreducible over Rie, irreducible as an element of 
Rix] if whenever p(x)==a(x) b(x) with a(x), b(x) € R[x], then 
one of a(x) or b(x) is a unit in R[x] ie., a unit in R. For example, 
if I is the ring of integers, then I is a unique factorization domain. 
The polynomial 2x*+-4 & I [x] is a reducible element of I [x]. We 
have 2x?+-4=:2 (x*+2). Neither 2 nor x*+2 is a unit in I [x]. On 
the other hand the polynomial x*+1 € I [x] is an irreducible ele- 
ment of I [x]. 

Content of a polynomial. 

Definition Let f(x) =a) +a,x+agc'+...4+4,x" be a polynomial 


ha 
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over a unique factorization domain R. Then the content of f (x) 
denoted by c(f), is defined as the greatest common divisor of the 
coefficients ao, ay,..., an Of f (x). Obviously the content of f (x) is 
unique within units of &. Thus if c, and c, are two contents of 
f(x), then we must have cy=uca where u is some unit in R. 

Primitive polynomial. Definition. Let R bea unique factori- 
zation domain. Then a polynomial f (x) =Go+@,X+ ---+@nX" © R[x] 
is said to be primitive if the greatest common divisor of its coeffi- 
cients do, d,,..., da is aunit in R. Thus a polynomial f (x) is 
primitive if its content is 1 (that is a unit in R). If 

Sf (x) =x" Hay x8 Fee Xn 
is a monic polynomial over R, then obviously /(x) is primitive. 

If is the ring of integers, then 3x®—5x*+7 is a primitive 
member of I [x] while 2x?—4x+8 is nota primitive member of 
[x]. 

Every irreducible polynomial of positive degree belonging to 
R{x] is necessarily primitive. But an irreducible polynomial of zero 
degree may not be primitive. For example 3 € I [x] is irreducible 
but it is not primitive. Further a primitive polynomial may not be 
irreducible. For example x?-+-5x+6 € 1 [x] is primitive and it is 
not irreducible. We have x?+5x+6=(x-+ 2) (x +3). 

Theorem 3. Let R be a unique factorization domain. Prove that 
every non-zero member f (x) of R [x] can be written as f (x) = ahs (x) 
where g=c(f) and where fy (x) is primitive. Also prove that this 
decomposition of f (x) as an element of R by a primitive polynomial 
in R [x| is unique apart from the distinction between associates. 

Proof. Let R be a unique factorization domain and let 

Sf (x) Hag tayxt...+aax"ER [x]. 

Since R is a unique factorization domain, therefore the ele- 
ments do, dj,---» an & R must possess a greatest common divisor. 
Let gER be the greatest common divisor of these elements. Then 
g=c(f). Let 

a,;=gb, where i=, l,..., n. 

Then f(x)=gby +gbix +... +Bbax"=8 [bo + 51x +-- +b,x*). 

Since g is the greatest common divisor Of @o, 41s--+» Gn, there- 
fore the elements bo, b,,.--, 6, can have no common factor other 
than units of R. Consequently the polynomial 

fa (x) Hg bax t oes + bnx® . 
is a primitive member of R[x]. Thus we have Sf (x) =afi (x), where 
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ge Rand fi(x) € R[x] is primitive. 
Now we come to the uniqueness part of the theorem. 
If possible, let 
I(x) mh f(x) where AER and fa(x)E R[x] 
1S primitive. 

Then gfa'x)=Afa(x). (1) 

Since f,(x) and /;(x) are both primitive, therefore the content 
of the polynomial on the left hand side of (1) isg and the content 
of the polynomial on the right hand side of (1) isk. But the con- 
tent of a polynomial is unique upto associates. Therefore g and h 
are associates 

=> g=hu where u is some unit in R 
=> hu fi(x)=hf,(x) 
=> ufi(x) =f2(x) 
[by left cancellation law in the integral domain 
R[x], since h40] 
=> f,(x) and fo(x) are associates. 

Hence the theorem. 

Theorem 4. Jf Ris a unique factorization domain, then the 
product of two primitive polynomials in R{x] is again a primitive 
polynomial in R{x]. (Madras 1983, Guru Nanak 82) 

Proof. Let 

S\X)= gt ayxt ...+ anx" 
and B(x) =do + byx+ .-- + Omx™ 
be two primitive polynomials in R[x]. 

Let A(x) =f(x) g(x) =co beyxt .-- + Cm ext. 

Suppose A(x) is not primitive. Then all the coefficients of A(x) 
must be divisible by some prime element p of R. Since f(x) is pri- 
mitive, therefore the prime element p must not divide some coeffi- 
cient of f(x). Let a be the first coefficient of f(x) which p does 
not divide. Similarly let 5, be the first coefficient of g(x) which p 
does not divide. In f(x) g(x), the coefficient of x/t? is 

C449 = Oyby + (Qi-y 441+ Ging Digat -»- + agbigs) 

+ (Gj41 553+ haa Djg+ ».- p49 By). 

From this relation, we get 

Qiby = Cig. 1 — (Qi- Oy 4+ ate Dygat ... + Agbies) 

—(j41 bya + Ogg by_o+.-..+ Otay bo) (1) 

Now by our choice of a, p is a divisor of each of the elements 
Qo, Ay,.-., Qj-y. Therefore p | (@;-3 bj4y+@i—2 O4n2- 000+ Aq 5y43). 
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Similarly, by our choice of b;, p is a divisor of each of the elements 
Bg, by,---» bya. Therefore p | (aj41 by-1+-ay48 by-2-+--. +444) Dg). 
Also by assumption p [ c)+3. 
Hence from (1), we get 
p | a,b; 
=> p| aor p | bj, since p is a prime element of R. 

But this is nonsense because according to our assumption p is 
not a divisor of a; and also p is not a divisor of by. 

Hence A(x) must be primitive. This proves the theorem. 

Theorem 5 Jf R is a unique factorization domain and if f(x), 
g(x) are in R [x], then 

c( fg) =c(f) c(g) (upto units). 

Proof. The polynomia! f(x) in R[x] can be written as 
S(x)=<af;(x), where a=c(f) and A(x) is primitive. Similarly the 
polynomial g(x) can be written as g(x) =5g,(x), where b=c(g) and 
81(x) is primitive. Then 

I(x) 8(x)=ab fa(x) 8:(x) (1) 

Since f,(x) and g;(x) are both primitive, therefore fi(x) g(x) 
is also primitive. [Refer theorem 4.] 

Therefore from (1), we see that the content of /(x) g(x) is 
either ab or some associate of ab. Thus the content of /(x) g(x) is 
ab (upto units). Therefore 

c( fg)=ab=c( f ) c(g). 

This proves the theorem. 

Field of Quotients of a unique factorization domain. If Ris a 
unique factorization domain, then R is necessarily an integral 
domain. Therefore R has a field of quotients. Throughout this 
section we shal} denote the field of quotients of R by F. We can 
consider R[x] to be a subring of F{x]. 

Theorem 6. Jf R is an integral domain (not necessarily a 
unique factorization domain) and F is its field of quotients, then any 
element f x) in F[x] can be written as 


f= 
where fo(x)E R[x] and where aE R. 


Proof. Let F be the field of quotients of an integral domain 
R. Then 


ay : pER, ox9ER | , 
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Let f(x) be an element i F [x]. Let 
f x)=)" ote x-+.. a a x", where ae, a,..., an EG R 


and dg, 5,,..., b, are non-zero elements of R. 

Now bg, 4,,.... bx are also non-zero elements of F. So each 
of them must be inversible. Further byb,...b. is also a non-zero 
element of F and so it is nee Then we can write 


Poy... 5, ay a 


_(asbyb, oe ms cet (Bpby.--Dn-a Gn) x8 
bob, Dm 
an fo (*) 


a 
where obviously fo(x) = (deb, . ba) (bodybe2...bn) X+... 
+ (hgby...Da—y Qn) x" is in R [x] and a=bgb, . by is in R. 
Theorem 7. (Gauss’ Lemma). Let F be the field of quotients 
of a unique factorization domain R. lf the primitive polynomial 
I(x) © R [x] can be factored as the product of two polynomials hav- 
ing coefficients in F, then it can be factored as the product of two 
polynomials having coefficients in R. 
Proof. Let R be a unique factorization domaio and F be its 
field of quotients. Let f(x) & R[x] be primitive, 
Let f(x)=g(x) A(x) where g(x) and A(x) have coefficients in F, 
Since g(x), h (x) € F[x], therefore we can write 
g (x)= 80 h (x)= 0), 
where a, b € Rand where gy (a), Mo (x) € RX]. 
Also go(v) =a, (x), fto(x)=Bhy (x), where 
a=c (go), B=c (hy) and where g, (x), 4(x) are primitive mem- 
bers of R[x]. [See theorem 3]. 


Thus f(x)—="% gs (2) h(x) 


=> ab f(x)=a8 g, (x) hy (x). +o(1) 

Since g; (x) and 4, (x) are both primitive members of & [x], 
therefore g, (x) hy (x) is also a primitive member of RX [x]. There- 
fore from (1), we conclude that f(x) and 81 (x) /y (x) are associa: 
tes in R [x]. (See theorem 3). Thus 

Sf (x)= ugy (x) fy (x) where wis a unit in R [x] and so a unit 
of R 
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Now uw © R, 81 (x) E€ R[x] > ug, (x) isa member of 2 [x]. 
Also Ay (x) is a member of R [x]. Hence f(x) can be factored as 
the product of two polynomials with coeflicients in 2. 


Note. Let Ibe the ring of integers. Then I is a Euclidean 
ring and so a unique factorization domain. The field of quotients 
of I is the field of rational numbers, If in the above theorem we 
take Tin place of R, then the statement of the theorem is as 
follows : 

If the primitive polynomial f(x) € I [x] can be factored as the 
product of two polynomials having rational coefficients it can be 
factored as the product of two polynomials having integer coefficients. 

Fos its proof simply replace R by I or say, ‘let R be the ring 
of integers.’ 

Theorem 8. Let F be the field of quotients of a unique factori- 
zation domain R. If f (x) G R [x] is both primitive and irreducible 
as an element of R [x], then it is irreducib’: as an element of F {x}. 
Conversely, if the primitive element f (x) in R [x] is irreducible as 
an element of F[x], it is also irreducible as an element of R (x}. 

Proof. Let f(x) be a primitive member of R[x]. Suppose 
JS (x) is irreducible in R [x] but is reducible in F [x]. Since Fisa 
field and f(x) is reducible in Fx], therefore we must have 
S (x)=g (x) h(x), where g(x), i (x) are in F [x] and are of positive 
degree. Now we can write 

g (x)= A) Sh ixd= Ho (2), 
where a, b E€ R, and ahers £0 (x), : (x) © Rixl. 

Also So (x)= 83 (x), ho (x)=B hy (x), 
where a=c (g9}, B=c (he), and where 22 (x), 4, (x) are primitive 
members of & [x]. [See theorem 3]. Thus 


I (x)= af ab & (x) hy (x) 


> ae 81 (x) hy (x). (1) 
Since g, (x) and hy (x) are both primitive members of R[x], 
therefore g, (x) Ay (x) is also a primitive member of R[x]. There- 
fore from (1), we conclude that f (x) and g, (x) fy (x) are associates 
in R [x]. (See theorem 3). Thus f (x) =u81 (x) hy (x) where u isa 
unit in R [x] and so a unit in R. 
Let ug, (x)=g2 (x). Then 
Sf (x) = 82 (x) fa (x), where ge (x), Ax (x) & R [x]. 
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We have 

deg 2, (x)= deg g (x), and deg fy (x) = deg & (x). 

Thus deg gs (x) > 0, deg h, (x) > 0. 

Therefore neither g, (x) nor A, (x) is a unit in R [x]. 

Thus f(x}, (x) fy (x) is a proper factorization of f (x) in 
R [x]. This contradicts the given statement that f(x) is irreducible 
in R [x]. Hence f (x) must be irreducible in F [x]. 

Converse. Suppose f(x) is a primitive member of R [x] and 
is irreducible as an clement of F[x]. Then to prove that f (x) is 
also irreducible as an element of R[x]. Let 

FS (x)=g (x) h (x), where g (x), 4 (x) € R [x]. 

Then ¥ (x) will be irreducible in R [x] if one of g (x) or h (x) 
is a unit in R [x] /.e., a unit in R. 

Now g (x), 4h (x) €& R[x] can also be treated as 

g (x), h (x) € F [x]. 

Since f (x) is irreducible as an element of F[x], therefore one 
of g(x) or h (x) must be of degree 0. Suppose deg g (x)=0. Then 
g (x) is a constant polynomial. 

Let g (x)=k GE R. Then 

St (x)= kh(x). 

‘Now f (x) is a primitive member of R [x]. Therefore c (f) is 
a unit in R. if k is not a unit in R, then content of kh (x) cannot 
be a unit in R and so it cannot be equal toc(f). Hence k must 
be a unit in R. Consequently f(x) is irreducible as an element of 
R [x]. 

This completes the proof of the theorem. 

Theorem 9. Let F be the field of quotiznts of a unique facto- 
rization domain R. If fi (x), fa (x) are two primitive members of 
R [x] and are associates in F [x], then they are also associates in 
R [x]. 

Proof. Since /; (x), f, (x) are associates in F [x], therefore 
we have 

hh (x)=kf, (x) where 034k © F 
i.e,, kis a unit in F [x]. 

Note that the only units of F[x] are the non-zero elements. 
of F. 

Now.-F is the field of quotients of R. Therefore’ 


04k EF > kn where g, Oh E R. 
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es fi == fa (x) 


> Wf (x)=g fr (x). 

Since h, g G R and f (x), fe (x) are primitive members of 
R [x], therefore by theorem 3, f; (x) and fy (x) are associates in 
R [x]. 

Theorem 10. If R is a unique factorization domain and if p (x) 
is a primitive polynomial in R [x], then it can be factored in a unique 
way as the product of irreducible elements in R [x]. (Meerat 1970) 

Hence show that the polynomial ring R [x] over a unique facto- 
rization domain R is itself a unique factorization demain. 

(Delhi 1970; Calicut 75) 

Proof. Let F be the field of quotients of a unique factoriza- 
tion domain R. Let p (x) be a primitive member of R [x]. We can 
regard p(x) as a member of F [x]. Since F is a field, therefore 
F [x] is a unique factorization domain. Reczli that the ring of 
polynomials over a field is a unique factorization domain, There- 
fore p (x) € F [x] can be factored as 

Pp (x)=pr (x) ps (x) ..pe (x), where 
Pr (X), Pe (X),+-0y pe (X) are irreducible polynomials in F [x]. Now 


Le ~ 


a, & Rand f, (x) © R [x]. Further f,; (x) can be wile as 
Si (x)=cy q. ‘x), 


where c; G R and q; (x) is a primitive member of R[x]. Thus each 


each p; (x), 1<i<k, can be written as py (x)= , where 


Pi ()=7- gi (x), where c;,, a, Rand q(x) is a primitive member 


of R[x]. Since p, (x) is irreducible in F [x], -therefore g, (x) must 
also be irreducible in F [x]. Now q (x) is a primitive member of 
R [x] and gq, (x) is irreducible in F [x]. Therefore, by the converse 
part of theorem 8, q; (x) is irreducible in R [x]. 

Now p (x)=py (x) pe (X).--pr (x) 

erie aw Gx (X) Ja (X) +0 Ge (X). 

os  Ay0g...0Kp ae Ca.0Ck G(X) Ga (x) «Gk (x). «(1) 

Since q; (x),..-» ge (x) are all primitive members of & [x], 
therefore 

94 (X) 42 (X)0.q% (x) 
‘Iso.a_ primitive member of R [x]. Further p (x) is primitive. 
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Therefore from the relation (1), we conclude with the help of 
theorem 3 that p(x) and gq; (X) G2 (x)---gx (x) are associates in 
R [x]. Therefore p (x)=u gy (x)qo(x)...9« (x) 

where uw is some unit in R [x] and hence in R. 

If g, (x) is irreducible in R [x] then uq, (x) is also irreducible 
in R[x]. If we simply replace ug, (x) by q, (x), then we get 

P (x)= Gy (x) 92 (x)---9n (x). 

Thus we have factored p (x) in R [x] as a product of irreduct- 
ble elements. : 

Now to show that the above factorization of p(x) is unique 
upto the order and associates of irreducible elements. 

Let p (x)—1ry (x) ra (x).. Pm(x), where the r; (x) are irreducible 
in R [x]. Since p (x) is primitive, therefore each r;(x) must be 
primitive. Consequently by theorem 8, each ry (x) must be irredu- 
cible in F{[x]. But F[x] is a unique factorization domain. There- 
fore p (x)€ F[x] can be uniquely expressed as the product of irre- 
ducible elements of F[x]. Hence the 7; (x) and the a; (x) regarded 
as the elements of F[x] are equal (upto associates) in some order. 

Since r, (x) and gq, (x) are primitive members of R {x] and are 
associates in £[x], therefore, by theorem 9, they are also associates 
in R[x]. Thus p (x) has a unique factorization asa product of 
irreducible elements of R [x]. 

Now we are in a position to prove that if R is a unique facto- 
rization domain, then so is RX [x]. 

Let fix) € R [x] be arbitrary. Then we can write f(a) ina 
unique wav as f (x) =cg (x) where c © R and g (x) isa primitive 
member of R [x]. 

Now by the above discussion g (x) can be uniquely expressed 
as the product of irreducible elements of R[x]. What about c? 
Let c==hy (x) he (x)...hs (x), where /y (x),..., As (x) EG R [x]. We 
have O=deg c=deg /, (x) +deg hs (x)+...4+-deg h, (x) 

=> each /, (x) must be of degree 0 
=> each hi; (x) is an element of R. 


Thus the only factorizations of c as an clement of R [x] are 
those it had as an element of R. In particular ifo« € R is irredu- 
cible, then «& R [x] is also irreducible. But Ris a unique facto- 
rization domain, Therefore cE Rcan be uniquely expressed as the 
product of irreducible elements of R and hence of R [x]. 

Finally, we conclude that / (x)=cg (x) can be uniquely expre- 
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ssed as the product of irreducible elements of R(x]. Hence R [x] 
is a unique factorization domain. 

Corollary1. If R is a tnique factorization domain then so is 
R [Xa,-+%5 Xn). 

Proof. If R is a unique factorization domain, then we know 
that Rz=R [x,] isa unique factorization dumain. Now ; is a 
unique factorization domain implies that 

Ro=R, [xo] =R [va Xa] 
is a unique factorization domain. Continuing this process a finite 
number of times we conclude that R [.v1,+--, Xa] is a unique factori- 
zation domain. 

Corollary 2. If F is a field, then F (xy, X2,..., Xn] is a unique 
Jactorization domain, 

Proof. If F is a field, then we know that F,=/[x] is a unique 
factorization domain. Now J, isa unique factorization domain 
implies that F,=/\[v,] == F[x,, Xo] is a unique factorization domain. 
Continuing this process a finite number of times we conclude that 
F [x3,..., X,] iS a unique factorization domain, 


Kisenstein’s Criterion of Irreducibility. 


Theorem 11. Let F be the field of quotients of a unique fuctor- 
ization domain R, If 
I(x) ag + GX + aex?+ ...panx®ER [x] 
and p is a prime element of R such that 
P\ 4, P \ a1, P| Gay, p | Gna 
whereas p is not a divisor of aq and p* is not a divisor of ag, then f(x) 
is irreducible in F |x], (Banaras 1972) 
Proof. Without loss of generality we may take /(,) to be 
primitive, for taking out the greatest common factor of its coeffi- 
cients does not disturb the hypothesis, since p is not a divisor of 
@y. Now suppose that f(x) 1s reducible in Lx]. Then /(x) can be 
factored as the product of two ploynomials of positive degree in 
#[x]. Therefore by Gauss lemma /(x) can be factored as the pro- 
duct of two polynomials of positive ,degree in R [x]. Thus if we 
assume that f(x) is reducible in F [x], then 
I(X)=0-+ dX + «+ nx" = (by by x +00 +b") (Co-+ 4X4... + CX) 
»»»(1) 
where the 5’s and c’s are elements of R and where r>0 and ;>0. 
We have from (1), we==DyCo. 
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Since p is a prime element of R, therefore 
P\ao > p| bor p| &. 

Since p* is not a divisor of dg, therefore p cannot divide both 

by and ce. Suppose that 
p | 59 and p is not a divisor of cg. 

If p is a divisor of all the coefficients bo, 5,,..., b,, then from 
(1) we see that p is a divisor of all the coefficients of f(x). But p is 
not a divisor of az. Therefore not all the coefficients Dp, by,..-» Br 
can be divisible by ». Let 5;, where k < r, be the first 6 which is 
not divisible by p. Then each of bo, 5y,..., dy-3 is divisible by p and 
by is not divisible by p. 

Also k <n, since r <n. 

Now from (1), we have 

a= DeCgt dey Cr+ dpe Cat -+ Docy 

> byco = ak -- by~3 Cy— be-g C3-- eo Docg. ...(2) 

Now k <n. Therefore p| ax. Also p| bya, drug, «»-, Dg: 

Therefore from (2), we have 

P | bce 
«> p| be or p | co, Since p is a prime element of R. 

But this is nonsense because according to our initial assump- 
tions p is neither a divisor of b, nor a divisor of ce. Hence f(x) 
must be irreducible in F [x]. This completes the proof of the 
theorem. 

Note. In the above theorem if we take the ring of integers I 
in place of the unique factorization domain R&, then the field of 
quotients of J is the field of rational numbers. The statement of 
the theorem will be as follows : 

Let {(x)=dy-+ayx+...-- Gnx” be a polynomial with integer 
coefficients. If pisa prime number such that 

Pde, pa, ..., P| Ana 
whereas p is not a divisor of a, and p* is not a divisor of ao, then f(x) 
is irreducible over the field of rational numbers. 
, (Madras 1983; Meerut 74) 
There will be no difference in proof. 
Solved Examples 

Ex.1. If pis a prime number, prove that the polynomial x*- p 

is irreducible over the field of rational numbers. 


Solution. Let /(x)=x*-—p 
= p+Ox + Ox8+...+0x%2 + 1%, 
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Then f(x) is a polynomial with integer coefficients. 

Now p is a prime number. 

We see that p divides each of the coefficients of f(x) except 
che coefficient 1 of the last term x". Also p* is not a divisor of the 
constant term —p. Hence by Eisenstein’s criterion of irreducibility 
J(x) is irreducible over the field of rational numbers. 

Ex. 2. Show that the polynomial x*—3 is irreducible over the 
field of rational numbers. 

Solution. Let /(x)=x?—3=—3+0x-+ !x?. 

Now f(x) is a polynomial with integer coefficients. Also 3 1s @ 
prime number such that 3 divides each of the coefficients of f(x) 
except the coefficient 1 of the last term x®. Also 3* is not a divisor 
of the constant term —3. Hence by Eisenstein’s criterion.of irre- 
ducibility f(x) is irreducible over the field of rational numbers. 

Ex. 3. Prove that the polynomial 14+-x-+-...+x87), where pis @ 
prime number, is irreducible over the field of rational numbers. 

(Banaras 1963; Madras &3) 

Solution. Let f(x)=14x+...+x7-2. 

Multiplying both sides by x— 1, we get 

(x—1) f(x)=(x—1) (x07 x? tx $1) 

=> (x—1) f(x)=xP—1. 

Putting x—t=y or x= y+! on both sides, we get 

of Yt D=O+ 19-1 

= PCy’ 1-4 9C, yh $+... 4+ Cpa Vth—I, 
expanding by binomial theorem 
=YP+PCy yP1+ Cay? Sp... +7C par Y 
=y [P24 yA CaP $4C pg YC] 
ve LAD Hy Cy? 8+ Ca yh 2 + oe FIC yn FIC ys. 


Now 2a P PD OMDB, trey 1, 


Obviously 7C, is divisible by p for each I << r < p—1. Note 
that p is given to be a prime integer. 

Now f(y+1) is a polynomial with integer coefficients, Also p 
is a prime number such that p divides each of the coefficients of 
Siyv+}¥) except the coefficient of y?2 which is I. Alsop is not a 
divisor of the constant term which is equal to "Cp_y=p. Therefore 
by Eisenstein’s criterion of irreducibility f()'+1) is irreducibie over 
the field of rational numbers. Therefore f(x) is irreducible over 
the field of rational numbers. Note that y=.—1. 

Fx. 4. Show that the polynomial x*-| x°4 x? |-x-4-1 is irreduci- 


ble over the field of rational numbers, 
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Solution. The number 5 is a prime number. So proceed as 
in Ex. 3 by taking p=5S. 

Ex. 5. Let Rbe a unique factorization domain. Then show 
that every prime element in R generates a prime ideal. 

Solation. Let p be a prime element of a unique factorization 
domain R. Let S=(p) be the ideal of R generated by p. Then to 
show that S is a prime ideal. 

Suppose ab is an element of S where a, bE R. We have 

abe S => ab=kp for some KER 

=> p| ab 
=> plaorp|b [°° p is a prime element of R] 
=> a=sp or b=fp for some s, 1E R 
=> a&(p) or bE(p) 
=> (p) is a prime ideal of R. 
Exercises 

fi. Examine whether the polynomial x®-+3x?+2x—4 is irre- 
ducible ever (i) the field of integers modulo 5, (ii’ the field of 
integers modulo 7, (Bombay 1970) 

2. Let p(x) be an irreducible polynomial over a field F. 
Prove that the ideal generated by p(x) in F[x] is a maximal ideal. 

(Karushetra 1974) 

3. Show that if F is a unique factorization domam then F{x] 
is also a unique factorization domain. (Delhi 1970) 

4. Prove that a Euclidean ring is necessarily a principal ideal 
ring with unity. Give two examples of such a ring. (Banaras 1968) 

5. Prove that I [4/2], the set of rea] numbers a-- 54/2 where 
a, b are iategers is a Euclidean ring. (Kurushetra 19/0) 

6. Prove that the ring of polynomials over a field F is a 
Euclidean domain. Hence or otherwise deduce that any non-zero 
polynomials f(x), g(x)€ F[x] have g.c.d. (Meerut 1976) 
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Vector Spaces 


Soa far we have studied groups and rings. Now we shall study 
another important algebraic structure known as vector space. Be- 
fore giving the definition of a vector space we shall make a dis- 
tinction between internal and external compositions. 

Let A be any set. Ifa* bE Aa, FEA, anda bd is unique 
then * js said to be an internal composition in the set 4. Here a 
and 5 are both elements of the set 4. 

Let V and F be any two sets. If ao cE V for all a€ F and for 
all cE V and ao «@ is unique, then o is said to be an external com- 
position in V over F. Here a is an element of the set F and @ is 
an element of the set V and the resulting element aoa is an ele- 
ment of the set V. 

§ 1. Vector space. Definition. (Madras 1977; Banaras 70; 

Rohilkhand 80; Kolhapur 73; Poona 73; Meerut 76) 

Let (F, +, °) he a field. The elements of F will be called 
scalars. Let V be a non-empty set whose elements will be called 
vectors. Then V is a vector space over the field F, if 

1, There is defined an internal composition in V called addition 
of vectors and denoted by ‘+. Also for this composition V Is an 
abelian group. 

2. There is an external composition in V over F called scalar 
multiplication and denoted multiplicatively i.e., axGV for all aGF 
and for all a&@V. In other words V is closed with respect to scalar 
multiplication. 

3. The two compositions i.e.. scalar multiplication and addition 
of vectors satisfy the following postulates : 

(i; a(az-+B)=ae-+abvaEF and Va, BEV. 

(ii) (a+b) s=aa+lay¥a, bEF and ¥aGV. 

(iii) (ab) c=a(ba) ¥a, DEF and ¥ceV. 

(iv) la=a¥aEV and I is the unity element of the field F. 
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When P’ is a vector space over the field F, we shall say that 
V(F) is a vector space. If the field F is understood we can simply 
say that V is a vector space. 

In the above definition of a vector space V over the field F, 
we have denoted the addition of vectors by the symbol ‘--”. This 
symbol] also denotes the addition composition of the field F, i.e., 
eddition of scalars. There should be no confusion about the two 
compositions though we have used the same symbol to denote 
each of them. If «,B EV, then «+ 8 represents addition in V i.e., 
addition of vectors. If a,b€F then a+b represents addition of 
scalars i e., addition in the field F. Similarly there should be no 
confusion in multiplication of scalars i.e., multiplication of the 
elements of F and in scalar multiplication i.e., multiplication of 
an element of V by an element of F. If a, b&F, then ab represents 
multiplication of Fand abe F. If aE F, andaEV, then ac repre- 
sents scalar multiplication and acEV. Since 1E F and «EV, there- 
fore la represents scalar multiplication. Again awe V, abe V, 
therefore ax+-af represents addition of vectors and thus ax-+-af is 
anelement of V. Further a&€Fanda+BEV, therefore a(«+8) 
represents scalar multiplication and we have a(«+8)E V. 

Note 1. For V to be an abelian group with respect to addition 

. vectors, we must have the following conditions satisfied ; 

(i) «+BEFV for all a, BEV. 

(ii) «-+B—=8+<a for all a, BEV. 

(iti) «+ (B-+y)=(2+8)+y for all «, B, yEV. 

(iv) There exists an element OE V such that 

O04 a=aVyaEV. 

This element 0 & V willbe called the zero vector. It is the 
additive identity in V. 

(v) To every vector «a€&V there exists a vector —«€ V such 
that —a4+-a4=0. Thus each vector should possess additive inverse. 
The vector —a is called the negative of the vector «. 

Note 2. Since (V, +) 1s an abelian group therefore all the 
properties of an abelian group will hold in V. A few of them are 
as follows: 

(Gj) «+f=a4-¥> P=» (left cancellation law) 

(1i} Bta=y--asP=y (right cancellation law) 

(iii) «+8=0>0c=- Band B=- x. 
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(vy) —(«+8,—=—ua—£ where by «—B we mean 2-+(—8). 

(v) The additive identity 0 will be unique. 

(vi) The additive inverse of each vector will be unique. 

(vii) Ifa+fp=y, then «+ B—y=0, 

Note 3. There should also be no confusion about the use of 
the word vector. Here by vector we do not mean the vector quan- 
tity which we have defined in vector algebra as a directed line seg- 
ment. Here we shall call the elements of the set V as vectors. 

Note 4. In a vecter space we shall be dealing with two types 
of zero elements. One js the zero vector and the other is the zero 
element of the field F i.e., the 0 scalar. To distinguish between the 
two, we shal] use the zero letter in bold type to represent the zero 
vector. However the students may use the same symbol 0 to 
denote the zero vector as Well as the zero scalar. There will be no 
‘confusion in this use. The use of 0 will itself tell whether it stands 
for zero vector or for zero scalar. 

Note 5. We shall use the lower case Greek letters «, 8, y etc. 
to denote vectors i.e., the elements of V and the lower case Latin 
letters a, b, c etc. to denote the scalars i.e., the elem.ots of the 
field F, 

Example 1. 4 field K can be regarded asa vector space over 
any subfield F of K. (Meerut 3969; Banaras 69; Kumayon 78) 

Here K is the set of vectors. Addition of vectors is the 
addition composition in the field X. Since K isa field, therefore 
(K, +) is an abelian group. Further the elements of the subfield F 
constitute the set of scalars. The composition of scalar multipli- 
cation is the multiplication composition in the field K. X is a field, 
therefore ax €§ KW aE F and ¥ «€ K because botha anda 
are elements of XK. If 1 is the unity element of K, then 1 is also 
the unity element of the subfield F. We make the following obser- 
vations. 

(i) a (a+8)=ax+aB ¥ a © Fand ¥ «, 8 E K. This result 
follows from the left distributive law in K. 

(ii) (a+b) emaa+bava, bE F and ¥ «EX. This result isa 
consequence of the right distributive law in X. 

(iii) (ab) e=al(bs)va, bE Fand¥ aE XK. This result isa 
consequence of associativity of multiplication in K. 

(iv) lo=aae Kand J is the unity element of the subfield F. 
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Since 1 is also the unity element of the field XK, therefore 
la=a¥eeK. Hence K(F) is a space. 


Note 1. If F is any field, then F itself is a vector space over 
the field F. 

Note 2. If C isthe field of complex numbers and R is the 
field of real numbers, then C is a vector space over R because R is 
a subfield of C. But R is not a vector space over C. Here R is 
not closed with respect to scalar multiplication. For example, 2ER 
and 3+4iEC and (3+4i) 2ER. 

Example 2. The set V of all mXn matrices with their elements 
as real numbers is a vector space over the field F of real numbers 
with respect to addition of matrices as addition of vectors and multi- 
plication of @ matrix by a scalar as scalar multiplication. 


As in groups, we can prove that V is an abelian group with 
respect to addition of matrices. The null matrix O of the type 
mXn is the additive identity of this abelian group. 

If aE F anda€V (i.e.,a isa matrix of the type mxXn with ele- 
ments as real numbers), then aaEG V because aa is also a matrix of 
the type mxXn with elements as real numbers. Therefore V is 
closed with respect to scalar multiplication Also from our study 
of matrices we observe that 

(i) a(%+B8)=ae+a3¥aE F and ¥ a, BEV. 

(ii) (@+-)) x=aa+ baa, bEeF and ¥aceV. 

(ili) (a6) a=aibs) va, bE F and ¥aeEV. 

(iv) le=ay¥aEV where | is the unity element of the field F 
of rea) numbers. 

Hence V (F) is a vector space. 

Note. If V is the set of all xa matrices with their elements 
as rational numbers and F is the field of real numbers, then V will 
not be closed with respect to scalar multiplication. For /7EF 
and if a€ V, then +/7a¢ V because the elements of the matrix 4/7 
will not be rational numbers. Therefore Vif) will not be a vector 
space. 

Example 3. The vector space of all ordered n-tuples over a 
field F. 

Let F bea field.’ An ordered set e=(a,, da, ag, -»+, dn) of n 
elements of F is called an n-tuple over F. Let V be the totality of 
all ordered n-tuples over F i.e., \et 

V={(aq, do, +5 Gn) 2 G4, G2, Ag,.--5 An& F}. 
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Now we shall give a vector space structure to V over the field 
F. For this we define equality of two n-tuples, addition of two 
n-tuples and multiplication of an n-tuple by a scalar as follows : 

Equality of two n-tuples. Two elements «=(a,, as, ...» da) and 
B=(by, dg, ..., bn) of V are said to be equal if and only if 

a,;=b, for each i=1, 2, ..., n. 
Addition composition in V. We define 
a-+ B=(a+5,, Qz+ba, -, Qa+Dn) 
aan (Gy, Gz, +++), B=(b,, Day sees b, )E V. 

Since a1+44, ag+ba,..., da+b, are all elements of F, therefore 
a+B € V and thus V is closed with respect to addition of 
n-tuples. 

Scalar multiplication composition in V over F. We define 

au=(ady, ads, ..., dan) + aGF, a=(ay, ay, ---» On)EV. 

SINCE 24, Ad2,.--, 2a, are all elements of F, therefore aaG V and 
thus V-is closed with respect to scalar multiplication.-: 


Now we Shall see that V is a vector space for these two com- 
positions. 


Associativity of addition in Vv. We have 
(a, G2, a0, Gn) +[(01, b,, tory ba)+(c1, CQ, vee; Cr)] 
=(d,, eo Q,)-+(bi+er, ba+¢cs, seey batCn) 
==(@,+-[5;+¢,], a2+[b2+<cs], eae, An+[5a+Cn)) 
=([a.+5,|+¢, Laz+ 53] +Ca, oes, [ant+5n] +Cn) 
= (a, +5), dg+bo, ..., Gat De) (Cx, Ca, ven Cn) 
=[(a,, Gz, oer, an) +(d,, bs, peey bn)] +(c3, CQ, see, Cn) 
Commutativity of addition in V. We have 
(3, Gay-+-, dn) + (D2, bay, Dn) = (arbi, datz, +» 5 Int 5n) 
=(b4+4, bz+aa,--, ba+Qn)=(5,, bg,.--; Ba)A(Gry Foe dn). 
Existence of additive identity in V. We have 
(0, 0,..., EV. Also if (4, ag,-+, an)EV, then 
(a, Q2y.005 Qn)+ (0, 0, rety 0)=(a,+90, Ag +0, Gn+0) 
== (GQ), Ga,...5 Qn). 
(0, 0,.-., 0) is the additive identity in V. 
Existence of additive inverse of each element of V. If 
(ay, Ga,---5 Gn)EV, then (—@i, —-dg,--., —Gn) E V. 
Also we have (—a,, —daa,-«+, —@Qg)+(@4p Ggy+++) An) 
=(—G,;+4), —y+2,..., —-dp+ae)=(0, 0, 0,->-, 0). 
c. (—@,, —, +, —G,) is the additive inverse of (41, 42,---, Qn). 


Thus V is an abelian group with respect to addition. Further 
we observe that 
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1. Hac F and a=(a;, dg,..., da), B=(Ox, dg,.-., DaheY, then 
a (%-+f)=a (a. +5, Ag+ bg,...; Ga+bn) 
== (a [a:+5,), a [@2-+b],..., a[@e+5,)) 
== (aa,-+- aby, aa,+ abs, ..., dn+ab,) 
w= (GQy, AQ,,--., An)-+ (aby, abg,..., aba) 
2 (41, da,..., An) +2 (br, by, ..-, by) =aux-+-aB. 

2. If a, DEF and a==(a,, dg,-., @g)EV, then 

(a+)) a==([a+5] a3, [a+ 6] Og, <0 [a+-5] Qn) 
== (qa,+ba,, ad,+baz,,... 204+ baa) 
== (G01, AQ3,..., @aq)+(ba;, bas, - , bas) 
4 (dy, Ag, --+5 An) 4-D (04, d2,-+-5 Gn) =0%-+ba. 

3. If a, be F and a=(a,, ag,..-, @n)EV, then 

(ab) a=([ab] a;, [ab] ag,..., [ab] @n)=(a [bai], @ [bas],..., alban) 

=20 (bQ,, bdg,..., ban)=a [b (Qy, Gg,---, Gn)] =a (ba). 

4. lf 1 is the unity element of Fand «=(ay, a, -, an) E V, 
then la =(1az, lag,..., 1am) (G1, ,.-., Qn) =. 

Hence V isa vector space over F. The vector space of all 
ordered n-tuples over F will be denoted by Va(F). Sometimes we 
also denote it by F®. MHexe the zero vector i.e., 0 is the n-tuple 
(0, 0,..., 9). 

Note. V2 (F)={(@;, @2) ? ay, @2€@F} is the vector space of all 
Ordered pairs over F. Similarly Vs (F)={(ay, dg, Ga): a1, da, as& F} 
is the vector space of all ordered triads over F. 

Example 4. The vector space of all polynomials over a field F. 

Let F [x] denote the set of all polynomials in indeterminate x 
over a field F. Then F [x] is a vector space over F with respect to 
addition of two polynomials as addition of vectors and the product 
of a polynomial by a constant polynomial (i.e., by an clement of 
F) as scalar multiplication. 

Example 5. The vector shace of all real valued continuous 
(differentiable or integrable) functions defined in some interval .0, 1). 

Let V denote the set of all real valued continuous functions 
of x defined in the interval (0, 1]. Then V is a vector space over 
the field R of real numbers with vector addition and scalar multi- 
plication defined as below : 

(f+-8) (x) =f(x) +8 (x) ¥ Sf, gEV 
and (af) (x)=af(x) ¥ aE Rf EV. 

As in rings, we should first prove that V is an abelian group 
with respect to ad dition composition. 
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V is closed with respect to scalar multiplication since af is 
also a real valued continuous function in [0,1]. Further we 
observe that 

1, IfaER and f, geV, then 
(a ( f+-2)] (x)=a[( f+-2) (x)] =a [ f(x)+8(x)] =af (x) +-ag(x) 

= (af) (x)+(ag) (x)=(af +-ag) (x). 

-. @( f +2)=af + ag. 

2. Ifa, bER and SEV, then 
(a+b) f] (x)= (a+b) f(x) =af (x)+ bf (x)=(a@f) (x) +(8/) (x) 

= (af+bf') (x). 


“ (a+b) faaf+of. 
3. Ifa, DER and fEV, then 
[(ab) f } (x) =(ab) f(x)=a [bf (x) =a [(Of) (x)] =[a (bf Dy CX). 
. (ab) f=a (bf ). 
4. If 1 is the unity element of R and fe /, then 
iy ) ) =I )=/@). 


Hence V is a vector space over R, 
Exercises 
1. Show that a field F may be considered as a vector space 
over F if scalar multiplicaticn is identified with field multipli- 
cation. 
2. Show that the complex field C is a vector space over the 
real field R. (Madurai 1975 ; Kumayun 77) 
3. Let V be the set ofall pairs (x, y) of real numbers, and 
let F be the field of real numbers. Define 
(x, y)+ (x1, yy=(xX+%, y+yx) 
c (x, y)=(cx, y) 
Show that with these operations V is not a vector space over 
the field of real numbers. 
4. Let V=R*={(a;, az) : a,, gE R} and F=R. 
Define the addition and scalar multiplication in R* as follows : 
(@y, G2)+-(b1, bg) =(a1 +51, as + bs) 
and @ (a,, a2) = (Gay, 2as). 
Show that R? is a vector space over R. (Garhwal 1976) 
S. Let V be the set of all pairs of real numbers and let F be 
the field of real numbers. Define 
(x, Y)+01, Y2)=(3¥4+3)1, —¥—%4) 
e(x, y)=(3ey, —ex). 
Verify that V, with these operations, is not a vector space 
over the field of real numbers. 
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6. Let R be the field of real numbers and let P, be the set 
of all polynomials (of degree at most 7) over the field R. Prove 
that P, is a vector space over the field R. 

7. How many elements are there in the vector space of 
polynomials of degree at most n in which the coefficients are the 
elements of the field I(p) over the field I(p), p being a prime 
number ? (Meerut 1974, 75) Ans. p™*?. 


§2. General properties of vector spaces. 


Theorem 1. Let V(F) be a vector space and 0 be the zero 
vector of V. Then 
(i) a0=0 ¥ aeGF. 
(1.A.S. 1974 ; Delhi 70 ; Kolhapur 79 ; Meerut 69) 
(ii) OwmO0 ¥ «EV. (Delhi 1970 ; 1.A.S. 74 ; Meerut 69) 
(iii) a(—«)=—(az) VaeG F, ¥ ae V. (Delhi 1970) 
(iv) (—a)a=—(ae) ¥a E F, ¥ «EV. (I.A.S. 1974) 
(v) a(a—f)=aa—aB ¥ ae Fand ¥2,BPeE V. 
(vi) aa=0 > a=—0 cr c=0. (Meerut 1968 ; 1 A.S. 74) 
Proof, (i) We have a0=a (0-+0) [. O=0+0) 
=a0+a0. 
“. 0+a0=00+a0 [.° a0EV and 04 a0=a0] 
Now V is an abelian group with respect to addition. 
Therefore by right cancellation law in V, we gct 0=a0. 
(ii) We have 0a=(0-+0) « [-° O0=0+0] 
=O0a-+ Oa. 
-» 0+0c=0c-+ 0a. [’ OxE V and 0+0a=0] 
Now FV isan abelian group with respect to addition of vectors. 
Therefore by right cancellation law in V, we get 0=Oc. 
(iii) We have a [«+(—«)]=aa+a (—«) 
=> a0=aa-+a (—«) 
=> 0=—aa+a (—a) [°. a0==0] 
=> a (—a) is the additive inverse of aa 
=> a(—a)= — (aa). 
(iv) We have [a+(—a)] «=axz-+(—a) « 
> On=ax-+(—a) & 
=> O=ae-+-(—a) « 
=» (—a) @ is the additive inverse of oa 
=> (—a@) a= —(a2), 
(v) We have a («—f)=a [a+(—)]=—aa+a (—B) 
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=az+{—(aB)] [sa (—B)=—(aB)) 
=aax—ap, 

(vi) Let aa=0 and a0. Then am exists because a is a 
non-zero clement of the field F. 

-. az=0 > a7) (az)=a71 0 > (a7 az) c= 0 > le = 0 > aI. 

Again let ae=9 and «40. Then to prove that a=0. Suppose 
a0. Then a exists. 

°*, aa=0 > a! (ans) =a 0 > (21a) o=0> 1e=0> ac=0. 
Thus we get a contradiction that « must be a zero vector. There- 
fore a must be equal to 0. Hence «340 and az=0 > a=0. 

Theorem 2. Let V (F) be a vector space. Then 

(i) Ifa, b & F and « is a non-zero element of V, we have 

aa=ba => a=b. 

(ii) Ifx, B © V and ais anon-zero element of F, we have 

aa=aBp > «=B8. (Meerut 1974) 

Proof. (i) We have aa=ha =» aa - ba=0 > (a— 6) a=0. 

But «0 Therefore (a—b) «=0>a-b=0>a—5, 

(ii) We have aa=aB=>ax- a8=0 > a («—B)=0. 

But 240. Therefore a («—-8)=0 > a—B==027a—8. 

§ 3. Vector Subspeces. Definition 

Let V be a vector space over the field FandW€Q V. ThenW 
is called a subspace of V if W itself is a vector space over F with 
respect to the operations of vector addition a'd scalar multiplication 
inV. (Delhi 1970 ; Madurai 78 ; Banaras 70 ; Meerut 69) 

Theorem 1. The necessary and sufficient condition for a non- 
empty subset W of a vector space V (F) to be a subspace of V is that 
W is closed under vector addition and scalar multiplication in V. 

(Kumayon 1978) 

Proof. If W itself isa vector space over ¢ with respect to 
vector addition and scalar multiplication in V, then W must be 
closed with respect to these two compositions. Hence the condi- 
tion is necessary. 

The condition is sufficient. Now suppose that W is a non- 
empty subset of V and W is closed under vector addition and 
Scalar multiplication in V, 

Leta gc W. Iflis the unity element of F, then —1 € F. 
Now W is closed under scalar multiplication. Therefore 

-LEF2cEWs (-lcEwr —(le) CW 
>—-.,EW [. « &@W2>a6€ Vand la=c in VY). 
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Thus the additive inverse of each element of W is also in W. 

Now WV is closed under vector addition. 
Therefores G W, —7« EC W=> a+(—2) & W 

=> 0 & W where 0 is the zero vector of V. 

Hence the zero vector of V is also the zero vector of W. Since 
the elements of W are also the elements of V, therefore vector ad- 
dition will be commutative as well as associative in W. Hence W 
is an abelian group with respect to yector addition. Also it is 
given that W is closed under scalar multiplication. The remaining 
postulates of a vector space will hold in W since they hold in V of 
which W is a subset. 


Hence W itself is a vector space for the two compositions. 

* PW isa subspace of V. 

Theorem 2. The necessary and sufficient conditions for a non- 
empty subset W of a vector space V (F) to be a subspace of V are 

(i) 2EeWw.pew>e«-BEw. 

Gi) aE F,cEwWr> ae W. 

Proof. The conditions are necessary. If W is a subspace of 
V, then W is an abelian group with respect to vector addition. 
Therefore « G W, B & W => &- pe WwW. Also W must be closed 
under scalar multiplication. Therefore the condition (ii) is also 
necessary. 

The conditions are sufficient. Now suppose W is a non-empty 
subset of V satisfying the two given conditions. From condition 
(i), we have 

eEw,cew> co-rxEWwW=O0€E W. 
Thus the zero vector of V belongs to W and it will also be the 
zero vector of W. 

NowOEW,c EW QO—-c-EW> —2 & W. 

Thus the additive inverse of each element of W is also in W. 

Again cew,pEW>a EW, —pE WwW 

= a—(—p) EW we athe W. 

Thus W is closed with respect to vector addition. 

Since the elements of W are also the elements of V, therefore 
vector addition will be commutative as well as associative in W: 
Hence W is an abelian group under ‘vector addition. Also fror 
condition (ii), W is closed under scaiar multiplication. The rem 
aining postulates of a vector space will hold in W since they hol 
in V which is a superset of W. Hence W is a subspace of V. 
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Theorem 3. The necessary and sufficient condition for a non- 
empty subset W of a vector space V (F) to be a subspace of V is 

a,b € Fande, PGW > ae+bP & W. 

(Meerut 1981; Garhwal 76) 

Proof. The condition is necessary. If W is a subspace of V, 
then W must be closed under scalar multiplication and vector 
addition. 

Therefore aE&Faecwraew 
and bE FPpEW @ BBE W. 

Now ax € W, bf & W @ ax+bP & W. Hence the condition 
is necessary. 

The condition is sufficient. Now suppose W is a non-empty 
subset of V satisfying the given condition i.e., a, be Fand 

a, B G W> az+bB € W. 
Taking a=1, b=1, we see that if ¢, BE W then 
lat+ip € W 
>atpEeWw. [. <E€@W>ae V and laws in V] 
Thus W is closed under vector addition. 
Now taking a=—l, b=0, we sec that ifa & W, then 
(—1) «+02 € W [in place of 8 we have taken a] 
>—(la)+u EW a-2& W. 
Thus the additive inverse of each element of W is also in W. 
Taking a=0, b=0, we see that *< & W then 
Oat+-O0n EW> 01" CWPVE W. 

Thus the zero vector of J” belongs to W. It will also be the 
zero vector of W. 

Since the elements of W are also the elements of V, therefore 
vector addition will be associative as well as commutative in W. 
Thus W is an abelian group with respect to vector addition. 

Now taking B=0, we see that ifa,b € Fanda € W, then 

aat+h0 EG Wie, aetOEW te, awe W. 

Thus W is closed under scalar multiplication. 

The ren.aining postulates of a vector space will hold in W 
since they hold in V of which W is a subset. Hence W (F) isa sub- 
space of V(F). 

Theorem 4. 4 non-enipty subset W of avector space V (F) is 


a subspace of V if and only if fur each pair of vectors 2, B in W and 
eah scalar ain & the vector aa-+ B is again in W. 


Proof ‘The condition is necessary. If it’ is a subspace of V, 
th on W must be closed with respect to scalur mullipheation and as 
wci}as with respect to vector addition, Therefore 
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aGEF2cE€wrae Ww. 

Further aa € W, 8B € W > ax+B © W. 

Hence the condition is necessary. 

The condition is sufficient. it is given that Wis a non-empty 
subset of V and a€ F, «, BEWs> at+BEW. We are to 
prove that W is a subspace of V. 

(i) Since W is non-empty, therefore there is at least one vector 
inW,sayy. Nowl € F> —16F. Therefore taking a=—1, 

=y, Be-y, we get from the given condition that 

(—1) y+-¥=—(ly)+7=—7+7=0 is in W. 

(ii) Now let a G F,« € W. Since 0 is in W, therefore taking 
B=—0 in the given condition, we pet az +0—aqza js in W. 

Thus W ts closed with respect to scalar multiplication. 

(iit) Let cE W. Since 1¢€F and W isclosed with 
fa to scalar multiplication, therefore (--1) a= —(1a)=—a is 
in W. 

(iv) We have LE F. Ife,8B GW, then la+ P=a-+P is in 
W. Thus W is closed with respect to vector addition. 

The remaining postulates of a vector space will hold in W, 
since they hold in V of which W isa subset. Hence W is a sub- 
space of V. 

Note. If we are to prove that a subset Wof a vector space 
V is a subspace of V, then either it is sufficient to prove that 

a,.b6€ Fanda, B € W= av+i8 © pW’ 
or it 1s sufficient to prove that 
ac F, anda, BE W> azt+B Ee W. 
Examples 

Example . Let V (F) be anv vector space. Then V itself and 
the subset of V consisting of zero vector only are always subspaces 
vf V. These two are called improper subspaces. If V has any 
other subspace, then it is called a proper subspace. The subspace 
of V consisting of zero vector only is called the zero subspace. 

Example 2. The set.W of ordered triads (ay, ae, 0) where ay, 
a, € F is a subspace of Vs (F). (Meerut 1973) 

Solution. Let a=(a, a2, 0) and B=(b,, be, 0) be any two 
elements of }-". Then a, az, b,, b2 EG F. If a, 6b be any two ele- 
ments of F, we have 

ax +bB =a! ay, aa, 0) +5(d,, be, 0)= (aay, a2, 0)+ (bby, bb., 0) 
= (cay + bby. aaz+-bbs, 0) E W since aa, +bby, aay+ bby © F 
and the tast co-ordinate of this triad is zero. 

Hence W is a subspace of Vs (F). 
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Example 3. LetV be the vector space of all polynomials in 
an indeterminate x over a field F. Let W be a subset of V consisting 
of all polynomials of degree <n. Then Wis a subspace of V. 

Solution. Let « and B be any two elements of W. Then a, B 
are polynomials over F of degree < nm. Ifa, are any two ele- 
ments of F, then az+8 will also be a polynomial of degree & n. 
Therefore az+5b8 € W. HeaceW is a subspace of V. 

Example 4. Jf a1, a2, ds are fixed elements of a field F, then 
the set W of all ordered triads (xy, xg, Xs) of elements of F, such 
that Q1X,+a2X.-+-asxs=0, 
is a subspace of Vs (F). 

Solution. Let «=(x1, x2, xs) and P=(), ye, ya) be any two 
elements of W. Then x1, X2, Xs, Yi, Ya. Yg are elements of F and are 
such that 

05 X4-+ Q2Xo+aX3=0 (1) 
Qyita,ye+asys=0. ...(2) 

If a, b be any two elements of F, we have 
aa-+ hB=a (x1, Xq, Xs)+6 (y1, 25 ys) 
=(@Xx,, aX2, ax3)+(byy, bye, bys)=(axy+byy, axe+bys, axst+bys). 

Now ay (ax1-+ by1)-+42 (@xg+ bye)+ as (ax8-+ bys) 

= (04X44 02X2-+dax9)+- (a, y4-4-a2y24-asys) 
ue [by (1) and (2)] 

righ ax-+-bB =(ax,-+by,, axe+ bys, axs+ bys) =e W. 

Hence W is a subspace of V3 (F). 

Example 5, Let R be the field of real numbers. Which of the 
following are subspaces of V3(R) ? 

(i) {(x, 2), 3z): x, y, zER}. (Meerut 1972, 81) 

(ii) {(x, x, x): xER). 

(iii) {(x, ¥» Z) 2x, ¥, z are rational numbers} 2 

Solution. (i) Let W={(x, 2y, 3z): x, y, zER}. 

Let a=(x,, 2)1, 321) and B=(x2, 2y2, 3z2) be any two elements 
of W. Then x;, yi, 71, X2, Y2, Z, are rea] numbers. If a, 5 are any 
two real numbers, then 

ua + bB=a (X31, 2)4, 324)+ 5 (xs, 2y2, 322) 
=(aX1+bx3, 2ayy+2dy2, 3az,-+- 3622) 
= (4x,+5x2, 2 [ayr+bdya], 3 [az,+522]) 

EW since axy+bX, ay, + bys, az-+bzz are rea! numbers, 

Thus a, bER and 2, BEW > axt+-bBEW. 

.. Wis a subspace of V,(R). 
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(ii) Let W={(x, x, x): xE R}. 

Let ae=(x;, x4, X1) and B=(x3, X, Xs) be any two elements of 
W. Then x,, x: are real numbers. Ifa, 5 are any real numbers, 
then ax-+ bB=a (x1, Xi; x1) +5 (xs, Xs, Xa) 

=(ax,+bx2, €X14+bx,, aX,-+bx2)E W, since ax, +5x.ER. 

Thus W is a subspace of Vs, (R). 

(ii) Let W={(x, y, z): x, ¥, z are rational numbers}. 

Now «=(3, 4,5) is an element of W. Also a=,4/7 is an 
element of R. But aa=/7 (3, 4, 5)=(34/7, 44/7, 5/7) EW 
since 34/7, 40/7, 5/7 are not rational numbers. 

Therefore W is not closed under scalar multiplication. Hence 
W is not a subspace of Vs (R). 

§ 4. Algebra of subspaces. 

Theorem 1. The intersection of any two subspaces Wy and W2 
of a vector space V(F) is also a subspace of V (F). 

(Delhi 1969; Kumayun 77; Madras 77; 
Madurai 78; Banaras 70; Meerut 81) 

Proof. Since 0 € W, and W2 both, therefore W.QW: is not 
empty. 

Let «, BEW,OW, and a, SEF. 

Now «Ew nw, > «EW, and «ew, 
and PEW. NW, > BEW, and BE, 

Since W, is a subspace, therefore 

a, bE F and «, BE W, > ax.+52EW,. 

Similarly a, bE F and «, PEW, > ax+bBEW,. 

Now az+bBEW,, ax+bfEW. > aa+bBEW, NW. 

Thus a, bE F and x, BREW, NW, => ac+bBE WNW. 

Hence W,()Ws is a subspace of MF . 

Note. The union of two subspaces of V(F) may not tea 
subspace of V(F). For example if R be the field of real numbers, 
then W,={(0, 0, 2): z € R} and W’4={(0, », 0): y € R} are two 
subspaces of Vs (R). We have (0, 0, 3)G MW, and (0, 5, OW, 

.. (0,0, 3) and (0, 5, 0) are both elements of W,UW,. 

But (0, 0, 3)+(0, 5, O=-(0, 5, 3) € WilLWe since neither 
(0. 5, 3) & W, nor (0, 3,3) EG WH, Thus W, U Weis not closed 
under vector addition. Hence HW’, UY We is not a subspace of 
bs (R). 
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Theorem 2. The union. of two subspaces is a subspace if and 
only if one is contained in the other. (Delhi 1969) 

Proof. Suppose W, and Ws are two subspaces ofa vector 
space V. 

Let Wi C W, or W, © Wy. Then W; U Wi=W, or Wy. But 
W,, Ws are subspaces and therefore, W, U Ws is also a subspace. 

Conversely, suppose Wy U Ws is a subspace. 

To prove that W, € Wor W, © Wi. 

Let us assume that W, is not a subset of Ws: and W, is also 
not a subset of W,. 

Now Wy, is not a subset of W, > 1% € W, anda ¢ W, w«(1) 
and W, is not a subset of W, > 48 € W, and Bp ¢ Wi. «2.(2) 
From (1) and (2), we have 
ceEeWwW,U WeandspeE WU Ws. 
Since Wi U Ws, is a subspace, therefore 
a+ is also inWi U Ws. 

But a+B e W,U We > a+ © W, or Wo. 

Suppose «+8 © W,. Sincea © Wy and W, is a subspace, 
therefore (%-++8)—a=f is in W,. 

But from (2), we have 8 @ W,. Thus we get a contradiction. 
Again suppose that «+8 & fz. Since 8 © We and W, isa sub- 
space, therefore (a-+f8)—B=« is in Ws. But from (1), we have 
a ¢ W.. Thus. here also we get a contradiction. Hence either 
Wy C W, or W, © W,. 

Theorem 3. Arbitrary intersection of subspaces i.e., the inter 
section of avy family of subspaces of a vector space is a subspace. 

(Banaras 1968; Kanpur 69; Meerut 68) 

Proof. Let V (F) tea vector space and let {W,:1€ T} be 
any family of subspaces of V. Here T is an index set and 18 such 
that v¥ ¢ & 7, W, isa subspace of V. 

Let U=N\ Wr=[xEVi:xEWwWvr1eE T} 

1eT 
be the intersection of this family of subspaces of V. Then to prove 
that U is also a subspace of V. 

Obviously U#Q, since at least the zero vector 0 of V is in 
W, #2 & T. 

Now let a,b G F anda, B be any two elementsof AM Wi. 

(eT 
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Then «, 8B ©€ W, ¥ 1 € T. Since each W, isa subspace of V, there- 
fore az+bREW,¥tET. Thus ac+bp € A Wi. 
tS 


Thusa,b€ F anda, BE 1) MwactbpEe 1 W.. 
teT teT 
Hence ( W; is a subspace of V (F). 
teT 


Smallest subspace containing any subset of V (F). Let V (F) 
be a vector space and S be any subset of V. If U isa subspace of 
V containing S and is itself contained in every subspace of V con- 
taining S, then U is called the smallest subspace of V containing S. 
The smallest subspace of V containing S is also called the sub- 
space of V generated or spanned by S and we shall denote it by 
the symbol {5S} or by (S). It can be easily seen that the inter- 
section of all the subspaces of V (F) containing S is the subspace 
of V (F) generated by S. If {S}=V, then we say that FV’ is spanned 
by S. 


Exercises 
1. Show that the set W of the elements of the vector space Vs(R) 
of the form (x+2y, », —x+3y) 
where x, y € R is a subspace of Vs(R). (Meerut 1974) 


2. Let V=R*® and Whe the set of all ordered triads (x, y, 2) 
such that x—3y+4z=0. Prove that W is a subspace of R°. 


3. Which of the following sets of vectors «=(a), dg,..., @n) in R® 
are subspaces of R® (n > 3) ? 
(i) alla such thata, < 0; 
(ii) alla such that ag is an integer ; 

(iii) all such that a,+-as=0. 

Ans. (i) not a subspace ; (ii) not a subspace ; (iii) subspace. 

§ 5. Linear combination of vectors. Linear span of a set. 

Lincar combination. Definition. Let V (F) be a vector space. 
Uf a, Gg,...5 % E V, then any vector 

L = 04%y-+ A2he-+-...+Gn%n Where Ay, Ae,...,0n © F 
is called a linear combination of the vectors ay, &3,..., Gg: 

Linear span. Definition. Let WV (F) be a vector space and S 
be any non-empty subset of V. Then the linear span of S is the set 
of all linear combinations of finite sets of elements of S and is 
denoted by L(S). Thus we have 

L (S)= {a0 -+@q02-+} ove t+ Any 0» Ay, Agere, Xp 
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is any arbitrary finite subset of S and a, ay,..., dq is any arbitrary 
finite subset of F}. 

Theorem 1. The linear span L (S) of any subset S of a vector 
space V (F) is a subspace of V generated by S i.e., L (S)={S}. 

Proof. Let «, B be any two elements of L (S). 

Then Km 104 + Agta ...+ Ap Se 
and B= byBi+ Bahat+... +58, 
where the a’s and b’s are elements of F and the a’s and f’s are 
elements of S. 

If a, b be any two elements of F, then 
a&-+ bB=a (a1%1-+- ahs ..--+Om%m) +5 (by8, + beBgt ...+ baBn) 
=a (ay0;)-+a (4304) +... (Amt) +5 (583) + b(bg8,)+ ... +b (bnBa) 
= (ay) &-+(aa2) te-+ -..-+ (adm) &m+(bby) By+ (bby) Bs+ +--+ (bbn) Ba. 

Thus aae-+bf8 has been expressed as a linear combination of a 
finite set a, %,..., Om, Br, B2,---, Ba of the elements of S. Conse- 
quently aa+-bseEL(S). 

Thus a,b € F and «, BEL(S)=ae+58E€ L(S). 

Hence L(S) is a subspace of V(F). 

Also each element of S belongs to L(S) because if «,€S, then 
a,==la, and this implies that «,EL(S). Thus L(S) is a subspace 
of V and S is contained in L(S). 

Now if W is any subspace of V containing S, then each 
element of L(S) must be in W because W is io be closed under 
vector addition and scalar multiplication. Therefore L(S) will 
be contained in W. 

Hence L(S)={S} i.e., L(S) is the smallest subspace of V 
containing 5. 

Note. If in any case we are to prove that L(S)=V, th-n we 
should prove that VCL(S) because L(S)CV since LiS) is a sub- 
space of V. In order to prove that VC L(S), we should prove that 
each element of V can be expressed as a linear combination of a 
finite number of elements of S. Then each element of V will also 
be an element cf L(S) and we shall have VG L(S). 

Finally VC L(S) and L(S)\G V2>L(S)=V. 

Examples 
Example 1. The subset containing a single element (1, 0, 0) 


of the vector space V¥3(F) generates the subspace which is the 


totality of elements of the form (a, 0, 0). 
Example 2. The subset {(1, 0, 0), (0, 1, 0)} of Va(F) generates 
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the subspace which is the totality of the elements of the form 
(a, 5, 0). 

Example 3. The subset S={(1, 0, 0), (0, 1, 0), (0, 0, 1)} of 
V,(F) generates or spans the entire vector space V,(F) i.e., L(S)=V. 

If (a, b, c) be any element of V, then 

(a, b, c)=a(l, 0, 0)+5(0, I, 0)+c(0, 0, 1). 

Thus (a, b, DEL(S). Hence VEL(S). Also L(S)CV. 

Hence L(S)=V. 

§ 6. Linear sum of two subspaces. Definition. Let W, and W, 
be two subspaces of the vector space V(F). Then the linear sum of 
the subspaces W, and W, denoted by Wi+Ws,is the set of sums 
G+, such that nGW,, ac We. 

Thus WrtWe=(ay +a : EW,, 4,€EW,}. 

Theorem. Jf W, and W; are subspaces of the vector space V(F), 
then 

(i) Wi+Ws is a subspace of V(F). 

(Meerut 1971, 79; Kanpur 70) 

(ii) Wi+-Ws=(W1UP,} i..e., L(WiU W.)=Wi+tWs. 

Proof. (i) Let a, 8 be any two elements of W,+-W,. 

Then ceaj+ag and P=f,+8, where %, B,EW, and 
as, fsE Ws. If a, bEF, we have 

aa+ bB=a (a+ 42)+5 (81+ 8s) =(aa1+58,)+ (aaa+ 58s). 

Since W, is a subspace of V, therefore a, bE F 
and Gs, pew, >ae,4+-52,ERW,. 

Similarly aa,-+ bB.E W,. 

Consequently a2-+ bB = (ua, +bB,) +(axs-+5Ps)E W,+W,s. 

Thus a, bE F and «, BEW,+W, > ax+bfEW,+W,. 

Hence W,+-W, is a subspace of V(F). 

(ii) Since Ws, contains the zero vector, therefore if c,GW,, 
then we can write a,=o7,-+0E€W,+Ws. Thus W,CW,+h,. 
Similarly W.CWi+W,. Hence WiUW.CWitWs. Therefore 
W,+W, is a subspace of V(F) containing Wi.UWs. 

Now to prove that W,+W.={W,UW,} we should prove that 
Wi+W,CL(W,U0W,) and LUV,UW2) CW -+ Ws. 

Let a=@,+4-%3 be any element of Wy4+-W,. Then a,G@W, and 
ax W.. Therefore %,,0,E€W,UWs. Wecan write 

y+ ag== lay-+ las 

Thus a3-+¢, is a linear combination of a finite number of cle- 

ments %,, c,E W, UW. 
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Therefore &)-+- as L(W, UW). 

- Wt+h,C L(W,UPR,). 

Also L(WiUW:) js the smallest subspace containing W121) Ws 
and Wi+W, is a subspace ‘containing W,UW,. Therefore 
L(W,UWs) must be contained in Wi+W,. Consequently 

L(W,UW,)CW,4+W.. 

Hence W,+-W,=L(W1 UW) = {Wi U W}. 

Theorem. If S, T are subsets of V(F), then 

Gi) SCTS>L(S)G LT). (ii) L(SUT)=L(S)+L(T). 

(iii) L(L(S))=L(S). 

Proof, (i) Let  a==@ 4+ Ge%q+...-+-cusa, G L(S), where 
{a;, %,..., %} is a finite subset of S. Since S G 7, therefore 
{%2, &,..., &a} is a finite subset of T. So aE LT). | 

Thus a2& L(S)>aEL(T). 

L(S)G X(T). 
(it) Let « be any element of (SUT). Then 
= Ogh y+ Agtg-t ...-+ Amt + br81+ dsBg+ --.-- By 
where {a, dg,..., am, Ai, Ba,+--, Bp} is a finite subset of SUT such 
that {o,, Agyrrey tm} GS and {Bi, Bs,..., B IGT. 

Now O4% + Akg ...+- Am% pn, E L(S) 
and byB,+ beB2+...+5,8,E L(T7). 

Therefore e@ L(S)+L(T). Consequently L(SU 7T)GL(S)+L(7). 

Now let y be any element of L(S)+L(T). Then y=B8+5 where 
pe L(S) and 8GL(T) Now 8 will bea linear combination of a 
finite number of elements of S and 5 will be a Jinear combination 
of a finite number of elements of 7. Therefore 8 +6 will be a linear 
combination of a finite number o! elements of SUT. Thus 
B+dsEL(SUT). Consequently L(S)+L(7)CL (SUT). 

Hence L(SUT)=L(S)+L(T). 

(iii) L(L(S)) is the smallest subspace of V containing L(S). 
But L(S) is a subspace of ¥. Therefore the smallest subspace of 
V containing L(S) is L(S) itself. Hence Z(L(S))=L(S). 

§ 7. Linear dependence and linear independence of vectors. 

Linear dependence. Definition. Let V (F) bea vector space. 
A finite set {%1, %,...,%n} of vectors of V is said to be linearly 
dependent if, there exist scalars ay, @s,..., Gane F not all of them 0 
(some of them may be zero) such that 

1% +- Aghe + Gg%y +... + ge, =20. 
(Banaras 1970 : Meerut 75 ; Punjab 66) 
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Linear independence. Definition. Let V(F) be a vector space. 
A finite set {a, %2,..., %,} of vectors of V is said to be linearly in- 
dependent if every relation of the form 
07% + G2te+ ... + dn%n = 0, EF, iqign 
=>a;=0 for each 1 <icn. 

Any infinite set of vectors of V is said to be linearly indepenac. * 
if its every finite subset is linearly independent, otherwise it is 
linearly dependent. (Banaras 1970; Punjab 69) 

Examples 

Example 1. Prove that if two vectors are linearly dependent, 
one of them is a scalar multiple of the other. 

Solution. Let a, 6 be two linearly dependent vectors of the 
vector space V. Then d scalars a, b not both zero, such that 

ae +bB=0, 
If a340, then we get 
ae = — bB=> a~'(aa)=a-' — bp) 
=> (a-ta) a=[a~(— 5) ]B > laea(—a-"b)B 
>< — p>«a is a scalar multiple of 8. 
If b40, then we get 
bB==— aa => p=(-+ % => 8 is a scalar multiple of «. 

Thus one of the vectors « and 8 isa scalar multiple of the 

other. 
Example 2. In the vector space V_ (F), the system of n vectors 
é=(1, 0, Q,..., 0), ¢2=(0, I, Q,..-5 O, 0), - , en=(0, 0,..., 0, 1) 
is linearly independent where 1 denotes the unity of the field F. 
Solution. If a1, az, ds, -.., @a be any scalars, then 
A361 +G2e—9+ st Gneng=O0 ) 
=>ay(1, 0, 0,..., 0)+4-a.(0, 1,0, ..., 0)... +4,(0, 0,..., 0, 1)=0 
=> (2, dg, -.-, Gn) =(0, 0, .. , 0) & ay=0, a2—0, ..., a,=0. 
Therefore the given set of m vectors is linearly independent. 
in particular {(1, 0, 0), (0, 1, 0), (0, 0, 1)} is a linearly indepen- 
dent subset of Vs(F). 
Example 3. If the set S={aq, @g, 06 an} 
of vectors of V(F) is linearly independent, then none of the vectors 


&yy Ag, +00, Sq CAN be zero vector. vf (Meerut 1974) 
Solution. Leta, be equal to zero vector where 1 <r <n, 
Then Cay + 09+ ...-+ ay +Oarya-+...+ OO 


for any 240 in F. 
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Since a0, therefore from this relation we conclude that S is 
linearly dependent. Thus we get a contradiction because it is 
given that S is linearly independent. Hence none of the vectors 
Xr, Xgy 0) & Can be zero vector. Wealso conclude that a set of 
iat which contains the zero vector is necessarily linearly depen- 

ent, 

Example 4, Every superset of a linearly dependent set of vectors 
is linearly dependent. 

Solution. Let S={a,, a, ..., a,} be a linearly dependent set of 
vectors. Then there exist scalars a}, dz, ..., dq not all zero such that 

Q;,% +dghe+ ... + an%q,=0. (1) 

Now let S'={a, a2, ---, %, By, Bo, -»», Bm} be a superset of §. 
Then we have from (1) 

Qy%y +4202 --- + GnSe +08, +082... + 08m = 90. -- (2) 

Since inthe relation(2) the scalar co2fficients are not all 0, 
therefore S’ is linearly dependent. 

From this we also conclude that any subset of a linearly inde- 
pendent set of vectors is also linearly independent, 

Example 5. A system consisting of a single non-zero vector is 
always linearly independent. 

Solution. Let S={a} be a subset of a vector space V and let 
a be not equal to zero oe If a iz any scalar, then 

aa= 
=a=0 [Since « is not zero vector] 
»» the set S is linearly independent. 
Example 6. Show that 
S={(1, 2, 4), (1, 0, 0), (0, 1, 0), (0, 0, 1)} 
is a linearly dependent subset of the vector space V3 (R) where R is 
the field of real numbers. 

Solution. We have 

1 (1, 2, 4)+(—1) (1, 0, 0)+(—2) (0, 1, ©) +(—4) (0, 0, 1) 
=(1, 2, 4)+(—1, 0, 0)+(0, —2, 0)+(0, 0, —4) 
=(0, 0, 0) f.e., zero vector. 

Since in this relation the scalar coefficients 1, —1, —2, —4 are 
not all zero, therefore the given system S is linearly dependent. 

Example 7. In Vs (R), where Ris the field of real numbers, 
examine each of the following sets of vectors for linear dependence : 

(i) {(2, 1, 2), 8, 4, 8)} 

(ii) {(1, 2, 0), (0, 3, 1), (—1, 0, 1} 

(iit) {((—1, 2, l), (3, 0, —1), (— >; 4, 3)} 
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(iv) {(2, 3, 5), (4, 9, 25)}. 

(vy) {, 2, 1), (3, 1, 5), 3, —4, 7)}. (QMieerat 1979) 

Solution. (i) We have 

4 (2, 1, 2)+(—D) @, 4, 8)=m(8, 4, 8)+(—8, —4, —8) 
=(0, 0, 0) i.e., the zero vector. 

Since in this relation the scalar coefficients 4, —1 are not both 
zero, therefore the given set is linearly dependent. 

(ii) Let a, b, c be scalars i.e., real numbers such that 

a (1, 2, 0)+6 (0, 3, 1)-+¢ (—1, 0, 1)=(0, 0, 0) 

f.e., (a—c, 2a+36, b+-c)=(0, 0, 0) 
i.e., a+-0b—c=0, 2a4+-3b+0c=0, 0a+5+c=0. 

These equations will have a non-zero solution i.e. a solution 
in Which a, 5, c are not all zero iff the rank of the coefficient mat- 
rix is less than three i.e., the number of unknowns a, b,c. If the 
rank is 3, then the zero solution a=0, 6=0, c=0 will be the only 
solution. 


! 0 —|] 

Coefficient matrix a-[3 : o} 

] 

We have | A |=1 (3—0)—2 (0+1)=1540. 

“. Rank A=3. Hence a=0, 6=0, c=0 is the only solution. 
Therefore the given system is linearly independent. 

(iii) Let a, b, c be scalars such that 

a (—1, 2, 1)+4 (3, 0, —1)4+¢ (—5, 4, 3)=(0, 0, 0) 

i.e., (—a+3b-- 5c, 2a4-0b+4c, a--b+3c)—(0, 0, 0) 
i.e., —a+3b—S5c=0, 2a+-0b +4c=0, a- b+ 3c2=0. 
The coefficient matrix 4 of these equations is 
—] 3 —5 
.-| 2 0 ‘| 
1 —] 3 

We have | A |=—1 (0+4)—2 (9 —5)+1 (12—0)=0, 

e» Rank A is < 3 ie., the number of unknowns ag, J, c. 
Therefore the given system of equations will possess a non-zero 
solution. For example a=—2, b=1, c=1, is a non-zero solution. 
Hence the given system of vectors is linearly dependent. 

(iv) Let a, b be scalars i.e , real numbers such that 

a (2, 3, 5)+5 (4, 9, 25)=(0, 0, 0) 

i.e., (2a+46, 344-96, 5a+ 25b)=(0, 0, 0) 
i.e., 2a4-4b220, 3a4+-9b==0, $a+25b=0. 


Vector Spaces 417 


The coefficient matrix A of these equations 1s 


2 4 
3 9]. 
5 25 


Obviously rank A=2 i.e., equal to the number of unknowns 4 and 
b. Therefore these equations have the only solution a=0, b=0. 
Hence the given set of vectors is linearly independent. 
(v) Let a, b, c be scalars i.e., rea] numbers such that 
a(1, 2, 1)+6 (3, 1, 5)+¢(3, —4, 7)=(0, 0, 0) 
i.e., (@+3b-+ 3c, 2a+ 5b — 4c, a+ 5b+7c)=(0, 0, 0) 


i.e., a+ 3b+3x=0, (1) 
2a+b—4c=0, ---(2) 
a+5b+7c=0. woe(3) 

Multiplying (1) by 2, we get 
2a+6b+6c=0. »--(4) 
Subtracting (4) from (2), we get 
—5b—10c= 0 
or b+2c=0. (5) 
Again subtracting (3) from (1), we get 
—2b-4c=0, or 64+ 2c=0. «-(6) 


The equations (5) and (6) are the same and give b=-— 2c. 
Putting b=—2c in (1), we get aw3c. If we take c=l, we get 
b=—2 and a=3. Thus a=3, b=—2, c=! is a non-zero solution 
of the equations (1), (2) and (3). Hence the given set of vectors is 
linearly dependent. 

Example 8. Jf F is the field of c.mplex numbers, prove that 
the vectors (a1, a3) and (by. bs) in Vs (F) are linearly dependent iff 

G,D3 — del, = 9. 

Solution. Let x, yYEF Then 

X (a, a) ty (4, bg) = (0, 0) 
=> (xa,-+yby, xda+ yba)=(0, 9). 

Therefore ax+hy=0 ) 
and ax+b.y=0 

The necessary and sufficient condition for these equations to 
possess a non-zero solution is that 


- is =0 1.0.5 aybs—dghy=0. 
Hence the given system is linearly dependent iff a.by—agb,=0. 


Example 9. if % anda, are vectors of V(F), and a,b © F, 
show that the set (a1, %2, a%-+ xs} is linearly dependent. 
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Solation. We have 
(—a) o4+(—b) % 9-4-1 (ax3 +522) 
=(—a+q) a,-+(--b+b) == 021+022=0 i.e., zero vector. 
In the above linear combination the scalar coefficient 1340. 
Therefore whatever may he the scalars —@ and —Bb, the given set 
of vectors is linearly dependent. 


Example 10. Let a, “2, &3 be vectors of V (F), a, be F. Show 
that the set {a,, %2, %3} is linearly dependent if the set {ay +a%.+ bas, 
Og, Xs} is linearly dep. udent. (Meerut 1969) 

Solution. Since the sct {73 | 4% +5as, %2, as} is linearly depen- 
dent, therefore there exist scalars x. v, z not all zero such that 

xX (a, arg+ bag) + }%2+z03=0 
fe., xa, (xa + yay t(xh+2) a9=0. (1) 


If in the relation (1), the coefficients x, xa+Y, xb+z are not 
all zero, then the set {a,, a2, @s} will also be linearly dependent. 

If x:40, then the problem is at once solved whatever y and z 
may be. However if x=0, then at least one of y and z is not zero. 
Therefore at least one of xa} y and xb+z will not be zero since 
when x=0 then xa+y and xb4-z reduce to y and z respectively. 

Hence inthe relation (1) the scalar coefficients of 01, 42, % 
are not all zero. Therefore the set {o, @2, as} is also linearly de- 
pendent. 

Example 11. If, B, y are linearly indepe:dent vectors of V\F) 
where F is the field of complex numbers, then so also are «+B, B+Y. 
y+. (Banaras 1970) 

Solution. Let a, b, c be scalars such that 

aa+B +b (84+-y)4 ¢ (yta)=0 
i.e, (a-+4c) a+(a+b) B+(b+¢) 7=9- Gl) 

But «, 8, y are linearly independent. Therefore (1) implies 

at+0b+c=0, atb-4 Oc=0, Qa+b-+-c=0. 

The coefficient matrix A of these equations is 


l 0 I 
A=| | 1 0 |. 
0 1 i 


We have rank A=3 ie., the number of unknow®ss a, b, ¢. 
Therefore g=0, O=0. c= 01s the only’ solution of the given equa- 


tions. Hence 2b fi. fy, 7 1 @ are als linearly independent. 
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Example 12. Ifa, 8, y are linearly indeoendent vectors of VF) 
where F is the field of complex numbers, then so also are 

a{B,a«—B,«-2B+y. 

Solution  l[.ct a, 6, c be scalars such that 

a (2+P)+b (a—B)+e (x—2B+y)=0 (1) 
f.e., (atb+c) a4 (a—b—2c) B+cy=0. .. (2) 

But @, f. y are linearly independent. Therefore (2) implies 

a+b-+c=0, a@- b-2c=0, c=0. 

The only solution of these equations is c=0, a=0, b=0. 

Thus (1) implies a=0, 6=0, c=0. Therefore the vectors «+8, 
@—B,a- 2B-+4-y are linearly independent. 

Example 13. Show that the set (1, x, 1--x+.a*} isa linearly 
independent set of vectors in the vector space of all polynomials over 
the real number field. (Meerut 1976) 

Solution. Let a, b, c be scalars (real numbers) such that 

a (1) +bx-+e (l--x+x/)=0. 

We have a (1) + 4x+c (lL +x-} x7) =0 

>(a+c)t(bic) xt+ex7=0 
>a-+-c=0, b+c=0, c=03c=0, b= 0, a=0. 

-. the vectors 1, X, ]-+x }a* are linearly independent over 
the field of real numbers 

Example 14. In the vector space F |x| of all polynomials over 
the field F the infinite sct S={1, x, x*, x®,...} is linearly independent. 


Solution. Let S’=={x/1, y,..., x'"} be any finite subset of 
S having 7 vectors. Here iy, mg, .., Mn ate some non-negative 
integers. Let a,. 42, .-, Gn be scalars such that 


yx My + ay\""2 + neg a,x! fas 0 


(f.¢., Zero polynomial) (J) 
By the definition of equality of two polynomials we have from 
(1) 41=0, a,=0,.... Gq = 0. 


Thus every finite subset of S is linearly independent. 

Therefore S is linearly independent. 

Example 15. /s the vector (2, —5, 3) in the subspace of R* 
spanned by the vectors (1, —3, 2), (2, —4, —1), (I, -- 5, 7)? 

Solution. Let a=:(2, —5, 3), a,=(1, --3, 2), #,=(2,- 4, - 4). 
zy (1, § 7). Ifa can be expressed asa Jincar combination of 
the vectors 7), 72. 43, then it will be in the subspace of R® spanned 
Po othese sectops othberwayse iowill not be. 
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Let cas @,04-+-Gu3-+-aguy Where 4), dz, 2g9ER. 
Then (2, — 5, 3)=a,(1, — 3, 2)+a;(2, —4, —1)+-as(1, —5, 7) 


oe (2, —5, 3)=(a1+203+4s, — 3a, —4a2— Sas, 
24 — dg + 74s). 
ae Qy-+ 22+ ag=2 o-(1) 
— 3a,— 4a _ 5a3= —5 o-(2) 
24a,—- d2+7a3=3 --(3) 
Multiplying the equation (1) by 3 and adding to (2), we get 
2a,—2dag=1} Or 4, -—Ag=t. ~--(4) 


Again multiplying the equation (1) by 2 and subtracting from 

(3), we get 
—5@,+5ag=—1 or a,—as=1/5. .-(5) 

The relations (4) and (5) show that the above equations are 
inconsistent. Hence the vector « cannot be expressed as a linear 
combination of the vectors «1, %:,%s. Therefore ~ is not in the 
subspace of R® generated by the vectors %4, %g, cs. 

Example 16. Jn the vector space R*, leta=(1, 2, 1), B=(3, 
1, 5), y=(3, —4, 7). Show that the subspaces spanned by S={a, B} 
and T={«,B, y} are the same. (Meerat 1977) 

Solution. First we shall show that the vector y can be expres- 
sed as a linear combination of the vectors a and B. Let 

(3, —4, 7)=a(1, 2, 1)+(3, 1, 5). 

Then a+3b=3, 2a+b=—4, a+5b=7. Solving the first two 
equations.we get a= —3, b=? and these satisfy the third equation 
also. Therefore we can write y= —3a4-28. 

Now SCT=L(S)CL(T). 

Further let 8€.L(T). Then Scan be expressed as a linear 
combination of the vectors «, Band y. In this linear combination 
the vector y can be replaced by — 30428. Thus 5 can be expressed 
- aS a linear combination of the vectors « and 8. Therefore 5€ L(S). 
Thus 8EL(T)>SEL(S). Therefore L(T)CL(S)- 

Hence L(T)=L(S). 

| Exercises 

1, Show that the three vectors (1, 1, —1), (2, —3, 5) and 
(—2, 1, 4) of R® are linearly independent. 

2. Show that the vectors (1, 1, 2, 4), (2, —1, —5, 2). (1, +I; 
—4, 0) and (2, 1, 1,6) are linearly dependent in R‘. (Meerut 1971). 

3. Show that the vectors (1, 1, 0, 0), (0, 1, —1, 9), (0, 0, 9, 3} 
in R¢ are linearly independent. 
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4. Is the vector (3, —1,0, —1) in the subspace of R¢ spanned 
by the vectors (2, —1, 3, 2),(—1, 1, 1, —3) and (1, 1, 9, —5)? 

Ans. No. 

5. Show that the set {1, x, x (1—x)} is a linearly independent 
set of vectors in the space of all polynomials over the real number 
field. (Meerut 1971) 

6. Find whether the vectors 2x?4-x9+x+1, x®-++3x9+x—2 
and x®+2~?—x-+3 of R[x], the vector space of all polynomials 
over the real number field, are Jinearly independent or not ? 

(Meerut 1975) Ans. Linearly independent. 

7. Prove that a set of vectors which contains the zero vector 
is linearly dependent. (Meerut 1974) 

8. Show that the system of three vectors (1, 3, 2), U1, —7, —8), 
(2, 1, —1) of Vs (R) is linearly dependent. 

(Meerut 1975; Madras 77) 

9. Determine whether the following set of vectors in Vs (Q) 
is linearly dependent or independent, Q being the field of rational 
numbers : {(—1, 2, 1), (3, 1, --2)}. (Meerut 1974) 

Ans, Linearly independent. 

10. Prove that any finite set S of vectors, not all the zero 
vectors, Contains a linearly independent subset 7 which spans the 
same space as S. 


11. Find a linearly independent subset 7 of the ‘set 


S = {a,, Xo, hay ea}, 


where a =(1, 2; = 1), t2==(-- 35 —6, 3), 
a&g=(2, 1, 3), ca=(8, 7, 7) © R® 
which spans the same space as S. Ans. T={a,, %s}. 


§ 8. Some Theorems on Lincar Dependence and Linear Inde- 
pendence. 

Theorem 1. Let V (F) be a vector space. If a, ag, ..., %, are 
non-zero vectors & V then either they are linearly independent or 
some %%, 2 < k <n, is a linear combination of the preceding ones, 
Cy, ey --0y Xpmrg (Banaras 1969; Kanpur 70) 

Proof. If «,, «2, %s, ---» % are linearly independent we are 
nothing to prove. So let @, %2,..., @n be linearly dependent. Then 
there exists a relation of the form 

G0 + Ao%y+ ve Aghg= 0 ..{1) 
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where, not all the scalar coefficients a;, de,..., dn ate 0, Let k be 
the largest integer for which ax3~0 i.e., @x42=0, Geyg=0, ..., dn=0 
and ax340. There is no harm inthis assumption because at the 
most if a,+0 then k=n. 

Also 2 & k. Because if a2==0, ag=0,..., dn=0, then a,2,—0 
aiid %540 => a,=0. This contradicts the fact that not all the a’s 
are 0. 


Now the relation (1) reduces to 
03% + date-+... +040, =0, where a,340 

Or Akh == — Ay hy — Ag@o— -.. — Ap] FK-1 

or Qi? (7%) = aK-? (— yay — G2%2— 1» —Ah—-1 Xp~1) 

OF &%q=(—4g7} ay) ay + (-- Gn? Gg) 2+... + (—agg? Gey) Ox-2. 
Thus «& is a linear combination of its preceding vectors. 
Theorem 2. The set of non-zero vectors @. %, -..,%q, Of V (F) 

is linearly dependent if some ax, 2 < k <n, is a linear combination 

of the preceding ones. (Banaras 1969; Kanpur 70) 
Proof. If some a, 2 < k < nis a linear combination of the 

preceding ones, %, %, .., %—- 3, then Ad scalars ay, d2,..., ax—1 Such 

that a, = 1%, 4- Qg%2-+ weet Ak—y Oh-y 
=> 1a, — 44% — A2%q— «1. — Ak-1 %p-1 = 9 -- (1) 
=> the set {a4, ae,.. , a} is linearly dependent because 

in the linear combination (1) the scalar coefficient 149. 

Hence the set {a4, %,..., @a} of which {a,, %2,..., &} I a subset 

must be linearly dependent. 

Theorem 3. Ifin a vector space V(F),a vector B is a linear 
combination of the set of vectors 4, @2, &.-.». &n, then the set of 
vectors B, G1, %,..., &n is linearly dependent. 

Proof. Since B is a linear combination of «4, @,..., @%, there- 
fore there exist scalars a, @o,..., d, such that 

B= 0044+ G2%q+ ... tanh, 
> IB — ay%y— deat, —... -- An%n =O. -{T) 

In the relation (1) the scalar coefficient of 8 is 1 which is +0. 
Hence in the relation (1) not all the scalar coefficients are 0. 
Therefore the set of vectors 8, a, %,..., &n 1S linearly dependent. 

Theorem 4. The set of non-zero vectors @, &2,..., &a Of V(F) is 
linearly dependent iff one of these vectors is a tinear combination of 
the remaining (n—1) vectors. (Kolhapur 1973; Meerut 69) 

Proof. This theorem can be easily proved. 
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§ 9. Basis of a Vector Space. Definition. 


(1 A.S. 1974; Poona 73; Madras 78; Meerut 66; 
Kanpur 69; Banaras 63; Punjab 69) 


A sub-set S of a vector space V(F) is said to be a basis of 
VF), if 

(i) S consists of linearly independent vectors. 

(ii) S generates V(F) i.e., L(S).=V 1.e., each vector in V is a 
linear combination of a finite number of elements of S. 

Example 1. A system S consisting of n vectors 

€z- (1, 0, 0,..., 0), e2=(0, 1, 0,..-, O),.., Cn=(0, 0,..., 0, 1) ds 
a basis of V.(F). 

Solution. Fisrt we should show that S is a lineatly indepen- 
dent set «tf vectors. We have proved it in one of the previous 
examples. 


Now we should prove that L(S)=V,(F). We have always 
L(S) € V,(F). So we should prove that V,(F) © L(S) ie., each 
vector in V,{F) is a linear combination of elements of S. 

Let x=(a4, @g,---, Qn) be any vector in +4(F). We can write 

((,, Ag yerry Gy) =A, (I, Q,.+, 0) a, (Q, I, Oyicns O)+... 

+a, (0, 0,..., 0, 1) 
1.@., H==AyCy-+ Ae@_-+ ...-+ Anen. 

Hence S is a basis of V,(F). We shall call this particular basis 

the standard basis of V,(F). 


Note. The set {(1, 0), (0, 1)} is a basis of Va(F). The set 
{(1, 0, 0), (0, 1, 0), (0, 0, 1)} is a bast, of Vg(F). As a particular 
case a basis of F(F) is the set consisting of only the unit element 
of F. 

Example 2. Show that the ytihe set 

AS i Pee eae a rne areee 
is a basis of the vectur space |x] of iil ynomials over the field F. 

Solution. First we should prove that S is a linearly indepen- 
dent set of vectors. For proof refer wsme previous example. 

Now we should show that S spans F{x] i.e., each polynomial 
in F(x] can be expressed as a lincar combination of a finite num- 
ber of elements of S. 

Let f(x) =Gg-+ 4.x-+ Qax?+...4-a;x' be 4 polynomial of degree ¢. 

Then f(r)=(@o) l+ayx--aen® +... faex'. 

Hence 5 is a basis of F[x}. 
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Note. The vector space F[x] has no finite basis. If we take 
any finite set W of polynomials, we can find a polynomial of degree 
greater than that of each of them. Such a polynomial cannot at 
any cost be expressed as a Jineur combination of the elements of W. 

§10. Finite Dimensional Vector Spaces. Definition. The 
vector space V(F) is said to be finite dimensional or finitely gene- 
rated if there exists a finite subset S of V such that V=L(S). 

The vector space V,(F) of n-tuples is a finite dimensional 
vector space. 

The vector space F[x] of all polynomials over a field F is not 
finite dimensional. There exists no finite subset S of F[x] which 
spans F[x]. A vector space which is not finitely generated may be 
referred to as an infinite dimensional space. Thus the vector space 
F[x] of all polynomials over a field F is infinite dimensional. 

Existence of basis of a finite dimensional vector space. 

Theorem. There exists a basis for each finite dimensional vector 
space. (Meerut 1980; Banaras 69; Punjab 69; Aligarh 67) 


Proof. Let V(F) be a finitely generated vector space. Let 
S={a1, &g,..., mn} be a finite subset of V such that L(S)=V. With- 
out Joss of generality we may suppose that no member of S is 0. 

If S is linearly independent, then S itself is a basis of V. 


lf S is linearly dependent, then there exists, a vector 4,G& S 
which can be expressed as a linear combination of the preceding 
VeECtors &1, &o,-.., Ky. 

If we omit this vector «, from S, then the remaining set S’ of 
m—1 vectors 

Hy, Ayg.ee , Ayig, Aypas:s » Xm 
also generates V i.e., V=L(S’). For if « is any element of V, then 
L(S)=V implies that « can be written as a linear combination of 
Gy, %y,.--, Sw. In this linear combination we can replace a, by a 
linear combination of 4, &,...,%-1. Then « will be a linear 
combination of «3, a2,..., &j-3, G42) -., Om. Thus V will be equal 
to L(S’). 

If S’ is linearly independent, the S’ will be a basis of V. If 
S’ is linearly dependent, then proceeding as above we shall gef a - 
new set of m-—2 vectors which generates FV. Continuing this 
process we shall, after a finite number of steps, obtain a linearly 
independent subset of S which generates ’ and which is therefore 
a basis of V. 
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At the most it may happen that we shall be left with a subset 
of S which contains only one non-zero vector and which spans V. 
We know that a set containing a single non-zero vector is definitely 
linearly independent and so it will form a basis of V. 

Note. The above theorem may also be stated as below: 

If a finite set S of vectors spans a finite dimensional vector 
space V(F), there exists a subset of S which forms a basis of V. 

(Madras 1974) 

Invariance of number of elements in the basis of a finite dimen- 
sional vector space. 

Dimension Theorem for Vector Spaces. If V(F) is a finite 
dimensional vector space, then any two bases of V have the same 
number of elements. 

[Punjab 1969; I.A.S 75; Kanpur “0; Indore 70; Vikram 76; 
Banaras 69; Madras 78; Marathwada 72; Meerut 80] 

Proof. Suppose V(F) is a finite dimensional vector space. 
Then V definitely possesses a basis. Let S,={e,, a, »--, %m} and 
S3={B,, Bs, ---, Bu} be two bases of V. We shall prove that m=n, 

Since V=L(S;) and BiG V, therefore Bi can be expressed as 
a linear combination of a, tz, ».-,@m- Consequently the set 
Ss={B1, %, %2,..-, &m} Which also obviously generates V(F) is 
linearly dependent. Therefore there exists a member o,4f, of this 
set Ss such that a, is a linear combination of the preceding vectors 
Bi, G1, %, ---, G3. If we omit the vector %, from Sg then V is also 
generated by the remaining set 

Sam {By, Oy, Sa,..., Sea, Grea, oor Om}. 

Since V=L(S,) and B.EV, therefore Bz can be expressed as 
a linear combination of the vectors belonging to Sy. Consequently 
the set 

Ss={Bo, Ba, Oy Agyoee, Aggy, Aega, om, Om} 


is linearly dependent. Therefore there exists a member gy of this 
set Ss such that a; is a linear combination of the preceding vectors. 
Obviously a; will be different from B, and Bs since {Pi, B.} is a 
linearly independent set. If we exclude the vector a) from Ss, then 
the remaining set will generate V(F). 

We may continue to proceed in this manner. Here each step 
consists in the exclusion of an « and the inclusion of a £ in the 
set S,. 
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Obviously the set S; of «’s cannot be exhausted before the set 
S, of B’s, otherwise V(F) will be a linear span of a proper subset 
of S and thus Ss will become linearly dependent. Therefore we 
must have m { @, 

Interchanging the roles of S, and S, we shall get that 2 { m. 

Hence m=n, 


Example. For the vector space V3! F), both the sets 
Si={(1, 0, 6), (0, 1, 0), (0, 0, 1)} 
and Se={(1, 0, 0), (1, 1, 0), (1, 1, 1} 
are bases as can be easily seen. Both these bases contain the same 
number of elements /.e., 3. 

Dimension of a finitely generated vector space. Definition. The 
number of elements in any basis of a finite dimensional vector space 
V(F) is called the dimension of the vector space V(F) and will be 
denoted by dim V. (L A.S. 1974; Madras 78; Poona 73) 

The vector space V,(F) is of dimension 7. The vector space 
V,(F) is of dimension 3. Ifa field F is regarded as a vector Space 
over F, then F will be of dimension 1 and the set S={1} consisting 
cf unity element of F alone is a basis of F. In fact every non-zero 
element of F will form a basis of F. 


§ 11. Some properties of finite dimensional vector spaces. 
Theorem 1. (Extension Theorem). Every inearly independent 
subset of a finitely generated vector space V(F) forms a part of a 
basis of V. 
Or 


Every linearly independent subset of a finitely generated vector 
space V(F) is either a Lasis of V or can be extended to form a basis 
of V. (Nagpur 1970; Madras 78; Delhi Hons. 68; Kanpur 69; 

Banaras 67; Guru Nanak 82) 

Proof. Let S={c, a,..., Um} be a linearly independent subset 
of a finite dimensional vector space V(F). If dim V=n, then V 
has a finite basis say, {B1, Ba,---» Bn}. Consider the set 


S1={a, Gg roey om, Pi, Bosse, Bn}. 
Obviously L(S,)=V. Since the «’s can be expressed as linear 
combinations of the p’s therefore the set S, is linearly dependent. 


Therefore there is some vector of S; which is a linear combi- 
nation of its preceding vectors. This vector cannot be any of the 
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a’s since the «’s are linearly independent. Therefore thjs vector 
must be some 8, say, 8;. Now omit the vector B, from S, and 
consider the set 


S, = {a,, Bo,. 2.5 Xm, Bi, Ba,- erg Bi-4, Bisa). oe | Bn}. 


Obviously L(S,)=V. If Ss is linearly independent, then S, 
will be a basis of V and it is the required extended set which is a 
basis of V. If S, is not linearly independent, then repeating the 
above process a finite number of times, we shall get a linearly 
independent set containing OX, Oy... Z» and spanning V. This set 
will be a basis of V and it will contain S. Since each basis of V 
contains the same number of elements, therefore exactly n—m 
elements of the set of B’s will be adjoined to S so as to form a 
basis of V. 


Theorem 2. Each set of (n+1) or more vectors of a finite 


dimensional vector space V(F) of dimension n is linearly dependent. 
(Meerut 1970) 


Proof. Let V(F) be a finite dimensional vector space of di- 
mension n. Let S be a linearly independent subset of V containing 
(n+°1) or more vectors. Then S can be extended to form a_ basis 
of ”. Thus we shall get a basis of V containing more than na 
vectors. But every basis of V will contain exactly 1 vectors. Hence 
our assumption is wrong. Therefore if S contains (m-- 1) or more 
vectors, then S must be linearly dependent. From this theorem we 
conclude that if S contains m vecters and S is linearly independent 


then man, 


Theorem 3. Jf V(F) is a finite dimcnsional \ector space of 
dimension n, then any set of n lineuriy independent vectors in V forms 
a basis of V. (Banaras 1969) 

Proof. Let S={a,, @,, .., @a} be a linearly independent sub- 
set of a finite dimensional vector space Vi F) of dimension n. If S 
is not a basis of V, then it can be extended to form a basis of V. 
Thus we shall get a basis of V containing more than 7 vectors. 
But every basis of V must contain exactly n vectors. Therefore our 
assumption is wrong and S roust be a basis of V. 


Theorem 4, [fa set S of n vectors of a finite dimensional vector 


space V(F) of dimension n generates V(F), then § is a basis of V. 
(Banaras 1968) 
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Proof, Let V(F) be a finite dimensional vector space of 
dimension 7. Let S={c, %,..., @s} be a subset of V such that 
L(S)=V. 

If S is linearly independent, then S will form a basis of V. If 
S is not linearly independent, then there will exist a proper subset 
of S which will form a basis of V. Thus we shall get a basis of V 
containing Jess than n elements, But every basis of V must contain 
exactly m elements. Hence S cannot be linearly dependent and so 
S must be a basis af. V. 


Note. If V is a finite dimensional vector space of dimension nf, 
then V cannot be generated by fewer than n vectors. 

Theorem 5. Dimension of a subspace. 

Each subspace W of a finite dimensional vector space V(F) of 
dimension n is a finite dimensional space with dim m < n. 

Also V=W iff dim V=dim W. 

(Delhi Hors. 1970; Banaras 67; Meerut 69, 71) 

Proof. Let V(F) be a finite dimensional vector space of dim 2. 
Let W be a subspace of V. Any subset of W containing (+1) or 
more vectors is also a subset of V and any (”-+1) vectors in V are 
linearly dependent. Therefore any linearly independent set of 
vectors in W can contain, at the most ” vectors. Let 

S={a,, &y,..., Sm} 
be a linearly independent subset of W with a maximal number of 
elements. We claim that § is a basis of W. The proof is as follows: 

(i) By assumption S is a linearly independent subset of W. 

(ii) L(S)=W as we shall just show. 

Let « be any element of W. Then the (m--1) vectors &, 3 a, -»+,%m 
belonging to W are linearly dependent because we have supposed 
that the largest independent subset of W contains m vectors. 

Now {01, &,.-., Sm, &} iS a linearly dependent set. Therefore 
there exists a vector belonging to it which can be expressed as a 
linear combination of the preceding vectors. Since a, %:, ..., %m 
are linearly independent, therefore this vector cannot be any of 
these m vectors. So it must be« itself. Thus « can be expressed 
as a linear combination of «1, @,..., %m. Hence L(S)=W. 

. Sis a basis of W. 
es dimW=m and man. 
Now if V=W, then every basis of V is also a basis of W. 
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Hence dim V=dim W=n, 

Conversely let dim W=dim V=n. Then to prove that W=V. 

Let S be a basis of W. Then L(S)—W and S contains 7” vec- 
tors. Since S§ is also a subset of V and S contains 7 linearly inde- 
pendent vectors, therefore S will also be a basis of V. Therefore 
L(S)=V. Hence W=V. 

Theorem 6, Let S={, &2,..., &n} be a basis of a finite dimen- 
sional vector space V(F) of dimension n. Then every element « of 
V can be uniquely expressed as 
O00, + G%-+-.,,+Ont, Where ay, Az, ..., One F. (Meerut 1971) 

Proof. Since S is a basis of Y, therefore L(S)=V. Therefore 
any vector «GV can be expressed aS 444% -++-02%q +... .+d_X%y. 

To show uniqueness, let us suppose that 

& = bya, + bgte+ 0+ Dyk. 
Then we must show that a;=),, as=bs, ..., da=Dz. 
We have ay, + Gea%e+ ...-+- Gp g=D 1% + Dattg+ ... + Ontte 
=> (dy—by) a+ (G2—be) 22+... + (dp —Du) Mu =0 
> a,—b,=0, a,—b,=(,..., Qa—5b,™=0 since Th er 
are linearly independent 
> a=), a,=d,,..., da= by. 

Hence the theorem. 

Theorem 7. If Wy, Ws are two subspaces of a finite dimensional 
vector space V(F), then 

dim (W, +W,)=dim W1+dim W,—dim (Wy, (\W3). 

(Rajasthan 1977; Kanpur 69; Meerut 70; Vikram 76) 

Proof. Let dim (Wif\Ws)=k and let the set 

S—{71, Yas Yar---> Yi) 
be a basis of WiNW,. Then SQW, and SCW,. 
Since S is linearly independent and SQW,, therefore S can 
be extended to form a basis of W,. Let 
"1, Yao-+e Vir Ay, Az, coc, Cars } 
be a basis of W3. Then dim W,~k-+m. Similarly let 
{¥1, Yasser, Yk» Bis Bay---> Ba} 
be a basis of Wz. Then dim We=k-+t. 

-. dim W,+dim W.—dim (Wi NW.) =(m+k)+(k+1)—k 

=k+m+t. 

~. to prove the theorem we must show that 

dim (W,+W2)=k+m+t. 
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We claim that Sy={7/1) Yessors Yio, Sty Yae+-r Mme Pay Bay -n> Br} 
is a basis of W3+ W2. 


First we show that Sy is linearly independent. Let 

C1 aE CaV% et vee PF CK 1% HF O2e2+ «+ Smemt b;B8,+52Bs 
+...¢b,Bp=0 (1) 

=> byBit+5sBet --- + b,Be= —(egyat oe FKP t Aye t+ —, 

Now —(cr7 at eet Cave bitte t4mtm) Wi since it isa 
linear combination of a basis of W,. Again 

b.Bytbohet--+o8: & Ws 
since it is a Linear combination of elements belonging to a basis of 
Ws. 

Also by virtue of the equality (2), 6:B,+---+ 5AM. There- 
fore byB1+b2Bo+...+bf:EWiNWs. Therefore it can be expressed 
as a linear combination of the basis S of W,W,. Thus we have 
a relation of the form 

bsBy t+ baBat + DBr=dyyit dave +--+ deve 

> bP + b2Bat+ eb bBi = ay; —dsya—-» —dky¥,~=9. 

But f, Bgs---> Bre Yis ---> Ye are linearly imdependent vectors. 
Therefore we must have 6,;=0, b2=0...., b;=0. 

Putting these values of b’s in (1), it reduces to 

Cas H gg oot CAV et x2 at ate... + Am%m=O 

=> €=0, c2=0,.-., ce=0, =O, da=9,..-, Om =0 
since the vectors 72, Ya, --sYk» %, %2s-+-:@m ate linearly independent. 

Thus the relation (1) implies that 

c1=0, C2=0,..., C,=0, 1 =0,..., dm =O, Dy =0, -, b,=9. 

Therefore the set Sy of vecturs pye-ees Yes Say--+y Sins Baye-ey Pe IS 
linearly independent. 

Now to show that L(S,)=W,+W42. 

Since W,+W, is a subspace of V and each element of Sy 
belongs to W,+ Ws, therefore L(S;) C Wy + Ws. 

Again let « be any element of W44W;. Then 

a=some element of H’;-++ some element of W2 

=a linear combination of a basis of W,-+a linear combination 

of a basis of W, 
«a linear combination of 5,. 
os «2G LS.) Hence Wy, C 7S). 
LIS) Wy We. 
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é. S; is a basis of W,+W, and consequently 
dim (W,+W.)=k+m+0. 
Hence the theorem. 


Solved Examples 


Ex. 1. Show that the vectors (1,2, 1), (2, 1,0), (1, —1, 2) 
form a basis of R®. (Kanpur 1980) 


Solution. We know that the set {(1, 0, 0), (0, 1, 0), (0, 9, 1)} 
forms a basis for R*. Therefore dim R®=3. If we show that the 
Set S={(1, 2, 1), (2, 1, 0), (1, --1, 2)} is linearly independent, 
then this set will also form a basis for R°. 

[See theorem 3, page 427] 

We have : 

a, (1, 2, 1) a, (2, 1, 0)-+ag (I, —1, 2)=(0, 0, 0) 

=> (a; +2ag+ds, 2¢,-+4,-—ds, @y-+2d_)=(0, Q, 0). 


e- @,+2a,+a3=0 »--(L) 
2a; +@2,—da3=U eas(2) 
a+ 2a3=0. (3) 


Now we shall solve these equations to get the values of 
Qj, Ge, ag. Multiplying the equation (2) by 2, we get 


dei, + 20,—2aye=0. Ad) 
Subtracting (4) from (1), we get 
or —d,+ ag=9. (3) 


Adding (3) and (5), we get 3ag==0 or @=0. Putting ag=0 
im (3), we pet w,=—0. Now putting dg=—0 and @,=—0 in (1), we pet 
a,=—0. 

Thus solying the equations (1), (2) and (3), we get a,=6, 
@2=0, d@3=0. Thercfore the set S is Jinearly independent. Hence 
Ht forms a basis for R°. 

Ex, 2. Determine whether or not the following vectors forma 
basis of R*® : 

(I, l, 2), (I, 2, 5), (5, 3, 4). (Mecrat 1980) 

Solution. We know that dim R'=3. If the given set of vec- 


tors .s iinearly-independent, it will form a basis of R* otherwise 
not. We have 
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a, (1, 1, 2)-+a, (1, 2, 5)+as (5, 3, 4)=(0, 0, 0) 
se (G,+ a2+ Sag, ay+-2a2+3as, 24+ 542 + 4a3)= (0, 0, 0). 


ee 4+4,+5as=0 ooe(1) 
@,+2a,+3a;=0 «.(2) 
20, -+- 544+ 4a3=0 »-(3) 


Now we shall solve these equations to get the values of a), Ga, 
@,. Subtracting (2) from (1), we get 


—d2+2as=0. .-. (4) 
Multiplying (1) by 2, we get 
2a,-+2d, + 10a3=0. ---(6) 
Subtracting (5) from (3), we get 
3a2— 6a3=0 
or Oz —2a_=0. ...(6) 


‘We see that the equations (4) and (6) are the same and give 
Q,=2a3. Putting ae=2as in (1), we get a@;==—7ay. If we put a3=1, 
we get az=2 and a=—7. Thus a,——7, dg=2, dg=1 iS a noD- 
zero solution of the equations (1), (2) and (3). Hence the given 
set is linearly dependent and so it does not form a basis of R®. 

Exercises 
1. For the 3-dimensional vectar space R* over the field of real 

numbers R,.determine if the set {(2, —1,0), (3, 5,4), (1, 1, 2}} 

is a basis. (Nagpor 1976) 

Ams. Yes. 

2. (i) Show that the vectors (2, i, 4, (1, —1,2), (3, 1, —2) 
form a basis for R?. 

(ii) Show that the set {,1, i, 0), (2% 1, 1), (0, 14+, 1—i)} is a 

basis for Vs (C) (Meerut 1981) 

3, Show that a system X consisting of the vectors x,=(1, 0, 0, 0), 

a= (0, l, 0, 0), a,=(0, 0, I. 0) and ag=(0, 0, 0, 1) is a basis 

set of R‘ (R). (Kothaper 1973) 
4. Let V be a vector space. Let W be a subspace of V generated 

by the vectors «,,..., 2,. Prove that W is spanned by a linearly 

independent subset of a,,..., @s. (Dibrugarh 1967) 
5, IfW is a subspace of a finite dimensional. vector space V; 

prove that any basis of W can be extended to form a basis of 

V. (Nagpur 1970) 
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6. lfm vectors span a vector space V containing r linearly inde- 
pendent vectors, then show that n>r. (Indore 1970) 


7. Show that a finite subset W’ of a vector space V(F) is linearly 
dependent if and only if some element of W can be expressed 
as a lirear combination of the others. (Kolhapur 1973) 


&. Select a basis, if any, of R?(R) from the set {a,, a, as, %}, 
where a,=(1, --3, 2), a.=(2, 4, 1), 2a=(3, 1, 3), aa=C(l, I, 1). 
Ans. {«:, Oe, og}. 


9. Let V bea finite dimensional] vector space over a field F, and 
let vi, ¥g,--.:¥n bea basis of V. If wy, Wa.-.-,W'm in V are linearly 
independent over F, then prove that mn. (1 A.S. 1973) 


10. Show that the set S={1, x, x’,.... a"} of 74-1 polynomials in 
x is a basis of the vector space Pp (R), of all polynomials in x 
(of degree at most 7) over the field of real numbers. 
(1A.S. 1977; Meerut 74) 
Wl. Prove that the set of all mx matrices with entries from a 
field F forms a finite dimensional vector space over F, under 
the usual operations of matrix addition and scalar multiplica- 
tion. Obtain a basis for this vector space. (Madras 1974) 
§ 12. Homomorphism of vector spaces or linear transforma- 
tions. 


Definition, Let U (#) and V (F) be two vector spaces. Then a 
mapping f : U-+V is calleda homomorphism ora linear transforma- 
tion of U into V if : 

(i) f2+B=/(2) +48), ¥« BEU 
and (ii) f(az)=af(e) Va EF ¥ aE U. 

(Delhi 1970; Poona 73; Aligarh 65) 

The conditions (i) and (ii) can be combined into a single con- 
dition flax - bB)-- afia) :-bf(i; # a, be Fand ¥ a, BEU. 

If fis a homomorphism of U onto V, then V 1s called a homo- 
morphic image of U. 

Theorem 1. Jf fis ahomomorphism of U (F) into V (F), then 

(i) ((0)=0' where 0 and 0 are the zero vectors of U and V 
respectively, 

(it) f( ze: fim) ¥ .EU. 
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Proof. (i) Let e@U. Then f(«)EV. Since 0’ is the zero vector 
of V, therefore f(x) -+0’ == f(x) = f(a +0)=f(a) +-£(0). 

Now V is an abelian group with respect to addition of vectors. 
Therefore S(@)+0’'=f(«)-+/(0) > 0’ =/(0), by left cancellation law. 

(ii) IfeeU, then —aGU. Also we have 

0’ =/(0)=f [e+ (—a)] =fia)+ f(—2). 
Now f(«)+f(—«)=0’ => f(—a)=additive inverse of f(«) 
=> f(—a)= —f(a). 

Note. The students may use without any confusion the same 
symbol 0 to denote both the zero vectors of U and V. In the 
relation /(0)=0, the zero in the left hand side is the zero vector 
of U and its f-image i.e., the zero on the right hand side is the 
zero vector of V. 

Kernel ofa homomorphism. Definition. Let f be a homomor- 
phism of a vector space U(F) into a vector space V(F). The kernel 
W of f is defined as 

W={«cEU : f(a)=0’ where 0’ is the zero vector of V}. 


Thus the kernel W of f is a subset of U consisting of those 
elements of U which are mapped under f onto the zero vector of 
V. Since f(0)=0’, therefore at least 0€ W. Thus W is not 


empty. 

Theorem 2. The kernel of a homomorphism is a subspace. 

(Punjab 1969) 

Proof. Let U(F) and V(F) be two vector spaces and let f be 
a homomorphism of U into V. 

Let 0’ be the zero vector of Vand 0 be the zero vector of U. 
Let W be the kernel of fi.e., W={aEU : f(a)=0'}. 

To prove that W is a subspace of U. 

Let «, B be any two elements of W. Then f(«)=0' and 
fiP)=0'. Ifa, b are any two elements of F, then we have 
S(an+- bB)=af(a)+bfip)’ [°° f isa homomorphism of U into V] 

=a’ + 50’=0’+0’=0’. 

ne re fe 4 +bpew. 

Thus a, bE F and «, BEW > ax+d8EW. 

.. W is a subspace of U. 
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§ 13. Isomorphism of Vector spaces. 
Definition. Let U(F) and V(F) he two vector spaces. Then 
@ mapping f : U-V is called an isomorphism of U onto V if 


(i) fis one-one, 

(il) fis onto, 

(tii) f (ax+bB)=af («)+hf (8B) ¥ a, BEF, «, BEU. 

Alse then the two vector spaces U and V are said to he isomor- 
phic and symbolically we write 1] (F)c=V (F). 

The vector space V (F) is also called the isomorphic image of 
the vector space U (F). 

If f is a homomorphism of U(F) into V(F), then f will become 
an isomorphism of U into V if f is one-one. Also in addition if f 
is cnto V, then f will become an isomorphism of U onto V. 

Jsomorphism of finite dimensional vector spaces. 

Theorem 1. (Isomorphism theorem for vector spaces). Two 
finite dimensional vector spaces over the same field are isomorphic 
if and only if they are of the same dimension. 

(Banaras 1970; Kanpur 69; Meerut 77) 

Proof. First suppose that U(F) and V(F) a:e two finite 
dimensional vector spaces each of dimension a. Then to prove that 
U(F )a:ViF). 

Let the sets of vectors {x3, @,..., an} and {Ba, Be,.-., Be} be the 
bases of U/ and V respectively. 

Any vector <€ U can be uniquely expressed as 

A= Oy%1-] Gah + --- Fanta. 
Let f : U>V be defined by 
S (%)=a,8) + @,8, |...+0nBn 
Since in the expression for z as a linear combination of ay, Xa, .., Sn 
the scalars a,, az...., @ are unique, therefore the mapping f is well- 
defined i.e., f(a) is a unique element of V. 

fis one-one. We have 

f (1,4, Qo%, +... + An %n) =f(hy7 + beae-+ .« + Das) 
<> 08, -+ arPe+t... t+ AnBn=018,+ 0.8 .+ ...+bnBe 
=> (a,-- 6) 83 +-..+(ae— On) fa=O’ (zero vector of V) 
=> a,—b,=0, ag—6,=0...., a2, - 56,=0 because 

Bi Ba.---> Pa are linearly independe: 
> =b, a,=h,,..., dnwle 
> y% yb 2% $date = bm, { betet.-- + Ogden. 
.. J is one-one. 
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J is onto V. If a,8,-+a:8,+...+anPn is any element of V, then 
Jd an element 244+ gt + «+--+ Anka U such that 
f (4,0, +a2%, +... +p%p) om 28 +asB2+ eet Online 
«» f is onto V. 
Jf is a linear transformation. We have 
Ff [a (aya +4,%2-- wef data) +5 (b,a,; +- bere +...+ betn)] 
=f [(aa,+bb,) 0-+(ade-+bbq) a%,+ .-.+ (adn+bbn) an 
=(aa,-+-bb,) 6+ (aa,+bb,} Ba+ ves +(adn+ dba) Bn 
2 (0:8, +428. +... OnBny +5 (b,B, + boBat -+- + baba) 
== af (4,01 + de%,+ -..+On%n) + df (by%3 + ba%e+ weet Data). 
S is a linear transformation. 
Hence f is an isomorphism of U ontoV. .. UV. 
Conversely, let U(F) and V(F) be two isomorphic finite 
dimensional vector spaces. Then to prove that dim U=dim V. Let 
dim U=n. Let S={a,, a2,..., an} be a basis of U. If fis ar isomor- 
phism of U onto V, we shall show that S’={ fl %), flee), +++5 F(@m)} 
is a basis of V. Then V will also be of dimension n. 
First we show that S’ is linearly independent. 
Let a, f (a) +a2 f (a,)+..-+Gn f (an) ==0' (zero vector of V) 
=> f (a,%,+0.%2-1-...-+da%n) =0' [°° fis a lineac transformation] 
> Gt, + Gots... bane, =0 [°° fis one-one and f (0)=0" 
where 0 is zero vector of U] 
=> a,==0, a,=0,..., dn=O0 Since &, &,+-, &, are linearly independent. 
S’ is linearly independent. 


Now to prove that L(S’)=V. For this we shali prove that any 
vector B& V can be expressed as a linear combination of the vectors 
of the set S’. Since f is onto V, therefore BE V=> there exists cE U 
such that f («)=8. 

Let a=¢y04+ cot, +... + CuEn- 

Then B=f (a)=f (1%, +Ca%a+ .-.+ Can) 

=¢, f («)#e2 f(A) +... Fen f (Gn). 

Thus 6 is a linear combination of the vectors of 5S’. 

Hence V=L(S’). Therefore S’ is a basis of V. Since S’ con- 
tains n vectors, therefore dim V=n. 

Note. While proving the converse, we have proved that if f 
is an isomorphism of U onto V then f maps a basis of U onto a basis 
of V. 

Theorem 2. Every n-dimensional yector space V (F) is isomor- 
phic to V, (F). (Aligarh 1965; Meerut 71; Marathwada 72) 
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Proof. Let {o3, a2, .., an} be any basis of V(F). Then every 

vector 2€ V can be uniquely expressed as 
= Ay%, + A2%2+ - +Anke, AE F. 

The ordered n-tuple (a, dg,-.-, @a)GV nF). 

Let f: V(F)—V,(F) be defined by /(«)=(a3, aa,..., Qn). 

Since in the expression of « as a linear combination of 
Oy, &g,--, Xp the Scalars ay, Qn,..-, Gy are unique, therefore f(a) is a 
unique element of V,(F) and thus the mapping / is well-defined. 

fis one-one. Let «=ay21+dga2 +... +@n%q_ and 
B= byoy+b,%2 +... +ha%, be any two elements of V. We have 

FS (*)=f (B) 

> tf (a42, + Ag%gt 20. Ann) =f(b,0,+ boas +... +- baXe) 

=> (44, ao,..., Aa)=(5,, b2,..., On) 

> a,=b,, adg=bo,..., an= Dy > a=, 

f is one-one. 

fis onto V,(F). Let (a;, ag,..., Ga) be any element of V,(F). 
Then there exists an element a1%,+-@e%+-...-+dnaa CG V (F) such 
that ff (24% -f a2%2 + oe + an%n)= (a3, Br,.+0,5 Qn)» 

oe Sf is onto Va(F). 

fisa linear transformation. Ifa,b CG F and «, BG V(F), 
we have f (aa +53) 

af [a (Gy%y+a,%2+ ... tata) +5 (030,-+Dg0,+ ... + Dnta)] 

=f [(a@a,+bb,) 2,4-(aa,+bb,) a +... + (aadn+bbp) &] 

=(aa,+bb,, Gaz+ bb, .., adntbb,) 

=(ad,, Gg,. +. 5 AAn)+ (bby, bby,. oo» Oba) 

=@ (Gq, Qg,..., An) +5 (by, be,..-5 Bn) 

= af (0% +ae%+.-. + nen) + bf (61%, + 52% +... + bata) 

= af (x)+ 5f (B). 

J is a linear transformation. 

*. fis an isomorphism of V (F) onto V, (F). 

Hence V (F) = Va (Ff). 

Example 1. The mapping f : Va (F)->-V2 (F) defined by 

f (@,, Q_, as) =(a,, 43) 
is a homomorphism of V,(F) onto V, (F). What is the kernel of this 
homomorphism ? 

Solution. Let o=(q,, az, a3) and B=(b,, by, 53) be any two 
elements of Vs (F). Also let a, 6 be any two elements of F. We 
have ff (ax+bf)e+f [a (ay, de, as) +b (di, 5s, 5s)] 

=f [(aa,+bb,, ad,+bbg, aay+ bbs)|=(aa,+ 5b, aa, + 5b,) 
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= (ay, a2) +b (By, bg)eraf (ay, 22, a3) +f (by, be, bs) 

==af («)+ Bf (8). 

. jf isa linear transformation. 

To show that / is onto V2 (F). Let (a, a.) be any element of 
V,(F). Then (a, ag, 0)EV3(F) and we have f (a, az, 0)=(a,, de). 
Thereforé f is-ento V, (F). 

Therefore f is a homomorphism of Vs (F) onto V, (F). If W 
is the kernel of this homomorphism then W={(0, 0, a) : a&F}. 

We have ¥ ae F, /\0,0,a)—(0, 0)=the zero vector of 
V2 (F). = 
Also if f (a,, a2, as)=(0, 0), then Sf (ay, Ag, a3)=(ay, d2)=(0, 0) 
implies a4,=0, ag=0. Therefore (a,, ae, a3) E W. 

Hence W is the kernel of f. 

Example 2. /f V is a finite dimensional vector space andf is 
an isomorphism of V into V, prove that f must map V onto V. 

Solution. Let V (£) be a finite dimensional vector space of 
dimension wn. Let fbe an isomorphism of V into V i.e, fisa 
linear transformation and fis one-one. To prove that/ is onto 


: Let S={a,, a3,..., 4} be a basis of V. We shall first prove 
that 

S’={ f (23), f (ay),---) J (%n)} 18 also a basis of V. We claim 
that S’ is linearly independent. The proof is as follows : 

Let a, f (a,)+aef (v2)+--»+ 00 J (On) =0 (zero vector of V) 
=> f (4421 +g%q+...+Gn%e)=O [° f isa linear transformation] 
> Ay%, + Agtg+ ...-+ Agtn= 0 [°. f is one-one and f (0)=0) 

=> a,;=0, a2—0,..., aa—O0 Since a, &,...,% are linearly inde- 
pendent. 

.. & is linearly independent. 

Now V is of dimension n and S’ isa linearly independent 
subset of V containing n vectors. Theretore S’ must be a basis of 
V¥. Therefore each vector in V can be expressed as a linear com- 
bination of the vectors belonging to S’. 

Now we shall show that fis onto V. Let « be any element of 
V. Then there exist scalars c,, ca,..., Cs such that 

aan cy f (ay) +s f (a) +... +05 S (en) 
maf (Cytst Cotat...+Cattn). 

Now 038+ Ca%q+-.--4-Cata G V and the f-image of this ele- 
ment is «. Therefore f is onto V. Hence fis an isomorphism of V 

‘onto V. 
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Example 3. V (F) andW (F) are two finite dimensional vector 
spaces such that dim Vedim W. If f is an isomorphism of V into W 
prove that f must map V onto W. 


Solution. Proceed as in example 2. 


Example 4. /f V is finite dimensional and f is a homomor- 

phism of V prove that f must be one-one and so, an isomorphism, 
(G.N.D.U. Amritsar 1982) 

Solution. Let V(F) be a finite dimensional vector space of 
dimension n, Letfbe a homomorphism of V onto V i.e., fis a 
linear transformation and f is onto V. To prove that is one-one, 

Let S={a, %,..., an} be a basisofV. We shall first prove 
that S’={/ (0), f (¢2),+:-s f (@n)} is also a basisofh. We claim 
that L (S’)=V. The proof is as follows: 

Let « be any element of V. We shall show that « can be 
expressed as a linear combination of f (23), f (a ),...,/ (aa). Since 
fisonto V, therefore « @ V implies that there exists B € V such 
that f (68)=a. Now £ can be expressed as a linear combination of 
Oy, Og,.0.5 Om, Let B= a2%3-+ Gg%q +... +Anhe. 

Then a=f (B)=f (G,%y+09%q + «.- + Gn%a) 

=A; f (03) +42 f (ag)-+-..+On f (Xn). 
Thus « has been expressed as a linear combination of 
SF (a3), F (%2)yes5, F (%a). 

Therefore L (S’)=V, 

Since V is of dimension n and S’ is a subset of V containing n 
vectors and L, (S’)=V, therefore S’ must be a basis of V. Therefore 
each vector in Vcan be expressed as a linear combination of the 
vectors belonging to S’ and S’ is linearly independent. 

Now we shall show that fis cne-one, Let y, 8 be any two 
elements of V such that 

Y= Cy0y + Ca%q + 000+ Catia, Sada, -+ dyttg «1+ Aptty. 

We have f (y)=f (8) 
> Sf (Creat Cate t ..- + Can) =f (dyar+ dytgt ...-+- damn) 
> Cr f (Keg [(42)+ 0 +n f(a) =A, f (04) +g f (a2) +... +-dy f(a) 
=> (Cy— 4) f (01) + (Co—4a) f (a) +--- +(Ca— dn) f (Fn) =0 
=> ¢1—d=0, cg—d,=0,..., Cn—d_=0 since 

F (1), f (&a),+»-f (a) «are linearly independent 
> Cy= Ay, Co=yyceey Cry > y=, 

.. J iS one-one. 


440 Modern Algebra 


-. jf 1S an isomorphism of V onto V. 

Example 5. Jf V is finite dimensional and f is a homomorphism 
of V into itself which is not onto prove that there is some a7<0 in V 
such that f («)=9. (Meerut 1969) 

Solution. If f is a homoinorphism of V into itself, then 
f(0)=0. Suppose there is no non-zero vector a in V such that 
S(2)=0. Then/f is one-one. Because 

f(B=f (y) > f (B)—S (vy) =0 

> f(p—y)=0 [°.” fis linear transformation] 
=> B-y=0 > B=y. 

Now V is finite dimensional and f is a linear transformation 
of V into itself. Since fis one-one, therefore f must be onto V. 
But it is given that f is not onto, Therefore our assumption is wrong. 
Hence there will be a non-zero vector « in V such that 

ff (a)=0. 
Exercises 

1. Define linear transformation of a vector space V (F) into a 

vector space W (F). Show that the mapping 
T : (a, b)—>(a4+-2, b4 3) 

of V, (R) into itself is not a linear transformation. 

2. If f: UV is an isomorphism of the vector space U into the 
vector space V, then a set of vectors f (0), f (a9),--., f (ar) is 
linearly dependent in V if and only if the set a, ag..., a, is 
linearly dependent in U. 

3. Iff: UV is an isomorphism of the vector space U into the 
vector space V, then a set of vectors { f(a), f(a),---, f(ar)} is 
linearly independent if and only if the set {, 2,..., a} is 
linearly independent in U. 

4. Let fbea linear transformation froma vector space U into 
a vector space V. If Sis a subspace of U, prove that f (S) 
will be a subspace of V. 

5. Iff is an isomorphism of a vector space V onto a vector space 
W, prove that f maps a basis of V onto a basis of W. 

§ 14. Quotient space. Let Wbe any subspace of a vector 
space V (F). Then W is a subgroup of the abelian group of V with 
respect to addition of vectors. If « € V, then W-+a is a right 
coset of Win V. Since V isan abelian group, therefore the right 
coset W+« will be equal to the left coseta+W. Thus we can say 
that W+a is acoset of W in V. Let V/W denote the set of all 
cosets of Win Vie, let ViVW=(Wt+a:ec & V}, 
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Also we know that if W-+a and W+8 are two cosets of W in 
V, then Wia=W+peoa—B EC W. 

Now we shall give a Vector space structure to the set V/W 
over the same field F. For this we shall have to define addition in 
V/W i.e., addition of cosets of W in V and multiplication of a coset 
by an element of F i.e., scalar multiplication. 

Theorem. If W is any subspace of a vector space V(F), then the 
set V/W of all cosets W |-« where « is any arbitrary element of V, ts 
a vector Space over F for the addition and scalar multiplication come 
positions defined as follows : 

(W+a)+(W+B)=W-+(a +B) 
and a(W+a)=W-+aa,a E F. (Delhi 1970) 

Proof. Since W+(«+8) G V/W and also W-+az E€ V/W, 
therefore V/W is closed with respect to addition of cosets and 
scalar multiplication as defined above. Now first of all we shall 
show that these two compositions are well defined. 


Let W-+o=W+a,aaw’ev 
and W+B=W-+ 8’, B, Bp’ € V. 

We have W+a=W+ea’ > a-c’ GW 
and W+B=W4 Bb > B-B’ GW. 


Now WV is a subspace, therefore 
a—a’ EW, B-p’ CW 

> (a— a’)+(B--B’) © W > (24 B)—(@'-+B) EW 

> W+(a+B)=W+(a' +B) 

> (W-+ &)+(W+ 8) = (Wa) +(W+8’). 

Therefore addition in V/jW is well defined. 

Againa € F,a-c’ CWoaal(a-ae')Ew 

> qaa--ace’ CW > Ww bt az=:W+a0' > a (W4 aa (W+2’). 

.. scalar multiplication in V/W' is also well defined. 

Commutativity of addition. Let Wta, W+ Bh be any two 
elements of V/W.. Then 

(W+0) +HW+p)=W-t (2 +B)=W4 (84+0)=(W+8)+(W+2). 

Associativity of addition. Let W+io,W+£,W-+y be any 
three elements of V)W. Then 

(W+0)4+((W+8)+(W+y]=(W+2)+ [Wt (B+y)] 

=W-+ [a+ (2+YJ=W+[(e+8)+7] 

=[W+ (C+ A+W i N= 1 )+V4 BAW TY). 

Existence of additive identity. If 0 is the zero vector of I, 
then W+0=W E€ V/W. IfW-+ a is any element of a, then 
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(W+0)+(W+e)=W+(040)=W+ 2, 
“. W+0=W is the additive identity. 
Existence of additive inverse. If #/--a is any element of V/W, 
then W-2 & V/W. Also we have 
(W+e)+(W—a)=W+(«—2)=W+0=W. 
A W-=a is the additive inverse of W-+c«. 
Thus V/W is an abelian group with respect to addition com- 
position. Further we observe that if 
a,b€ FandW+2,W+8 € V/W, then 
1, al(W+a)+(W+ )] =a [W+(a+B)]=W+a («+8) 
=(W-+aa)+(W-+-a8)=a (W+«)-+a (W+8). 
2. (a+b) (W+a)—=W+(a+d) c=W-+ (an-+ba) 
= (W+aa)+(W+ba)=a (W+2)+b (W+2). 
3. (ab) (W+a)=W-+(ab) o—W-a (ba) 
=- a (W-+-ba)=a [b (W+4)]. 
4. 1(WAa=W+ le=W-a., 
-. V/W is a vector space over F for these two compositions. 
The vector space V/W is called the Quotient Space of V relative to 
W. The coset W is the zero vector of this vector space. 
Dimension of a Quotient Space. 
Theorem. Jf W be a subspace of a finite dimensional vector 
space V (F), then dim ViW=dim V—dim W. 
(1.4.S. 1972 ; Aligarh 65 ; Delhi Hon’s. 71) 
Proof. Letm be the dimension of the subspace W of the 
vector space V (F). Let S=={a,, 2,..., &m} be a basis of W. Since § 
is a linearly independent subset ot V, therefore it can be extended 
to form a basis of V. Let S’={a,, ag,...,%m, Br, Baye», Bil 
be a basis of V. Then dim V=m-. 
. dim V—dimW=(m+l)—m=l1. 
So we should prove that dim V/W=1. 
We claim that the set of / cosets 
S,={W+B,, W+Bs,..., W+ Bi} 
is a basis of V/W. 
First we show that S; is linearly independent. The zero 
vector of V/W is W. 


Let a; (W+8,)+4, (W+8,)+...+4: (W-+B)=W 
> (W+- ay8x)-+(W+a,83) +... +(W+aB)=W 
> W-+(a,8,+a:82+ ... taB)=W 
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=> a8, + moPs+...+-apjEW 
=> 0,8; +-dsBa+-... + aiBi=by04+ bacy+ ... +B putty 
[*.. any vector in W can be expressed as a 
linear Combination of its basis} 
> 181+ a2Bo+... + G/B) — bya, — bya%g—- ... ~ Dy Xp O 
= 0,=(), az=0,..., 2;=0 since the vectors 
Br, Ba,--., Bt, 215 &a,-.-9 @m are linearly independent. 


-.» The set S$; is linearly independent. 
Now to show that L (S})=V/W. Let W-+a be any element of 
ViW. Then a&V can be eapressed as 
R= CA++ Co%o-+-... + Cm%m +482 -+ Bs + tee +48; 
=¥+d)Bi-+-deBe+... +B where 
Y= $a t... +$Cmimeiv. 
So W+a=W+(y+diPi+t do2+...+d,B)) 
=(W+y)+diPitdeBot ...+dB 
=W-+(dyB1+ doBo+ ... +483) 
[fs ve W2ar W+y=W] 
= (W + dyBr)-+(W+d.8s)+...4-(W4+ ap) 
= (W+P:)+d2(W+Ba)+... +d: (W+ Bi). 
Thus any element W+« of V/W can be expressed as a linear 
combination of Sy. Therefore ViW=L (Sj). 
.. Sz is a basis of V/W and consequently dim V/W=1., 
Hence the theorem. 
§ 15. Direct sum of spaces. 
Vector space as a direct sum of subspaces. 
Definition. Let V (F) be a vector space and let Wi, Wey. .., Way 
be subspaces of V. Then Vis said to be the direct sum of Wi, W,, 
vy Wm if every element 2&V can be written in one and only one 
Way AS = 0,-+M2-+... +2, where 
EW, e26Wa,..., Om EW me (Garhwal 1976) 
If a vector space V(F) is a direct sum of its two subspaces Wy 
and W, then we should have not only V=W,+W, but also that 
each vector of V can be uniquely expressed as sum of an element 
of Wy, and an element of W2. Symbolically the direct sum is re- 
presented by the notation V=W, ® W3. 
Example. Let V2 (F') be the vector space of all ordered pairs 
of F. Then Wi={(a. 0): aE F} and W.=((0, 5): bE F} are two 
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subspaces of V, (F). Obviously any element (x, y)G@V2 (F) can be 
uniquely expressed as sum of an element of W, and an element of 
W,. This unique expression is (x, y)=(x, 0)+(0, y). Thus V2(F) 
is the direct sum of W, and W,. Also we observe that the only 
element common to both W, and W, is the zero vector (0, 0). 

Disjoint subspaces. Definition. Two subspaces W, and W, of 
the vector space V (F) are said to be disjoint if their intersection is 
the zero subspace i.e., if Wy \W_~ {0}. 

Theorem. The necessary and sufficient conditions for a vector 
space V (F) to be adirect sum of its two subspaces W, and W, are 
that 

(i) V=W14+W, 
and (ii) Wi, NW2={0} 
t.e., W, and W, are disjoint. (Kanpur 1970 ; Garhwal 76) 

Proof. The conditions are necessary. 

Let V be a direct sum of its two subspaces W, and W,. Then 
each element of V is expressible as sum of an element of Wy and an 
element of W,. Therefore we have V=W4+W,. 


Let, if possible, O04eG@W,NW,. Then 2E€W,, «E€W2. Also 

a€&V and we can write 
a=0-+a where DEW, «cw, 
and a=o7-+0 where cGW,, 0€ Wz. 

Thus «€ V can be expressed in at least two different ways as 
sum of an element of W, and an element of W,. This contradicts 
the fact that V is a direct sum of W, and W,.. Hence 0 is the only 
vector common to both 4 and W’; f.e., WyOW.={0}. Thus the 
conditions are necessary. 

The conditions are sufficient. 

Let V=Wi+W. and W,NW2={0}. Then to show that V is 
direct sum of W, and W2. 


V=W,+W2> that each element of V can be expressed as sum 
of an element of ¥’, and an element of W2. Now to show that 
this expression is unique. Let, if possible, 

K=O +%, EV, MEW, aE We, 
and w= B,+32, RE Wi, P2EW2. 

Then to shov, that ay==£, and «,—83. 

We have «, 4-a.= 33+ B, =» 0, — By= Be —%e. 

Since W, is a subspace, therefore 
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%EWy, B,CW->2,—2,EW. 

Similarly 8. —a2€ W,. 

ee %—fy=B,- «@.EW, We. 

But 0 is the only vector which belongs toW,(\Wa. There- 
fore %—P,=0>0,=f8;. Also Bp—a,=0>a9=fs. 

Thus each vector «GV is uniquely expressible as sum of an 
element of W, and an clement of W,. Hence V=IW4()Ws. 

Dimension of a direct sum. Theorem. Jf a finite dimensiunal 
vector space V (F) is a direct sum of its two subspaces W, and Wg, 
then dim V=dim W,-| dim W.. 

Proof. Let dim W,=m and dim W,=/. Also let the sets of 
vectors Sy={%1, ,...,%m} and S,={f;, Bs,..., 8} be some bases of 
W, and W, respectively. | 

We have dim W-+ dim We=m-+- 1. 

In order to prove that dim V=dim W1+ dim Ws, we should 
therefore prove that dim V=m-+-l. We claim that the set 

S=S,U S2={a,, Chose ce 3 Sits Ba, Bay. o°9 Bi} 
Is a basis of V. 
First we show that the set S is linearly independent. Let 
0+ do2s +... + mtm-+b By + be8et+... +5:81=0 
>A 6 tate t+... t+ @mttim= —(b,3, +by8o+... +5181). 
Now 430, +427, +... +@mimEW, 


and  —(6,8,4+0,8,1..+58)€We2. Therefore 
A, Xs -| Ugg oon + An%mE Wan We 
and —(b,81+ b28.-+- ----+-b/8) EWiNWs. 


But VY is the direct sum of W, and W2. Therefore 0 is the 
only vector belonging toW,MW,. Then we have 
OG, + gh 2} 22s + On &m=0, rf +b,B2+... +5:8:=0. 
Since both the sets {2,, %2,..., %m} amd {f;, Bs,..., Br} are lin- 
early independent, therefore we have 
a,=0, a2=0,..., Qe=0, 5, =0, be =0,..., =O. 
Therefore S is linearly independent. 
Now we shall show that L (S)==V. Let « be any element of 
V. Then 
a=-an element of W,-+an element of W, 
=a linear combination of S,-+-a linear combination of S, 
==a linear combination of S. 
. L(S)=V. 
* Sisa basis of }. Therefore dim V’=m-+/. 
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Hence the theorem. 

A sort of converse of this theorem is true. It has been proved 
in the following theorem : 

Theorem. Let V be a finite dimensional vector space and let 
W,, Ws be subspaces of V such that V=Wy+Ws and 

dim Vedim W,+-dim Wa. Then V=W, @ Ws. 

Proof. Let dim W,=/and dimW,=m. Then dim V=/+-m, 

Let Sy=={a,, @2,..., &} be a basis of W, and S.={Ay, Bs,--, Bm} 
be a basis of W,. We shall first show that S, U Sy is a basis of V. 

Let ce@V. Since V=W,+W,, therefore we can write 

a=y+8 where YEW,, SEW. 

Now YEW, can be expressed as a linear combination of the 
elements of S; and 8@W, can be expressed as a linear combina- 
tion of the elements of S3. Therefore «€ V can be expressed as a 
linear combination of the elements of S,US,. Therefore 

V=L (S; U $3). 

Since dim V=/+m and L (SyUS:)=V, therefore the number 
of distinct elements in 5,US2 cannot Le Jess than /+ m. 

Thus S,US, has J+ m distinct elements and therefore S,US, 
isa basis of V. Therefore the set {7,. @, .., %, By. Bz ..., Bm} is 
linearly independent. 

Now we shall show that WNW, = {0}. 

Let cE WiNnW,. Thenaew, a€W,. 

Therefore «= 0,21 +@,%+ ....F. aja; and 2=b,B,+ 6,84... + DmPen 
for some a’s and b’se F. 

We OX Ageg+ »- + 0/2; = O48) 4 52,244 ... + bmBm 

> 0104 +-Ay% 3+... 4+ 4/2) — byBy — 528, —...- -bmBm=0 
>a,=0, a,=0, .., a:=0, by =0, 6,=90,..., b,»=0%a=0. 

ee Wi OW, = {0}. 

Now V=W, | W, and Wi W,={0}>V=W, DW. 

Complementary subspaces. Definition. Let V (F) be a vector 
space aid W,, Ws, be two subspaces of V. Then the subspace We is 
called a ccmplement of W, in V if V is the direct sum of W, and W,. 

Existence of complementary subspaces. Theorem. Correspon- 
dirg to each subspace W, of a finite dimensional vectcr space V (F), 
there exists a subspace W, such that V is the direct sum of W, aid 
We. (1.A.S. 1972 ; Meerut 08) 

Proof. Letdim HW ,=m. Let the set S,={2,. a, ., aa} bea 
basis of Wy. Since S, is a linearly independent subset of V, there- 
tore 4: can be extended to form a basis of V. Let he set 
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S'=>{ay, a2, ..., Xm, By, Bz,---» 8} be a basis of V. Let W, be the sub- 
Space of V generated by the set S,—={B, Bs,..., By}. 

We shall prove that V is the direct sum of Wy and W,. For 
this we shall prove that V=W,+-W, and 1,1 W,=—{0}. 

Let « be any element of V. Then we can express 

“=a linear combination of $ 
=a linear combination of S,+-a linear combination of S, 
=an element of Wi+an element of We. 

eo Vor hi+Ws. 

Again let BEW,NWe. Then B can be expressed as a linear com- 
bination of S, and also a Jinear combination of S,. So we have 

B=Ay 0, + Agtgt ...-+ Amtm=438, + 528,+ ..-+ 573). 

x0 y+ AgGkg +... +Om%m — 5B — by B2—- «6. — b= 0 
=> a,=0, ag=0, ..., Om==0, 55=0, b3=0, ., b=0 since 
i, Me, 206, Om» Ba, Bo. easy By are linearly independent. 

: = (0 (zero vector). “ 

Thus WiNW.2={0}. Hence V is the direct sum of W, and W,. 

§ 16. Coordinates. Let V(F) be a finite dimensional vector 
space. Let B={o,, a,..., &a} be an ordered basis for V. By an 
ordered basis we mean that the vectors of B have becn enumerated 
in some well-defined way ie., the vectors occupying the first, 
second, ..., n#* places in the set B are fixed. 

Let c@V. Then there exists a unique "-tuple (x1, Xa, +++, Xa) 
of scalars such that «= +10, -+X,%2+... +.¥,84. 

The ”-tuple (x, xX9,---. Xn) is called the n-tuple of coordinates 
of « relative to the ordered basis B. The scalar x; is called the i 
coordinate of « relative to the ordered basis A. 

It should be noted that for the same basis set B, the coordi- 
nates of the vector « are unique only with respect to particular 
ordering of B. The basis set Bcan be ordered in several ways. 
The co-ordinates of « may change with change in ordering of B. 

Example. Show that the set S={(1, 9, 0), (1, 1, 0), (J, 1, 1)} 
is a basis of R°(R) where R is the field of real numbers. Hence find 
the coordinates of the vector (a, b, c) with respect to the above basis. 

Solution. The dimension of the vector space R&R) is 3. If 
the set S is linearly independent, then S will form a basis of R&R) 
because S contains 3 vectors. Let x, y, z be scalars in R such that 

x(f, 0, O)-+y (1, J, O)-F 2 (1, 1, 1)-=0=(0, 0, 0) 

> (x+y4+z, y+ z, =) =(0, 0, 0) 
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> x+y+z=0, y+z=0, z=—0 > x=0, y=0, z=0 

=> the set S is lincarly independent. 

-. Sis a basis of RR). 

Now to find the coordinates of (a, b, c) with respect to the 
ordered basis S. Let p, g, r be scalars in R such that 

(a, b, c)=p(1, 0, 0) +41, 1, 0)-+7(1, 1, 1) 

=> (a, b, c)=(p+4a+r, q \-r, r) 

=> p+qt+r=a,qtr=6, r=c > r=c, gq=b—c, p=a—b. 

Hence the coordinates of the vector (a, b, c} are (p, ¢, r) i.e., 
(a-b, b-c, c). 

Exercises 

1. Construct three subspaces W,, W2, Ws of a vector space V so 

that V= Wi0h.=WOWs but W.-4Ws. 

Hint: Take V=R?*, W,—{(a, 0) : a&R}, W,=—{(0, a) : aR}, 

and Ws={(a, a) : aGR}. 
2. Find the co-ordinates of the vector (2, 1, —6) of R? relative 

to the basis ay—(1, 1, 2), a2—=(3, —1, 0), v3=(2, 0, —1). 

Ans. (~—7, —3°, 42). 
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§ 1. Linear Transformations. In the preceding chapter we 
have defined linear transformation or vector space homomorphism. 
For the sake of convenience we repeat the definition here again. 

Linear transformation. Definition. Let U and V he two vector 
Spaces over the same field F. A linear transformation from U into V 
is a function T from U into V such that 

T(ax-+bB)=aT(x) +6T(8) 
for all «, B in U and for all a, b in F. 


Linear Operator. Definition. Let V be a yector space over the 
field F. A linear operator on V is a function T from V into V such 
that T (au +-bB) = aT() + bT(B) 
for all a, B in V and for all a, 6 in F. 

Thus 7 is a Jinear operator on V if T isa linear transforma- 
tion from V into V itself. 

Linear functional. Definition. Let V be a vecior space over the 
field F. A function f from V into F is said to be a linear functional 
on V if 

f(a.+ 6B) =af(a)+ 4f(B) 
for all «, BEV and for alla, bE F. 


We know that if F ts any field, then F can be regarded as a 
vector space over F Therefore f is a linear functional on V if f is 
a linear transformation from V into F, 


§ 2. Linear transformations as vectors. 


Let L(U, V) be the set of all linear transformations of a vector 
space U(F) into a vector space V(F). Sometimes we denote this set 
by Hom (U, V). Now we want to impose a vector space structure 
on the set L(U, V) over the same field F For this purpose we shall 
have to suitably define addition in L(U, V) and scalar multiplica- 
tion in L(U, V) over F. 
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Theorem 1. Let U and V be vector spaces over the field F.' Let 
T, and T, be linear transformations from U into V. The function 
T,+T, defined by 
(Ti+7,) (4) = 7,(«)+72(«) veeU 
is a linear transformation from U into V. If cis any element of F, 
the function (cT) defined by 
(cT) (#)=cTla) ¥2EU 
is a linear transformation from U into V. The set L(U, V) of all 
linear transformations from U into V, together with the addition and 
scalar multiplication defined above, is a vector space over the field F. 
(Kanpur 1969) 
Proof. Suppose 7; and 72 are linear transformations from U 
into V and we define 73+7, as follows : 
(T+7,) («) = 7y(a)+72(a) 4 «EU. (1) 
Since 74(a)+-72(a)EV, therefore 7,+7, is a function from U 
into V. 


Let a, b@& Fanda,BeGU. Then 
(71+ 72) (ca-+5B)=7,(aa +-58)+ 7 (ax +58) [by (1)] 
= [aT,(a) +bT,(8)] + [aT («)-+ bT(8)] 

[°’ 7, and T, are linear transformations] 
= a[T,(%)-+ To(«)] +5[Ta(B) + T2(B)] [° Visa vector space] 
=@(7,+ 73) («)+5(7,+ 72) (8) [by (1)] 

”. Ty-+T7z2 is a linear transformation from U into V. Thus 
T,, T,EL(U, V) > T%4+-T.GL(U, V). Therefore L(U, V) is closed 
with respect to addition defined on it. 

Again let TEL(U, V) and ceEF. Let us define cT as follows : 

(cZ7) (a)==cT(a) ¥aGuU. -»-(2) 

Since c7(a)€V, therefore cT is a function from U into V. 

Let a, b© Fand «, B=U. Then 
(cT) (ca +56)=cT(aa.+ dB) [by (2)] 
=xc{a7(«)+57(B)] (‘. Tis a linear transformation] 
=¢[aT\«)] +c[bT(B)]=(ca) T(x) + (cb) T(B) 
== (ac) T(a)+(be) T(B)=a[cT(2)] + b[cT(A)| 
=al(cT) (a)j+d[(cT) (B)). 

-» ¢7’ isa linear transformation from U into V. Thus 
TEL(U, V) and cEGF > cTEL(U, V). Therefore L(U, V) is closed 
With respect to scalar multiplication detined iu it. 
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Associativity of addition in Z (U, V). 
Let 71, 7;, 73 € L(U,V). Ifa ce U, then 
[7,+(724+7s)] (x)= 7, (a) +-(73+ Ts) (x) 
[by (1) f.e., by def. of addition in L(U, V)] 


= T, («)+ [7, («)+73 (a)] [by (1)] 
=[7, («) +7, («)]4+T7s («) {°° addition in V is associative] 
=(T,+T72) (2)+ Ts (a) [by (1)] 
= [(Ta+- 73) + Ta] (a) [by (1)] 


6 Ty +(T, + Ts) =(T,4+-72)+Ts3 
[by def. of equality of two functions) 


Commatativity of addition in L (U, V). Let 7,, 7 € L(U, V). 
If « is any element of U, then 


(Ty +79) (a) = Tr(a) +-T, «) Thy ()] 
== Ty, (a) +7,() [°’ addition in V is commutative] 
=3(T,+7)) («) [by (1)] 


’ h+tT,=7,4T; {by def. of equality of two functions] 
Existence of additive identity ia L (U,V). Let 0 be the zero 

function from U into V /e., 0 («)=0 EV¥aeEU. 
It can be easily seen that 0 is a linear transformation from U 
into V. Thus 0 € L (U,V). If TE L(U, V) and « & U, we have 
(0+T) «)=0 (a)+T7 (a) [by (1)] 
=0+T (2) [by def. of 0] 
=T (a) {0 being additive identity in V] 

:. 047T=T ¥ TE LU, V). 


”. Ois the additive identity in ZL (U, V). 

Existence of additive inverse of each element in L (U, V). 

Let TE L(U,V). Let us define —T as follows : 

(—T) (Qj=-T@® Vee U. 

It can be easily seen that -— 7 is a linear transformation from 
UintoV. Thus -TE L(U,V). IfeeU, we have 
(—T+T) (2) =(—T) (a) + 7(a) [by def. of addition in L(U, V)} 
ox — T(a)-+- 7 (a) {by def. of —T] 
=QEV 


0 (a) [by def. of 6) 
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°. —T+T=6 for every TE LU, V). 

Thus each element in LZ (U, V) possesses additive inverse. 

Therefore L (U, V) is an abelian group with respect to addition 
defined in it. 

Further we make the following observations : 

(i) Lete © F and 7}, Tz € L(U, V). Ifa is any element in 
U, we have 
le (7, +73)] («)=¢ ((T1+73) («)] 

[by (2) j.e., by def. of scalar multiplication in Z (U, V)] 

= (7, («) +73 (2)] [by (1)] 
=cT, ()-+cT, (a) ’ 

[°° e¢ € F and 7, (a), T2(#) € V which is a vector space] 
a (cT,) («)-+(cTs) («) [by (2)] 
= (c7,+cT;) («) [by (1)] 

“ ¢ (114 T,)=cT,+cT,. 

(ii) Leta,be FandTE L(U,V). Ifa € U, we have 


[(a+b) T] («)=(a+5) T (2) [by (2)] 
=aT (a)+bT (a) [°° Vis a vector space] 
a=(aT’) (x)-+(bT) (a) [by (2)] 
=(aT+5T) (a) [by (1)] 


. (a+6) T=aT-+5T. 
(iii) Leta,bE F and TE L(U,V). Ifa EU, we have 


[(ab) T] («)= (ab) T (a) [by (2)] 
aaa [bT (a)] [°° V is a vector space] 
asd ((6T) (2)| [by (2)] 
=x [a (57)] (a) [by (2)] 


e- (ab) T=a (bT). 
(iv) Letl@ FandTG L(U,V). Ifa & VU, we have 


(1T) («)=1 T (a) [by (2)] 
= T (a) [‘ Vis a vector space] 
. If=T7, 


Hence L (U, V) is a vector space over the field F. 
Note. If in place of the vector space V, we take U, then we 
observe that the set of all linear operators on U forms a_ vector 


sper with respect to addition and scalar multiplication defined 
above. 


Similarly if in place of the vector space V we take the field F 
as a vector space, then we observe that the set of all linear func- 
tionals on U forms a vector space with respect to addition and 
scalar multiplication defined above. 
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Dual space. Definition. Let V be a vector space over the field 
F. Then the set V’ of all linear functionals on V is also a vector space 
over the field F. The vector space V’ is called the dual space of V. 


(Meerut 1971) 


Sometimes * and V are also used to denote the dual space 
of V. 


Dimension of L(U, V). Now we shall prove that if U (F) and 
V (F) are finite dimensional, then the vector space of all linear 
transformations from U into V is also finite dimensional. For this 
purpose we shall require an important result whick we prove in 
the following theorem : 

Theorem 2. Let U be a finite dimensional vector space over the 
field Fand let B={ay, e,,..., &n} be an ordered basis forU. By an 
ordered basis we mean that the vectors cf B have been enumerated in 
some well defined way, i.e., the vectors occupying the first, second,..., 
n® places in the set B are fixed. Let V be a vector space over the 
same field F and let By, .... Ba be any nvectors inV. Then there 
exists a unique linear transformation T from U into V such that 

T (a;)=2,, i=1, 2,..., 7. (Sambalpur 1977) 

Proof. Existence of 7. Leta & U. Since B={aq, a%,..., a} 
is a basis for U, therefore there exist unique scalars x1, Xq,..., Xe 
such that Kx XO Kota +... + X_dy. 

For this vector «, Jet us define 

T(a)—= x3Bs+-x2f85+. o° + x0Ba- 

Obviously 7(«) as defined above is a unique element of V. 
Therefore 7 is a well-defined rule for associating with each veetor 
ainUa unique vector 7(¢)in V. Thus 7 isa function from U 
mto V. 

The unique representation of «a, & U as a linear combination 
of the vectors belonging to the basis B is 

oy ==Oa,-+ Ons... + 16,4 0042-+... 400, 

Therefore according to our definition of 7, we have 

T\%4)= 081+ OBs+... +18;+08)4:+-... +08, 
f.e., T(a)=B;, i=lI, pee | 

Now to show that 7 is a linear transformation. 

Let a,b€ Fande,BEvU. Let 

== X71... +Xa%e aNd P= Yrtr+... + Van. 
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Then T (aa-+ 6B)=T [a (X303-+4 «.. + XnGn)+5 (vitae... ynta)] 
nT [(ax1 + by) a+... +(ax_ + by) a] 


= (axa+ byr) Bit... 4(axn + bn) Ba [by def. of T] 
=a (xP +..-+XnBe) +5 (Bi + vee + YnBx) 
=@ T(a)-+b T(). [by def. of T] 


.. YT isalinear transformation from U intoV. Thus there 

exists a linear transformation from U into V such that 
T(%)= B,, ix, 2, orey ML 

Uniqueness of 7. Let 7’ bea linear transformation from U 

into V such that 7” (a,)=8,, i=1, 2, geo A For the vector 
Oe: X40, -+... +X, EC U, we have 
T'(a)=T' (x1014 ... +Xn%n) 

==44T (ay) +... +2xnT’ (an) [°” 7” is a linear transformation] 

==Xyf_+...+XnBn (by def of 7’] 

= T(a). [by def. of 7] 

Thus 7’ (a)=7(2) ¥ « € U. Therefore 7’=T. 

This shows the uniqueness of 7. 

Note. From this theorem we conclude that if 7 is a linear 
transformation from a finite dimensional vector space U(F) into a 
vector space V(F), then Tis completely defined if we mention 
under 7 the images of the elements of a basis set of U. If S and T 
are two linear transformations from U into V such that 
S(a,;)=T(a,) ¥ a, belonging to a basis of U, then 

S(a)=Tia) ¥ a GU, ie., S=T. 

Thus two linear transformations from U into V are eaual if they 
agree ona basis of U. 

Corollary. Let V be an n-dimensional vector s; ace over the field 
F and let B={a,, ..., &n} Be an ordered basis for V. If {x3, .. , Xa} 
is any ordered set of n scalars, then there exists. a unique linear 
functional f on V, such that 

f(qnd=—x, =1, 2, .., 7. 

Theorem 3. Let U he an n-dimensional vector space over the 
field F, and let V be an m-dimensional vector space over F. Then 
the vector space L (U, V) of linear transformations from U into V ts 
also finite dimensional and is of dimension mn, (Meerut 1971) 

Proof. Let B={e1, ag,..., ea} and B’={By, B:,..., Burt 

“Bee ordered bases for U and V respectively. By theorem 2, there 
exists a unique linear transformation 71, from U into FP’ such that 
Tn (¢:)= 61, Ty (a2)—90,..., Tr (an) =0 where 
By, 90, .... 0 are vectors in V. 
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In fact, for each pair of integers (p, 7) with] < p < mand 
1<q«&n, there exists a unique linear transformation Ty. from U 
into V such that 

_ JO, if izxq 
Te («d—49" if iz=q 
i.e., T ya (41) = 8iq Bp, ---(1) 
where 8¢€ F is Kronecker delta i.c., Sjg==1 if i=q 

Since p can be any of 1, 2,..., m and q any of 1, 2,...,”, there 
are mn such 7,,’s._ Let B, denote the set of these mn transforma- 
tions Ty_°s. We shall show that B, is a basis for L(U, V). 

(i) First we shall show that L (U, V) isa linear span of 8. 

Let TEL(U, V). Since T(«,) € V and any element in j’ is a 
linear combination of B,, By,..., Bm, therefore 


T (o))=ay fat Qq, Bot... + Omi Bus 
for some 4}, Qo3,...» 4am © F. in fact for each i, lgign, 


T (@;)==@y/B,+- Azip -+- Ont} m= Z aeBy- aoe (2) 


m | 
Now consider S= % 2 Qgq Ty. 
pel got 


Obviously § is a linear combination of elements of & which 
is a subset of L (U, J’). Since L(U, V) 1s a vector space, therefore 
SEL(U, Vj i.e., S is also a linear transformation from U into FP. 
We shall show that S= TZ. 

Let us compute S (#,) where «, is any vector in the basis B of 
U. We have 


5 («)=| EE ape Tre |@= EE aye Tre (01) 
pel ¢q@= ppl ql 


z 5 Ape 31a Bp [From (1)] 


owi a 


= e ay Bp [On summing with respect to g. Remember that 
Sig=1 when g=i and 8ig¢=0 when gi] 


are [F rom (2)] 
Thus S (2,)=T7(«,) ¥ «EB. Therefore S and T apree ona 
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basis of U. So we must have S=7. Thus T is also a linear combi- 
nation of the elements of B,. Therefore ZL (U, V) is a linear span 
of B,. 

(ii) Now we shall show that B, is lipearly independent. Let 
for by’s € F, 


> z bya Tyq=0 i.e., zero vector of L(U, V) 


pri qu) 


mm : Fad 
>| x 2 by Tre | (ai)=0 (a) ¥ aeB 
pot ml 
=> E x bg Tyq (2) @0EV [°° 0 is zero transformation] 
pul qr 


m ® m 
=> >» a bye Si¢ 6p=0 > Day bys B,=0 
p=l em} ppl 


=> by, Bat beiBat...tdnuBmr=0,1 cicn 
=> byi=0, b.,;=0,..., bm =0, Il<i < n 
[*." Ba, Ba++) Bm are linearly independent] 

=> by=Owherel <p<mandi<gqcn 

=> B, is linearly independent. 

Therefore B, is a basis of L(U, V). 

.. dim L(U, V)=the number of elements in 2,=mn. 

Corollary 1. The vector space L(U,U) of all linear operators 
on an n-dimensional vector space U is of dimension n}*. 

Corollary 2. The vector space V’ of all linear functionals on an 
n-dimensional yector space V(F) is of dimension n. 

Proof. Since F (F) is a vector space of dimension I, therefore 
the result is obvious. 

Note. Suppose U (F) is an n-dimensional vector space and 
V(F) is an m-dimensional yector space. If U3{0} and VH{0}, 
then” D1 and m>1. Therefore L(U, V) does not just consist of 


the element 0, because dimension of L\U, V) is mn>l. 

§ 3. Dual basis. 

Theorem 1. Let} be an n-dimensional vector space over the 
field F, and let B=(ay,..., an} be a basis for V. Then there is a uni- 
quely det. rmined basis B’={ f,,..., {fn} for V’ such that f,as)=8,. 
Consequently the dual space of an n-dimensicnal space is n dimen- 

sional, 
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The basis B’ is called the dual basis of B. 

Proof. B={a,..., %n} is an ordered basis for V. Therefore by 
a corojlary to theorem 2 on page 454 there exists a unique linear 
functional f; on V such that 


Sx (@)=1, fy (a2) =0,...4 fy (an) =O 

where {1, 0,..., 0} is am ordered set of n scalars. 

In fact, for each i=1, 2,..., 1, there exists a unique linear 
functional /; on V such that 

0 if if7 

1.€., th (%)=3)5, ae (1) 
where 5, € F is Kronecker delta i.e., 801 if f=/ 

and 8 ;=0 if ij. 

Let B’={ fi,..., fa}. Then B’ is a subset of V’ containing 2 
distinct elements of V’. We shall show that B’ is a basis for V’. 

First we shall show that B’ is linearly independent. 


Let Or fites fate ten fr=0 
> (C1 fab... +0e fa)(a)==0 («) ¥ aeV 
> cr fa (fee Sa (Q)=0 ¥ AEV [0 (a)=0) 


= z oS; (a)=0 ¥ a€V 
be 


=> z eh: (%)=0, j= 1, 2,.... 7 
{= 
[Putting «=a, where je], 2,..., n] 
> Ec 8y=0, j=l, yun, 
i=] 


> cj=0, j= 1, 2,..,2 
=> fi, fo,-, fn are linearly independent. 
In the second place, we shall show that the linear span of B’ 
is equal to V’, 
Let f be any element of V’. The linear functional f will be 
completely determined if we define it on a basis for Vi. So let 
f(a) a,;, i=1,2,--_ Me 
We shall show that f= a, f,-+...tas fa. 
Let a= x42%4+...4-Xna, be any clement in VY. We have 
F(a) =f(x20 +... + Xan) 
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=x, f (a2)+ et Xn f (en) ies f is linear] 
=X}0,+ 2s + XnAn- ...(2) 
Also (ds fat «..-+n fu) (2) a1 fa (@)-+ +n fa (3) 


= z aS (a) 
(-j 

—_ y ah ( 2 x4 ay [°.° %=X70,+... + Xnen] 
im] jul 


fs n 
= Da; 2 X3 fy (a) [°° each f; is a linear functional] 
i=] jm 


mm 2 Qj; z xj 34s [From (1)] 


"1 


om z a;x; [On summing with respect to j and remembering 
that 3;;= 1 when j=i and 8,;=0 when ji] 

siiaia beaaikend (a). [From (2)] 

Thus we have f (a)=(a1 fit...-+dufn) (4) VW aEV. 

o f= fit...taafn ie., every element fin V’ can be 
expressed as a linear combination of f;,..., fn. 

.. V‘’slinear span of B’. Hence B’ is a basis for V’. 

Now dim V’=number of distinct elements in B’=n. 

Corollary. Jf V is an n-dimensional vector space over the 
field F, then V is isomorphic to its dual space V’. 


Proof. We have dim V’=dim V=n. 

.. Vis isomorphic to V’. 

Theorem 2. Let V be an n-dimensional vector space over the 
field F, Ifa isa non-zero yector in \V’, there exists a linear func- 
tional f on V suck; that f («)30. 

Proof. Since «<0, therefore {x} isa linearly independent 
subset of /.- So it can be extended to forma basis for V. Thus 
there exists a basis B={a, ..., a} for V such that a.=<«, 

If B’={ fi,..., fa} is the dual basis of V, then 

Si(@) =fa(%) = 140. 
Thus there exists linear functional fq such that /i(«#)<0. 
Corollary. Let V be an n-dimensional vector space over the 
field F. Iff()=0 v¥ fe V’, then «=0. 

Proof. Suppose «40. Then there is a linear functional fon 

‘V such that f («)40. This contradicts the hypothesis that 
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f(«)=0 ¥ feb’. Hence we must have «=0, 

Theorem 3. Let V be an n-dimensional vector space over the 
field F. If a, B are any two different vectors in V, then there exists 
@ linear functional f on V such that f (a) (B). 

Proof. We have «4B=>a—- B40. 

Now «—§8 is a non-zero vector in V. Therefore by theorm 2, 
there exists a linear functional for V such that 

f(a—B)A02f(«)—f(B)A0>f(«)¢f(f). Hence the result. 

§ 4. Reflexivity. 

Second dual space. We know that every vector space V pos- 
sesses a dual space V’ consisting of all Jinear functionals on PV. 

Now V’ is also a vector space. Therefore it will also possess 
a dual space (V’)’ consisting of all linear functionals on V’. This 
dual space of V’ is called the second dual space of V and for the 
sake of simplicity we shall denote it by V’° 

If V is finite dimensional, then dim V=dim V’=dim V’”, show- 
ing that they are isomorphic to each other. 

Now our aim is to establish an isomorphism of V onto V”. 

Theorem 1. Let V be a finite dimensional vector space over the 
field F. If «is any vector in V, the function Lg on Vv’ defined by 

Lol fy=f(a) + fe p” 
is a linear functional on V' i.e., La GV". 
Also the mapping %—>Lg is an isomorphism of V onto V". 
(Kanpur 1969) 
Proof. If«cG@V and fer’, then f(a) is a unique element of F, 
Therefore the correspondence Le defined by 
Lal f =fla) ¥ fev’ (1) 
is a function from V’ into F. 
Let a, FE Fandf, geV’. Then 


Lq(af+-bg)=(af+hg) («> [From (1)} 
== (af) («)-+ (bg) (@) 

= af(«)+bg(a) [by scalar multiplication of linear functionals] 
=a[La (f)]+5[La (8) [From (1)] 


Therefore La is a linear functional on V’ and thus ZgEV’". 

Now let # be the function from V into V” defined by 
Wa)=Le ¥ 2EV. 

y is one-one. If a, BEV, then (a) (8) 

> Ig=Lp> Lal f)=L f) ¥ fev’ 

=> f(e)=f(B) ¥ fev’ [from (1)] 
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> f(«)—/(p)=0 v fEV’ > fi«—f)=0 ¥ fev’ 
» a—B=0 [". by theorem 2 of § 3, if «- B40, thenda 
linear functional fon V such that f(«—f)340. Here 
we have f(a—B)=0 ¥feEV’ and so «—f must be 0) 
=>a=fB. .. is one-one. 
¥ is a linear transformation. Let a, 6 G F and «a, BEV. Then 


yf (4% + 5B) =Loarop. [by def. of #] 
For every fEV’, we have 
Low+bp( f)=f(ae + bB) [From (1)] 
= af(a)+bf(B) 
=aLa( f )+ 5L al f ) [From (1)] 


m (ala) (f )+(bL,) (f )=(aLa+ bLs) (f). 

oe Lguyop=OLa+bLg=alh(a)+ bp(B). 

Thus $(aa-+- bB) = ayp(«) + bp(B). 

é. isa linear transformation from V into VY”. 

Now ¥ is a linear transformation from V into V". We have 
dim V=dim V’. Therefore ¥ is one-one implies that 4 must also 
be onto. Hence ¢ is an isomorphism of V onto V", 

Note. The correspondence «->Lq as defined in the above 
theorem is called the natural correspondence between V and V”. It 
is important to note that the above theorem shows not only that 
V and V" are isomorphic—this much is obvious from the fact that 
they have the same dimension—but that the natural corres- 
pondence 1s an isomorphism. This property of vector spaces is called 
reflexivity. Thus in the above theorem we have proved that every 
finite dimensional vector space is reflexive. 

In future we shalj identify V" with V through the natural iso- 
morphism ae>Lg. We shall say that the element L of V’ is the 
same as the element « of V iff L=Lei.e., iff 

K(f =fix) v fev’. 
It will be in this sense that we shall regard V’=YV, 

Theorem 2. Let V be a finite dimensional vector space over the 
field F. If L is a linear functional on the dual space V' of V, then 
there is a unique vector « in V such that L( f )=f(a)¥fEV’'. 

Proof. This theorem is an immediate corollary of theorem 1. 
ls should first prove theorem 1. Then we should conclude like 

is: 

The correspondence «->Le is a one-to-one correspondence 
between V and V’. Therefore if LEV’, then there exists a unique 
vector « in V such that L=Zg i.e., such that L (f)=/ (2) ¥fev’. 
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Theorem 3. Let V be a finite-dimensional vector space over the 
field F. Each basts for V’ is the dual of some basis for V. 

Proof. Let B’={ fi, fe,-.-, fa} be a basis for V’. Then there 
exists a dual basis (B’)’={L,, L,,..., La} for V" such that 

Li (fs)= 815. -» (1) 

By previous theorem, for each there is a vector @, in V 

such that 
=L,, where La, (f)=f (a1) ¥ fEV’. (2) 

The correspondence aL, is an isomorphism of V onto V’. 
Under an isomorphism a basis is mapped onto a basis. Therefore 
B={a,,...,%,} is a basis for V because it is the image set of a 
basis for V" under the above isomorphism. 

Putting f=) in (2), we get 

Sy ()=Le, (S)=Ls (1) 
= $y). [from (1)] 

“. B'=m{ fy...» fa) is the dual of the basis B. Hence the 
result. 

Theorem 4. Let V be a finite-dimensional vector space over the 
field F, Let B be a basis for V and B’ be the dual basis of B. Then 
Show that B"=(B’)'’=B. 

Proof. Let B={ca,,..., en} be a basis for V, 

B'={f,,..., fa} be the dual basis of B in V’ and 

B" =(B’)'’ ={Ly,.»-, Ln} be the dual basis of B’ in V". Then 

Si (as) =84y, 
and Li (f)=8y, i= ],...,7 SJol,.., n. 
If «EV, then there exists LzEV" such that 
Le (()=f (a) ¥ fev’. 
Taking a, in place of «, we see that for each j=],..., n, 
Le, (Si) =fy (%1)=5r)=L, (fs). 

Thus Lg~and L; agree on a basis for V’. Therefore La, =Le. 

If we identify V" with V through natural isomorphism ae+Lg, 
then we consider Le as the same element as a, 

So L;=La, =% where i=1, 2,..., m. 

Thus B’=B. 

Solved Examples 


Ex. 1. Let V be a vector space over the field F. Let f bea 
non-zero linear functional on V and let N be the null space of f. Fix 
a vector t in V which is not in N. Prove that for each« in V there 


462 Modern Algebra 


isa scalarc anda vector B in N:uch that m=coe+B8. Prove that 
ec and B are unique. 

Solution. Since / is a non-zero linear functional on V, there- 
fore there exists a non-zero vector % in V such that f(«,)) 0. 
Consequently a,¢N. Let f (%o)=y+0. 

Let « be any element of V and let f («) =x. 

We have f («) =x 


=> f (a)=(xy)) y [.° OAyEF>y7 exists] 
=> f (x)=cy where cmxy"! € F 

=> f (%)=cf (%) 

=> f (a)=f (cx%) ° [' fis a linear functional] 


=> f (a)--f (cuo) =0>f (a—ca)=0 > «—cayEN 
=> &—cotg=f for some BE N>a=cao+ 8. 
If possible, let a=c’ag+ f’ where c’€ F and p’EN. 
Then cu-+ B=c’% +8’ (1) 
=> (c—c’) ag +(B—B’)=0 = Ff [(c—c'’) %9+(B - B’)J=f (0) 
=> (c—c’) f (%)+/ (B —B’)=0 


=> (c—c’) f (a) =0 [" B, B’EN>B-B’EN>f (B—B’)=0] 
x (c—c’)=0 [*.” f (a) is a non-zero element of F] 
-> cc’. 


Putting c=c’ in (1), we get cag +f —=cag+P’ >B=P’. 

Hence ¢ and f are unique. 

Ex.2. Iffandg arein V’ such that f («)=0=>g («)=0, prove 
that g=kf for some ke F. 

Solution. It is given that /(«)—O>g(%)=0. Therefore if « 
belongs to the null space of f, then « also belongs to the null space 
of g. Thus the null space of f is a sub et of the null space of g. 

(i) If fis zero linear functional, then the null space of f 1s 
equal to V. Therefore in this case V is a subset of the null space of 
g. Hence the null space of g is equal to V. So g is also zero limear 
functional. Hence we have g=kf ¥ keEF. 

(ii) Let f be a non-zero linear functionalon V. Then there 
exists a non-zero vector %g&V such that /i%»)—=y where y is a non- 
g 5 (eo) 

hy) 


zero element of F. Let k= fi If «@ V, then we can write 


a=cty+f where cGF and BS the null space of f. 


We have g()=g(cao+ B)=cg(+4)4-8(8) 
= ¢2(%9) [. Bethe null space of f > f(8)=0 and so g(8) = 0] 
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Also (kf) (@)=kfla)=kficag+ B)=k [ef(o)+FiB)] 
=ke f(a) [sv s(8)=0] 
=; a Cf (%y) = cB (%e). 

Thus g(«)=(kf) (2) “ «GV. Therefore gok/, 

§ 5. Annihilators. 

Definition. J/ V is a vector space over the field F and S isa 
subset of ¥’, the annihilator of S is the set S® of all linear Junctionals 
fon V such that f(a)=0 ¥ «ES. 

Sometimes A(S) is also used to denote the annihilator of S. 
Thus Saf fev’: f(a)=0 ¥ aE S$}. 

If S=the zero subspace of V, then S8=V’, 

If S=V, then V°=the zero subspace of }”’. 

If V is finite dimensional and S contains a non-zero vector, 
then S°4V’, If 0<aE5S, then there is a linear functional fon V 
such that /(«)0. Thus there isfEV’ such that f ¢ S°. There- 
fore S91)’, 

Theorem 1, Jf S is any subset of a vector space V(F), then S* 
is a subspace of V’. 

Proof. First we see that S® is a non-empty subset of V’ be- 


cause at least 0&S*. We have Oie)==0 ¥ oS. 

Let f, gES° Then f(«)=0 ¥ acs, 
and g(a)=0 ¥ «GS. 

If a, bE F, then 

(af+ bg) («)=(af) («)+ (bg) («) = af(a)+bg(z)=a0+50=0. 

és aj+bge 5°, 

Thus a, b&F and f, g]S° > af+bgES°*. 

«» S® is a subspace of V’. 

Dimension of annihilator. 

Theorem 2. Let V be a finite dimensional vector Space over the 
field F, and let W be a subspace of V. Then 

dim W+dim W°=dim V. 

Proof. If W is the zero subspace of V, then W°=V’. 

-. dim W°=dim V’=dim V. 

Also in this case dim W=0,. Hence the result. 

Similarly the result is obvious when W=V, 

Let us now suppose that W isa proper subspace of V. Let 
dim V=n, and dim W=m where 0<m<n. 

Let By={a,,..., am} be a basis for W. Since B, is a linearly 
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independent subset of V also, therefore it can be extended to form 
a basis for V. Let B=={az, ..., Om, &ms1, ---, a} be a basis for V. 
Let B’={ fi,...5 furs fmgis+-», Jay be the dual basis of B, Then 
B’ is a basis for V’ such that f)(«,)) =, 
We claim that S={ fai, ---, fn} i8 a basis for W®, 


Since SCB’, therefore S is linearly independent because B’ 
is linearly independent. So S will be a basis for W°, if W® is equal 
to the subspace of V’ spanned by S i.e., if W°=L(S). 

First we shal! show that W°GL(S). Let few. Then fEV’. 
So let 


fq z fe (1) 

Now f/EW® => f(«)=0 ¥ 2ew 
=> f(%s)=0 for each j=1,..., m [° aay...) &m are in W] 
=> (= X4 fi) («,)=0 (from (1)] 


" 
> 3 x, fi(a))=0 > XT x; b;=0 
{=1 i=] 


=> x)=0 for each j=I, ..., m. 
Putting x3=0, x2=0,..., xm=0 in (1), we gee 
fe Xmsi Smit + xafn 
=a linear combination of elements of S. 
“- feL(s). 
Thus f/EwW® => fEeL(S). 2. W®*CL(S). 
Now we shail show that L(S)Cw®. 


Let g@L(S). Then g is a linear combination of 
Smsis +++» Jn. Let 


g= > Yi Shee (2) 
km tl 


Let «@W. Then « isa linear combination of %,...,%. Let 


= 3 Cy &y. .(3) 
fr 
We have g(a)=g (= cj a) [from (3)} 
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== Cy g(a) [” g is a linear functional] 
= Zc; z ye fe) (a,) [from (2)] 
f=] kunt} 


68 Rn m n 
a= Zcy f ye fase > cy & Ve Sry 
je. k=m+1 J7-1 0 komt 


=2' c,0 [°° 8,y—0 if kj which is so for each 
gui k=m-+1,...,2 and for each /=!,..., ml] 
=(), 


Thus g(a)=0 ¥ x«e@W. Therefore sew. 

Thus gEL(S)> gew®. .. L(S) Cw?®. 

Hence W°=L(S) and S is a basis for W®, 

*. dimW=n-m=dim V—dim V 
or dim V=dim W+dim W*, 

Corollary. Jf V is finite dimensional andW is a subspace of 
V, then W’ is isomorphic to V'jW°, 

Proof. Let dim V=” and dim W=m. W’ is dual space of W. 
So dim W’=dim W=nn. 

Now dim V’/W°=dim V’—dim W® 

=dim V-—(dim V—dim W)=dim W=m. 

Since dim W’==dim V’/W°, therefore W’ceV’/W®, 

Annihilator of an annibilator. WLet V be a vector space over 
the field F. If § is any subset of V, then S® is a subspace of V’. 
By the definition of an annihilator, we have 

(S9)9= S--{LEV" : L(f)=0 v feS*}. 

Obviously S® is a subspace of V’. But if Vis finite dimen- 
sional, then we have identified V" with V through the natural iso- 
morphism o—>Le. Therefore we may regard S® as a subspace of 
V. Thus S®={oGV: fic)=0 ¥ fES}. 

Theorem 3. Let V be a finite dimensional vector space over the 
field F and W be a subspace of V. Then WuW, 

Proof. We have 

W={feVv’: fia)=0 ¥ «eWw} » AL) 
and WO—-feVy : f(zj=0 ¥ few. -+-(2) 

Let «@W. Then from (1), f(z)=0 v¥ /EW* and so from (2), 
a=W, ThereforecewW > cEw*, 
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Thus WGW°°. Now W is a subspace of V andW®™ is also a 
subspace of V. Since WCW™, therefore W is a subspace of We, 

Now dim W+dim W°=dim V. {by theorem (2)] 

Applying the same theorem for the vector space V’ and its 
subspace W® we get 

dim W°+-dim W®=dim V’=dim V. 
”. dim W=dim V—dim We=dim V—[dim V—dim W™] 
=dim W%®. 

Since W is a subspace of W°° and dim W=dim W®, therefore 

W a= Wy, 
Solved Examples 


Ex. 1, If S; and S2 are two subsets of a vector space V such 
that Sy S., then show that S,°C S;°. 
Solution, Let f/ES.°. Then 
f(ia)=0 ¥ 2S, 
> {(x)=0 ¥ ae [SiC Se] 
> fES)°. 
-- 5:°CS,° 
Ex. 2. Let V be a vector space over the field F. If S is any 
subset of V, then show that S®°='L(S)}®. 
Solution. We know that SC L(S). 
-. [L(S)]®*CS®. 
Now let f/ES°. Then f(a)=0 ¥ «eS. 
If B is any element of L(S), then 


a 
B= x, 0, where each a, € S. 
Jt 


We have /(f)= by X; f(a,)=0, since each f (a,)=0. 
i] 


Thus /(8)=0 ¥ B € L{(S). 

°. Sf (L(S))*. 

Therefore S°C (S))°. +02) 

From (1) and (2), we conclude that S*=(Z (S))°®. 

Ex. 3. Let V be a finite-dimensional vector space over the. 
field F. If S is any subset of V, then S°=L (S). 

Solution, We have S®°=(L (S))°. [See Ex. 2] 

. SMa (LZ (S))%. .()) 
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But V ts finite dimensional and £(S) is a subspace of V. There- 

fore by theorem 3, (L (S))®=LZ (S). 
from (1), we have S%=:L (S), 

Ex. 4. Let V bea finite dimensional vector spuce over the field 
F, IfW,and Ws, are subspaces of V, then WY=W,® iff W.=W,. 

Solution. We have W,=W, > W’j°=W.), 

Conversely, let Wj°=W,8, Then W,°%=H',00 > W,=W,. 

Ex. 5. LetW, and W. be subspaces ofa finite dimensional 
vector space V. 

(a) Prove that (Wi+W,)°=W,° (1) W.8, 

(6) Prove that (Wy Q W2)°=Wy°+ W.8. 

Solution. (a) First we shall prove that 

Wy 1 WC (Wy + W2)°. 
Let fEWy? ON W.% Then few, few.,?. 
Suppose oa. is any vector in¥W4+W,. Then 
AA, + Ay where a, © W4, mE W. 
We have f (a) =f (a+ on)=f (a)+f (a5) 
=O0+0[. 1E€W, and fe Wo » f(a,)=0 
and similarly f{«:)==0] 
=(Q), 

Thus f(e)=0 ¥ 2€W,4+-W,. 

. SE (Wy-+W.)?. 

. WO WeC(M+W,)°. 2 Gl) 

Now we shall prove that (W1.+ W:)' CWyO# 2°. 

We have W,CW,+ W,. 


.  (Wit+W2)°C Wy .-(2) 
Similarly W,.C W414 We. 
7. (Wi 1 W2)° CWS. (3) 
From (2) and (3), we have 

(Wi4W2CMENn W.!. ...(4) 


From (1) and (4), we have (W,+ W,)°=W,° QW,8. 

(b) Let us use the result (a) for the vector space V’ in place of 
the vector space V. Thus replacing Wi be Wy° and W; by W:2® in 
(a) we get 

(Wy° +2")? = Wi" NW, 

=> (We+W8)=Wi NW: [ M*%=M, etc] 

> (WY +W2)%=(WiNW2,* > Wie +We=(WiNWs)®. 


8 
Modules 


The concept of module is a generalisation of that of a vector 
Space. In a vector space the scalars 4re elements of a field while 
in a module we shall allow the scalars to be elements of an arbi- 
trary ring. 

§1. Module. Definition. 

A non-empty set M is said to bea left module over a ring R 
(or, a left R-module) if M is an abelian group under an operation 
-+such that for every r & R, m E M there exists a unique element 
rm & M subject to the conditions : 

(1) rv (a4+b)=ra+rb 

(2) (r+s) a=ra+sa 

(3) r(sa)=(rs)a 
fer alla, bEM and r,s E R. 

If R is a ring with unity 1, then a left R-module is said to be 
unital if Im=m for allm € M. If the ring & isa field, then a 
unital left R-module is nothing but a vector space over the field R. 


We have called the algebraic structure defined above a left 
R-module because we have allowed multiplication by the elements 
of R from the leit. Ina similar fashion we can define a right 
R-module by modifying the conditions (1), (2) and (3) in the above 
definition in the following manner : 

(1) (a+) r=ar--br 

(2) a(r+s)=ar+as 

(3) (ar) s=a (rs) 
for all a, bE M and r, sE.R. 

It should be noted that the distinction between a left R-module 
and aright R-module is merely thatof notation. The theory of 
right R-modules can be developed in the same manner as the 
theory of left R-modules. We shall develop here the theory of 
left R-modules. If M is a left R-module, then we shall omit the 
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repeated use of the adjective /eft and we shall simply call it a 
R-module. 
Some Examples of Modules 

Example 1. Every abelian group G is a module over the ring of 
integers I. 

Let G be an abelian group, the operation in G being denoted 
by-+-and the identity element of G by 0. For any integer 4 and 
for any element a of G we define a in the following manner : 

Ifnisa positive integer, we define na=a+a+a-+...upto n 
terms. If n=0, we define 02=0 where 0 on the right hand side is 
the identity of G. If is a negative integer, say n= —m where m 
is a positive integer, we define (—m) a= —(ma), where—(ma) 
denotes the inverse of ma inG. It can by easily seen that 

~ (ma)=m (—a). 

Now G will be a module over the ring of integers I, if we 
prove that 

(1) an (a+b)=mat+mb 

(2) (m+n) a=ma+na 

(3) m (na)=(mn)a 
for allm,n € landa, EG. We shall prove these one by one. 

(1) Let us prove that m(a-|5)=ma+mb ¥ mel, and 
a,bEG., 

If m is a positive integer then 
m (a+ b)=(a-4 b)+(a- 5)4 (a+ 5)+...upto m terms 

; «(a+a+a+...upto m terms)+(6++...upto m terms) 
=ma+mb. 

If m=0, then 0 (a+b) =0=0+4 0=0a+0b. 

If m is a negative integer, say m=—p where p is a positive 
integer, then 
m (a+ b)=(—p) (a+ 5)= —[p (a-+6)]= — (Pat pd) 

= — (pa) +[—(pb)]=(—p) a+(—p) b=ma+ mb. 

Thus (1) is true. The proofs of (2) and (3) have been left 
for the reader. Hence G is a module over the ring of integers. 

Example 2. Let R be a ring and let M bea left ideal of R. 
Forr © R, mE& M let rm be the product of these elements as 
elements in R. Then M is an R-module. 

Since M is a left ideal of R, therefore M is an additive abelian 
group. Also ifr eG Randme M, , then rm & M because M is a 


left ideal of R. Further 
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() r(m-+m2)=rm+rme for all r&R and om, meEM. 
This result is a consequence of left distributive law in R. 

(2) (ritr2)m=nm-+ram for all ri, re EG Rand mEM. This 
result is a consequence of right distributive law in R. 

(3) r(sm)=(rs)m for allr,s@ Rand mEM. This follows 
from associativity. 

Hence M is an R-module. 

Example 3. Every ring R is an R-module over itself. 
, oe result follows as a special case from example 2 if we take 

Example 4. Let R be any ring an¥ X be a left-ideal of R. Let 
M consist ofall the cosets, a+’, wherea © R, ofAin R. Thus 
M={at+A:ae€ R}. It can be shown that M is an R-module if the 
two requisite compositions are defined as follows : 

(a+A)4+(b+A)=(a+b)+A [Additi n of elements of M] 

r (at+A)=ra+A [Multiplication of an element of M by 

an element of R] 

Since (a-+ b)+A and ra-+-A are also cosets of A in R, therefore 
M is closed with respect to the two compositions, First of all we 
shall show that beth these compositions are well defined. 


Let atdA=a’+i,a,a° ER 
and b+A=b’+ 4, b, b’ E R. 

We have a+A=a’+A > a—-aw’ EA 
and b+A=b'+. > b-b’ E A. 


Now A ts a left ideal, therefore a- a’ EA, b- b’ EA 
=>(a--a’)4(b-b’) EA > (a+-5)-(V’1 DI EA 
> (a+b)-++A=(a'4 b’) 4 A > (U+A)4 (b+ Ala’ | A+(H' +A). 
Therefore addition in M is well defined. 
Again A is a Jeft ideal. Therefore r@R, a-a’ GA 
=> r(a—a’) CA > ra—ra’ E A> rataA=ra'+a 
=> rlat+dA)=r(a’-}-d). 
Therefore the multiplication of the elements of A/ by the ele- 
ments of R is also well defined. 
Commutativity of addition in M. We have 
(a+A)+(6-+A)= (a+ 6)+A=(b+a4)+A=(b+A)+(a + A). 
Associativity of addition in M@. We have 
(QFN + (OHA) Het A =@++[b-+e)+A Hla (MEO +A 
== [(a+5)-+¢]+A=[(a+b)-+A]+ (c+A)=[(a+a)4 (6 +t A+ (e+). 
The coset O-+A is the additive identity in Af for we have 
(0+ A)4-(44+\)=(0 |} a)+A==a+ A. 
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The coset (- a)+A is the additive inverse of the element a+A 
of M. We have (— a+4)+(a+A)=(--a+a)+A=0+A=the iden- 
tity element of M. ; 

Thus Mis an additive abelian group. We further observe 
that 

(1) [(a+A)+(b+-A)J=r [((a+ 6)+Al=r (a+b)+A 

=(ra+rb)+A=(ra4-A)-+(rb-+A)=r (a+A)-+r (6-+4). 

(2) (r-+s) (a-\-A)=[(r+5) a]--A=(ra+sa)+a 

==(ra+A)+(sa+A)=r (a+A)+s (a+). 

(3) rs (a+A)]=r (sa4-A) =[r (9a)]+A=[(rs)a] +A 

=(rs) (a+A). 

Hence M is an R-module. M is usually written as R—A (or, 
sometimes .R/A) and is called the difference (of quotient) module of 
R by A. 

Example 5. The module of all ordered n-tuples of elements of 
ating R. 

Let M={(aa, Gy...) An) 2 G1) Ae,--, QE R}. If we define addi- 
tion in M by (ay, dz,.., An)-+(51, 525-06, On) = (414 by, Gz+-bs,..., On 
+ba) and multiplication of an element (ay, Ga,..-, Qn) of M by an ele- 
ment r of R by r (ay, dzy...5 dn)=(1d1, Fa2,+-, Fan), then it can be easily 
shown that M is an R-module. 

§ 2. General properties of modules, 

Theorem. Let M bean R-module. Then 

@) rb=0¥V rer. (ii) Ow=O0VaEM. 

(iii) (—r) a= —(ra)=r(- a) for allrER, aE M. 

(fv) (—r) (- a)=ra for all rER, aeM. 

(vy) r(a—b)=ra—rb for allrER, a, bE M. 

(vi) (r—-s) a=ra--sa for all r, sE.R, ac M. 

Proof. (1) We have 


r0=r (0+-0) [.° O=0+0 in the group M] 
=r0+70. 
* 0+r0=r0-}-r0. [° r0 E€ M and 0+7r0=70] 


Now M is an abelian group with respect to addition. There- 
fore by right cancellation law in M, we get O=r0. 

The proofs of the remaining parts have been left for the read. 
er. Proceed as in theorem 1, page 402, chapter 6 (on vector Spaces), 

§ 3. Submoduies. Definitioa. 

Anon-empty subsct S of an R-module M is said to be an R. 
submodule of M (or, simply a submodule of M) if (i) S is an addj- 
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tive subgroup of M and (ii)rE R,a€ S=>raeS. If Mis any 
R-module, then M itself and (0) ie., the subset of M consisting of 
the identity element of M alone are always submodules of M. 
These two are called improper submodules. Jf M has any other 
submodule, then it is called a proper submodule. 

Irreducible R-module. Definition. An R-module M is said to 
be irreducible if its only submodules are (0) and M. 

Intersection of submodules 

Theorem 1. Jf A and B are two submedules of an R-module M, 
then A(\B is also a submodule of M. 

Proof. Since -A and B are additive subgroups of M, therefore 
A()B is also an additive subgroup of M. 

Now letr€ Rand a& ANB. Thena €A andacB. Since 
Ais asubmodule of M, therefore rE R, aE Am rae A. Also 
B is asubmodule of M. Therefore r G R, a € B> ra © B. Thus 
ra ANB. Hence ANB is a submodule of M. 

Theorem 2 Arbitrary intersection of submodules i.e., the inter- 
section of any family of submodules of a module is a submodule. 

The prvof of this theorem has been left for the reader. Pro- 
ceed as in theorem 3 page 409, chapter 6 (on vector spaces). 

Submodule generated by a subset of a module. Let M be an 
R-module and S be a non-empty subsct of M. If A is a submodu ¢ 
of M containing S and is itself contained in every submodule of 
M containing S, then Ais called the submodule of M generated 
by S. The submodule of M generated by S will be denoted by the 
symbol (5S). It should be noted that (S) is the smallest submodule 
of Mc ntaining S. It can be easily seen that the intersection of all 
the submodules of M containing S is the submodule of Af genera- 
ted ty S. 

Theorem 3. Show that the submodule of a unital R-module M 
generated by a subset S of M_ consists of all linear combinations of 
elements in S. 

Proof. Let Z(S) denote the sect of all linear combinations of 
the elements of S7.e., let L(S)={ryay4 radi+-.. + fnSm : G1, Gay.-+5 Be 
is any arbitrary finite subset of S and ry, 72,-.., fe iS any arbitrary 
finite subset of the ring}. 

First we shall show that L(S) isa submodule of M. Let 
Q=r0y+ 7203+ -.. + ready, O== 84044 Sobg+...+Smbm be any two ele- 
ments of L (S)..Here the r;’s and the s;’» are elements of R and the 
a;’s and 6;s are elements of S. Wehavea 6==may+rsa2+...+ 
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Padat+(—Sy) by+(—S2) ba-+...+(—5m) bn. Obviously a—)d is an 
clement of L(S) because it is also a linear combination of some 
elements of S. Thus a, bEL (S)>a—b € L(S). Hence L(S) is 
an additive subgroup of M. 

Now if ris any element of R and a=r,a,4+?saq-+ ... rete i8 
any element of L(S), then ra=r (ri@y+redgt --- + raQe)=F (riti)+ 
$F (7eGn)=(rry) Qe... + (ra) Qa. Since rry,..., r’a € R, there- 
fore ra is also a linear combination of some elements of S. Thus 


r@ R,a€ L(S)> rae L(S). Therefore L(S) is a submodule 
of M. 


Also each element of S belongs to L(S) because if a; € S, 
then a;=1a,; where 1 is the unity element of the ring R. Note that 
M isa unital R-module. Now a;=la, > a, € L(S). Thus L(S) 
is a submodule of M and S is contained in L(S). 

Now if W is any submodule of M containing S, then each ele- 
ment of L(S) must be in W because W is to be closed under scalar 


ene and addition Therefore L(S) will be contained 
inW. 


‘ ae L(S)=(S) ie., L(S) is the submodule of M generated 
y 5. 

§ 4. Linear sum of two submodales. Definition. Let A and 
B be two submodules of an R-module M. Then the linear sum of 
the submodules 4 and B denoted by A+B is the set of sums a+) 
such that a2 A, DEB. 

Thus 4+ Be {a+6 .aGA, be B}. 

Theorem. Jf A and B are submodules of an R-module M, then 
A+B is also a submodule of M. 

Proof. Let c=a,+5,, d=a,+b, be any two elements of 
A+B. Then @,a2€ Aand 6,6, E€ B. We have c--d=(a;+ 6) 
— (a2 + bz) =(ay — d2)+(b,-—5,). Since Ais an additive subgroup 
of M, therefore a,;,a2 G A> a—a3 EC A. Similarly &4—}b.EB. 
Therefore (@,—a.)+(6,—62) € A+B. Thus ¢,d € A+B c—d 
= A+B. Therefore A+B is an additive subgroup of M. 

Now letr € Rand c=a,4-b, € A+B. We have 
re=r (a,-+ 6;)=ra,+rd,. Since A is a submodule of M, therefore 
rER,a € A> ra, GA. Similarly rb, € B. Thus ra+rh, € 
A+B. In this way r € R,c € A+ B>rcEG A+B. Hence A+B 
is a submodule of M. 

§5. Direct sum of submodules. Module as a direct sum of 
submodules. Definition. Let Mf he an R-module and My, M2,...,Ma 
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be sub odules of M. Then M is said to be the direct sum of M,, 
M2,..., Maif every element a & M can be written in one and only 
one way as a=c, |} a24 ... +0, where a4,€ My, a,€ Mo,..., an Ma. 

If a module M jis a direct sum of its submodules M, and M2 
then we should have not only M=Mi+M,z but also that each 
element of M can be uniquely expressed as sum of an element of 
M, and an element of M2. Symbolically the direct sum is repre- 
sented by the notation M=M,DMsz. 

Theorem. Tie necessary and sufficient conditions for a module 
M to be a direct sum of its two submodules M, and Mz are that 

(i) M=M\4+M, 
and (ii) MiQ\M,=({0}. 

The proof of this theorem has been left for the reader. 


§ 6. Homomorphism of modules or linear transformations. 

Definition. Let M and N be two R-modules. A mapping T 
from M into N is called a homomorphism (or R-homomorphism or 
module homomorphism) if 

(i) T(my+m2)=T(m) + Tim) 4 m4, mE M 

(ii) T(rm)=rT(m) ¥ re R, mEM. 

if Tis a homomorphism of M onto N, then N is called a 
homomorphic image of M. 

If T is a homomorphism of M into N and if the mapping T ts 
one-to-one, then 7 is called an isomorphism of M into N-. 

Note. Sometimes the image of m under Ti e., Tm or Z(m) 
is also written as m7. 

Theorem 1. [If T is a homomorphism of an Remodule M into an 
R-module N, then 

(i) 7(0)=0, 

(ii) T(--m)=— Tim), 

(iii) Tn, — me) = Tn) — T(m:) for all m, mm, mE M. 

The proof of this theorem has been left for the reader. 

Kernel of a homomorphism. Definition. Let T be a homomor- 
phism of an R-module M into an R-module N. The kernel K(1) of 
T is defined as 

K(T)={me M : T(m)=0 where 0 is the identity element of the 
additive group N}. 

Theorem 2. The kernel of a homomorphism is a submodule. 

Proof. Let K(T) be the kernel of the homomorphism T of 
an R-module M into an R-module N. Then K(M={m © MM: 
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T(m)=0}. To prove that K(7) is a submodule of M. Since 
7(0)=0, therefore at least 0 € K(T). Thus A(T) isa non-empty 
subset of MM. 

Now let mm,m,€ A(T). Then 7(m)=0 and T(m.)=0. 
We have T .my—myz)==T (1m) — T (m.) =0 —- 0=0. Therefore 
imy—m, € K(T). Thus K(7) is an additive subgroup of M. 

Again letr@ Randm © K(T). Then T(m)=0. We have 
T(rm)=r T(m)=r0=0. Therefore rm € K(T). Hence X(T) isa 
submodule of M. 

Theorem 3. The range of a homomorphism is a submodule. 

Proof. Let 7 be a homomorphism of an R-module M into an 
R-module N. Let /(7) denote the range of T. Then 1(T)={7T(m) : 
m & M}. To prove that /(T) is a submodule of N. 

Let 7(7), T(mz) be any twoelements of /(7} where m1, mE Af. 
We have T (m,)—T (m2) =—T (m—m.) € I(T) since m—mE M. 
Therefore /(7) is an additive subgroup of WN. 

Again let r be any element of R and 7(m) be any element of 
I(T) where mG&M. We have r T(m)=7(rm) € KT) since rm G M. 
Hence J(T) is a submodule of N. 

Theorem 4. Let T be a module homomorphism. Show that T 
is an isomorphism if and only if K(T)=(0). 

Proof. Let Tbe a homomorphism of an R-module M into 
an R-module N, First we shall prove that 7 is an isomorphism if 
kernel of T f.e., A(7)=(0). If nn, mz EG M, then 

T(nty) = T(z) > T(nn) — Tung) =0 > Tum, = mz2)=0 

> m—in, € K(T) > m ms.=0, since K{T)=(0). 
=> m=, => T 1s one-to-one > T is an isomorphism. 

Conversely suppose that Tis an isomorphism /.e., T 15 one- 
to-one. Then to show that A'T)=()). Letm ce K(T). Then 
T(m)=0—27(0). But 7 is one-to-one. Therefore 7(m)=T7(0) gives 
m=0. Thus mE K(T) > m=0. Hence K(T)=(0). 

§ 7. Quotient modules. Let A be any submodule of an 
R-module M, Then 4 is a subgroup of the additive group M. If 
me M, then A-++-m is a coset of Ain M. Let M/A denote the set 
of all cosets of Ain M i.e., Jet M/A={A4+m:meE M}. We 
know that if A+an and A+, are two cosets of Ain M, then 
A+m=A+m, << m me A. Now we shall give a module 
structure to the set Af/A over the same ring R. For this we shall 
have to define addition in Af'A and multiplication of an element 
of M/A by an element of & i.e., scalar multiplication, 
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Theorem 1. Jf Ais any submodule of an R-module M, then 
the set M/A of all cosets A+-m where m is any arbitrary element of 
M, isa module over R for the addition and scalar multiplication 
compositions defined as follows 

(A-++m,)+(A+m:) = A+(m, +m) ¥ m1, m, SM 

r(A+m)=A+rm ¥ r&R, mEM. 

The R-module M/A is called the Quotient module of Jf rela- 
tive to the submodule A. 

For proof of this theorem proceed as in theorem on page 441 
in the chapter 6 on vector spaces. 

Theorem 2. Suppose M isan R-module and A is a subinodule 
of M. Let T be mapping from M into M/A defined by T(m)=A--m 
¥ mE M. Then Tis an R-homomorphism of M onto M/A and 
Kernel T= A. 

Theorem 3. Fundamental theorem on homomorphism of mo- 
doles. Jf T is a homomorphism of an R-module M onto an R-module 
N with K(T)=, then N is isomorphic (as a module) to M/A. 

The proofs of both these theorems have been left for the reader, 

§ 8. Cyclic modules. Definition. An R-module M is said to 
by cyclic if there is an element meGM such that every mEM is 
of the form, m=rm, where rE R. Also my is called a generator of 
M and we write M=(mg). 

For R, the ring of integers, a cyclic R-module is nothing 
more than a cyclic group. 

Theorem. Let M be a unitai R-module and for a fixed element 
mEM let A={rm:rGR}. Then A is a cyclic submodule of M 
gencrated by m. 

The proof of this theorem has been left for the reader. 

§ 9. Finitely generated Modules. Definition. An R-module M 
és said to be finitely generated if there exist elements ay, do,...,an,EM 
such that every m in M is of the form m=ry0,-+Prid3t ..+ rads Where 
Py, Ta. +, Va E R. 

Now we come to the main theorem of this chapter. This 
theorem is known as the fundamental theorem on finitely generated 
untial modules over Euclidean rings. 

Theorem. Let R bea Euclidean ring; then any finitely gene- 
rated R-module, M, is the direct sum of a finite number of cyclic 
modules. 

Proof. It is given that M is a finitely generated R-module 
where R is a Euclidean ring. We shall call those generating sets 
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which have as few elements as possible minimal generating sets and 
the number of elements in such a minima! generating set the rank 
of M. We shall prove the theorem by induction on the rank of M. 

To start the induction we see that if M is of rank 1, then M is 
generated by a single element and so M is cyclic and the theorem 
is true. Now assume as our induction hypothesis that the theorem 
is true for all R-modules of rank k —1. If M is a R-module of rank 
k, we are to show that the theorem is true for M. 

If for any given minimal generating set cy, Cs,..., C, of Mf, any 
relation of the form ryCy+rgCgt----rece=0 (ER) implies that 
74Cy=F2Ca= ». = ,cR=0, then'obviously M is the direct sum of Mj, 
M,,..., My where each M, is acyclic submodule of M generated 
by cy. So in this case we are left nothing to prove. Consequently, 
given any minimal generating set by, d,,..., b& of M, there must be 
elements rj, r2,..., rf, of R such that r,5,+rebg+... + reO,=0 and in 
which not all of ryb,, raba,..., red, are O. Among all possibic rela- 
tions of this type for all minimal generating sets let s; be the 
element of R whose d-value d (sy) is minimal. Let the generating 
set for which it occurs be aj, ds,..., @. Thus 


5103+ SqQ_ + oot Spay, =-9. (I) 
Now we claim that if 
104+ FgQe+- ----+750e=9, »«0(2) 


then s, is a divisor of r. Since 5, ry are elements of a Euclidean 
ring R, therefore there exist m, t € R such that rys=imS,+t where 
either #==0 or d(t) < d(s,). Multiplying (1) by # and subtracting 
from (2), we get 
(ry—iS3) Gy +(ra—MmSg) yt ---- (ra — 5K) a,==0 
or 1a, +(ra—mS) dg + »-. (re --mSx) an =O. .-(3) 
If t40, then d(t) < d(s,) and so the relation (3) contradicts 
our choice of 53. Therefore we must have (=0. Then 4=ms,+ 
gives ry=ms, and so 5, is a divisor of n.- 
Our next claim is that s, isa divisor of s;, for 1=2, 3,..., k, 
Let us show that s, | 53. Since s,, 5: are elements of R, therefore 
there exist m2, 1:€.R such that sy=masy+/, where either #2=0 or 
Ut.) < d(sa). Now ay’ =@i-+imidy, Gx; Gay ++» Oe also generate M, 
Ve have 
54x + log + Sala t+... Ske 
== Sq (By + 19g) + heat Sadat ++ + Skip 
= 5,0, +(Symetts) G+ set + Sx 
m= 5404 + Soll} ... + 540K =U. «004) 
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If 42340, then d (t,) < d(s,). Therefore the relation (4) i-e., 
5,01’ +124,+... +5,4,=0 contradicts our choice of s;. So we must 
have fe=0 and this makes s.=mey and thus s;| 52 Similarly we 
can show that 1 | s;, i= 3, 4,..., k. Let us write 53=125,, Sa=masy, 
recy SKM=MN;,5S]}- 

Consider the set a,*, Gz, @s,..., ce where a)*=@1+ meaat ... + 
ma,. Obviously a1*, d2,..., ak generate M. Let M, be the cyclic 
submodule of M generated by a* and Mz be the submodule of M 
generated by az,....a, We claim that M=M,@ M2. For this 
we are to show that M=Mz+Mz2 and M; NM M,=(0). Since M is 
generated by a.*, @z,...,@,%, therefore M=MitM2. Now let 
B GM, 1 M,. Then B © Mi, 8 © Mz Since B © M,, therefore 
B=r4a,* forsome mn € R. Also B G M2 > B= rnas+...+ rkdy for 
some rs,..., % E R. From these we get 

14Qy* =P2@2 + ...+ re 

> r4a,* -—~ gz ~ oe. > TR I= 0 

=> ry (ar -} meQe+... Kak) — rede ---..— rhae=9 

a P,Q, + (ryme- -Fo) dgt...-+ (rim — r;) a, =9. (5) 

In the relation (S) between ay,..., a% the coefficient of a1 iS r1. 
Therefore by what we have proved above s is a divisor of rn. 
Let ry= ps, where p © R. We have 

B=ryaq* =(psy) ay* =p (5171*) 

=p [5 (ay 4- mgdgt+...+mar)] 
= Pp [514,+ Sytedg +... + sync] 
=p (8:41 +5gQo+...+ spa)=p '=9. 

Thus B € MiQ Mz, = 8=9 Therefore Mi 1 M,=(0). 
Hence M=M, @ Mz. Now Mz is generated by ayz,..., ax. Tnere- 
fore rank of Ma is at most K—1. So by our inductivn hypothesis 
M, is the direct sum of cyclic modules. Hence M is the direct 
sum of cyclic modules. The proof of the theo em is now complete 
by induction. 

Corollary. Any finite abelian group is the direct product (sum) 
of cyclic groups. 

Proof. Let G be a finite abelian group. Then G is an 
R-module if RX is the ring of integers [See example 1 page 469]. 
Obviously G is finitely generated, in fact G is generated by the 
finite set consisting of all its elements. Also the ring of integers 
is a Euclidean ring. Therefore by the above theorem G is the 
direct sum of cyclic submodules. Buta cyclic module over the 
ring of integers is nothing more than a cyclic group. Hence G 
isthe direct sum of cyclic groups. 
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Ex. 1. Let M be an R-module. Show that if 1 is a right ideal 


of R, then the totality of elements y © M such that by=0, for all 
b € lisa submodule of M. 


Solution. Let A={y: y © M and by=Ofor allb E tf}. To 
show that A is a submodule of M. Let yx, y, E A. Then by,=0, 
by,z=0 for all bE /. Forallb € J, we have b (Yy~- yo)==byy - bys 
=Q--0=0. Therefore y,—y, € A. Thus 4 is an additive sub- 
group of M. 

Now letr€ Randy € A. Then by=0for all b € /. 

If 6 is any element of /, then br © / because / is a right ideal 
of R. Now 6 (ry)=(br) y=0 because br € J and by=0 for all 


bE TL. Thus b(ry)=0 for all b € J. Therefore ry © A. Hence 
A is a submodule of M. 


Ex. 2. Prove that any unital, irreducible R-module is cyclic. 

Solution, Let M be a unital irreducible R-module, Then the 
only submodules of M are (0) and M itself. To prove that M is 
cyclic. If M=(0), then obviously M iscyclic. So let us take 
M#(0). Let my G M and let mo0. Let A={rnig: rE R}. Then 
obviously A is a submodule of M@. If 1 is the unity element of the 
ring R, then M is unital implies that lme=mo. Krom our defini- 
tion of A we see that lg=nto © A. Since me0, therefore A is 
a submodule of M such that A:4,0). But M is irreducible. There- 
fore we must have A=M. Thus M ={ring:r € R}. Therefore if 
m is an arbitrary element of M, then m=rm, for some rER. Thus 
M is cyclic. 

Ex. 3. Let M be an R-module ; ifm E M let A(m)={x € R: 
xm=0}. Show that A (m) is a lefi ideal of R. 

Solution, Let x1, x, € A (mm). Then xym=0 and x,m=—0. We 
have (x|— x3) m=x,3m—x2m=0-O0=—0, Therefore X3—x3 E A(m). 
Thus A (m) is an additive subgroup of &. 

Now let r © R and xG&A (m). Then xm=6, We have (7x) m= 


r(xm)=r0=0. Therefore rx € A (m). Hence A (m) is a left ideal 
of R. 


Ex. 4. IfAivaleft idealof R and M is an R-module show that 
form & M, Am={xm :x E Aj is a submodule of M. 

Solution. Let x,m and xgm be any two elements of Am. Then 
21, Xp E A. We have xym—xgm—=(xy—xa) mE A(m) because 
Xi, X2 E Nand A isa left ideal implies that x1-—x2 € A. Thus Am 
is an additive subgroup of M. 
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Now let r@ Randxm € Am. Thenx GA We have r (xm) 
==(rx) m dm because r E R, x E A and A is a left-ideal implies 
that rx G A. Hence Am is a submodule of M. 

Exercises 

1. Suppose that R isaring with unity and that M isa module 
over R but is not unital. Prove that there exists an m0 in 
M such that rm=0 for all r € R. 

2. IfM isan irreducible R-module prove that either M is cyclic 
or that for every m € M andr & R, rm=0. 

3. If A and B are submodules of M prove that 

(A+ B)/B is isomorphic to A/(A B). 

4. Let M,N, Q be three R-modules, and let T be a homomor- 
phism of M into Nand S a homomorphism of N into Q. 
Define ST: M->Q by (ST) (m)= |T(m)] for any m E M. 
Prove that ST is an R-homomorphism of M into Q and deter- 
mine its kernel, K (ST). 

5. LetMbe an R-module and let E(M) be the set of all R- 
homomorphisms of M into M. Make appropriate definitions 
of addition and multiplication of elements of E (M) so that 
E (M) becomes a ring. 
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Extension Fields and Galois Theory 
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A field is a commutative ring with unit element in which every 
non-zero element possesses a multiplicative inverse. If F is a field 
and 0a, bE F, then a™! 5 is sometimes also written as b/a. There 
is no ambiguity in writing a7! 6 in this form because in a field 
ab=ba", We say that b/a is an element of F obtained on divi- 
ding b by a. Thus a field is a commutative ring in which we can 
divide by any non-zero element. This chapter will be devoted to a 
study of the theory of finite field extensions and also we shall have 
some discussion on Galois theory. 


§1. Field extensions. Definition. Suppose F is a field. Then 

a field K is said to be an extension of F if F is a subfield of K. 
(Meerut 1981, 84) 

In the chapter on vector spaces we have shown that if F is a 
subfield of a field K, then K can be regarded as a vector space over 
F under the ordinary field operations in K The dimension of the 
vector space K (F) will play an important role in this chapter. 
Throughout this chapter K will denote an extension of F. 

Degree of a field extension. Definition. 

(Meerut 1978, 81, 84 P ; Vikram 77) 

Let K be an extension of the field F. The dimension of K asa 
vector space over F i.e., the dimension of the vector space K (F) is 
called the degree of K over F. Weshall always denote the degree 
of K over F by [K: F]. 

Finite field extension. Definition. (Kanpur 1971) 

Let K be aa extension of the field F. Then K is said to bea 
finite extension of F if the degree of K over F is finite. Thus K is 
a finite extension of F if the vector space K(F) is finite dimen- 
sional. 

In this chapter we shall devote particular attention to finite 
field extensions because of their importance in the study of the 
theory of equations. Before proceeding further we want to give 
some illustrations of field extensions. 
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Tilustrations : 

1. If Fisany field then F can be regarded as a subfield of 
F, Therefore F can be thought of as an extension of F. The 
dimension of the vector space F(F) is one. In fact the unit ele- 
ment 1 of F is a basis of this vector space. Thus the degree of F 
Over F is one f.e.,(F: Fle 1. 

2. The field C of complex numbers is a finite extension of the 
field R of real numbers. Also we have [C : R]=2. The set {1, 7} 
meee i=4/(— 1) is a basis of the vector space C(R). If a, bER, 
then 

al+bi=02a=0, b=0. 

Therefore the set {1, i} is linearly tnderendent over R. 

Also if at+ibGC, then a}ih is a Jinear combination of 1, ? 
over R. Thus the set {1, 7} generates C(R). Therefore the set {1, i} 
is a basis for the vector space C(R). (Meerut 1980) 

3. Tet Q be the field of rational numbers. The field 
Q(V 2)={a |-hbY2: a. bEQ} is a finite extension of Q. We have 
(Q(vV 2) : Q]=2. In fact the set (1, 4/2} is a basis of Q(./2) regar- 
ded as a vector space over the field Q 

4. The field 

QV 2. 3) =fathv 2+eV3 bdV2/3 : a, b, c, dEQ} 
is a finite extension of Q. We have [Q(/2, 3) : Q]=4. As can 
be easily seen the set {1, W/2, V3, 24/3} is a basis of Q(V/2,4/ 3) 
thought of as a vector space over the field Q. (Meerut 1981, 82) 


§2. Transitivity of finite extensions. 
Theorem 1. Jf Lisa finite cxtension of K and if K is a finite 
extension of F, then L is a finite extension of F. Moreover, 
[L: Fj]=[£L: K] [K: F). 
(Banaras 1970; Kurushetra 70; Meerut 79, 80, 82, 83P, 84P; 
G.N.D.U. Amritsar 82; Vikram 76) 
Proof. Let K be a subfield of L and F be a subfield of & i.e.. 
LDKDF. Let {L: KJ=mand[K: F]=n. 
SUPPOSE 04, Gyy--+) Gy iS a basis of L over K and fy, Bz .., Ba is 
a basis of K over F. Then ay,..., amG L and fy,..., BaEK. Since 
KCL, therefore f;,.... B2REL. Consequently the ma elements «8; 
where j= 1,.... m, jml,...,m are all in £Z. We shall prove that 
the set of these mn elements forms a basis of L over F. Then we 
shall have [L : FJ=mni.e., L will also be a finite extension of F 
and also we shall have {L : F]=[Z: K] [K: F}. 
Thus the theorem shall be proved. 
First we shall show that the set {%,8;} generates L over F. Let 
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y be anyelement in L. Since {x,,..., am} iS a basis of L(K), there- 
fore y can be expressed as a linear combination of o3,..., Ge Over 
the elements in K. So we have 


yo 2 hit, MEK. (I) 


Now k; € K and {fy, .., Ba} is a basis of KF). Therefore we 
have 


= x fo Bi fi € F. sola) 


From (1) and (2), we have 


y= z (2 fir Bs) a s By fu (031). fur € F. 


my snl 
Thus ¥ is a linear combination of the elements o,4, over F. 
Therefore the set of mn elements a8; generates the vector space 
L(F). Now we shalt show that the set {z,3,} is linearly mdependent 
over F. We have 


im] , 


>: z fis (upy)=0, fae F > P) (2 fir By) a“, =0 


=> J fis p7=0 for i=1,.,m, since {74, .., am} is a basis of 
1 


(kK) and each fi; By E K 
> fiy=0 for iel,..., m, f=l, -, msince {P,..., pa} is a basis 
of K( Fy and each fy © F 

=> the set {a,8y} is linearly independent over F. 

Hence the set {7,8;} is a basis of L over F. This proves the 
theorem. 

Theorem 2. Jf L is a finite extension of F and if Kisa 
subfield of L which contains k, then (K: FJ {([L: Fli.e., (A: F] ts 
a divisor of [L: F). 

Proof Let L, K, F be three fields in the relation LDAKDF. 
Suppose further that [L: F] ts finite and is equal ton. Let 
{a3,..., &a} be a basis of £ over F. Then {a,,.--, a} generates 2 
over F. Since K > F, therefore any linear combination of 
G1,--, & over & will also be a linear combination of a, .., & 
over K. lherefore the set {%1,..,4.} also generates. 2 over K 
though it may not be linearly independent over K. Since L(K) is 
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generated by a finite set, therefore it is a finite dimensional vector 
space and so [L : K] is finite. Further K(F) is a subspace of L(F). 
Since [L : F] is finite therefore [K: F] is finite. Recall that each 
subspace of a finite dimensional vector space is also finite dimen- 
sional. Now by theorem (1), we have 

[L: FJ=[L : K] [K: F] > [K: F] is a divisor of [L : F]. 

Note. From theorem (2) we conclude that if [L: F] isa 
prime number, then there can be no field K properly contained 
between L and F. In other words if [Z : F] is prime and K is any 
subfield of L containing F, then either we have K=L or we have 
K=F, 

§3 Field adjunctions. Suppose K is an extension of a field 
F. Leta € K. Suppose Cis the collection of all subfields of K 
containing both F anda. C is not empty because at least K itself 
isin C. Now the intersection of an arbitrary collection of sub- 
fields of K is also a subfield of K. Let #(a) denote the intersection 
of aJl those subfields of K which are members of C. Then F(a) 
is a subfield of K. Obviously F(a) contains both F and a because 
each member of C contains both F anda. Thus F(a) is a member 
of C. Further if E is any subfield of K containing both F anda, 
then F(a) will be contained in E. The reason is that F(a) is the 
intersection of the members of C and E is a member of C. Thus 
F(a) is a subfield of K containing both Fanda_ and itself is con- 
tained in any subfield of K containing both F and a. Thcrefore 
F(a) is the smallest subfield of K containing both F anda. We call 
F(a) the subfield obtained by adjoining ato F. Here a has been 
adjoined to F and the process is called fie.d adjunction. 

Constructive description of F(a). Suppose XK is an extension 

kpa®+kya"34+ ...4kn , 
ofa field F. Let ae K. Let ue : the k; 
and /; are elements in F, la™-++-ha"-1+-...+/n is not equal to the 


zero‘element of K and n, m are any non-negative integers 


Obviously U is a subfield of K. It can be easily seen that 

(i) «, B&U > «-—feu 

(ii) s€0,O4ABEU > a/PEVU, . 

Thus U is a subfield of K. We claim that U= F(a). 

Obviously U contains both F and a. Therefore U is a subfield 
of.K containing both F and a. This implies that UDF(9). 
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Further any subfield of K which contains both F and a, by 
virtue of closure under addition and multiplication, must contain 
all the elements k,a"+k,a"-1+-...4+k, where each k; © F. Since 
F(a) isa subfield of K containing both F and a, therefore F(a) 
must contain all such elements. Being a subfield of XK, F(a) must 
also contain al] quotients of such elements. Therefore F(a) must 
contain Uie., F(a) 2 U. 

Now U > F(a) and F(a) DU => U= F(a). 

Simple field extension. Definition. The extension K of a field 
F is called a simple extension of F if K= F(a) for some a in K. 

(Meerut 1981, 82, 83) 

Let K be an extension of a field F. Leta, bE K. Let T=F(a). 
Since F (a) is a subfied of K, therefore Kis also an extension of 
F(a). Let W be the subfield of K obtained by adjoining 5 to F(a). 
Then W=(F(a)) (6). We shall write (F(a)) (b) as Fla, 5). Simi- 
larly we can describe F(b, a). We have 
F(a, b)=(F(a)) (6) 

=:the smallest subfield of K conatining both F(a) and 6 

=the smallest subfield of K containing F,a and 6 be- 
cause any subfield of K which contains both F and a 
must contain F(a). 

Similarly F(b, a)=the smallest subfield of K containing F, a 
and b. 

Since the subfield of K generated by F, aand 5 is unique, 
therefore F(a, b)=F(b, a). 

Thus F(a, 5) is the subfield of K obtained by adjoining both 
a and b to F. 

Similarly if Q3, 43,.--,5 a E K, then F (ay, s,.--, aa) will be 
described as the subfield of K generated by F, a;,...,@,. In other 
words F (a,, @z,..., dn) will be the smallest subfield of K containing 
F as well as ay, Qz,..., Gn: 

§ 4. Algebraic field extensions. 

Let g(x) € F [x], the ring of polynomials in x over F. Let 

Q(x) = agXx™ + ayx™-2 + .. ey, 

Suppose b€ K where X is any extension of F. Then by 9(b) we 
shall mean the element ag/”"+0,:0""-»...+-a, in X. Sometimes 
q(b) is also called the value of q(x) obtained by substituting 5 
for x. The element 5 is said to satisfy q (x) if 7 (6)=0. Also then 
we say that b is a root of g (x). 

Algebraic element. Definition. Let K be an extension ofa 
field F. An elementa & K is said to be algebraic over F if there is 
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a non-zero polynomial p(x) F(x] for which p(a)=0. (Kanpur 1986) 
In other words a&K is said to be algebraic over F if there 
exist elements fo, Ba, ..., 8, in F, not all 0, 3uch that 


B,a®+ Bya®—? +....-+8, =0. 

Transcendental element. Definition. Let K be an extension of q 
field F. An element aGK is Said to be transcendental over F if it is 
not algebraic over F. 

Definition. A complex number is said to be an algebraic num- 
ber if it is algehraic over the field of rational numbers. 


A complex number whith is not kigebraic is called transcen- 
dental The number é¢ is transcende:.tal. 
Minimal polynomial of an algebraic element. Definition. Let 
K be an extension fa field F. Let a€ K be algebraic over F. 
Suppose p(x) is a polynomial over F of lowest positive degree satis- 
fied by a. Then p(x) is called a minimal polynomial for a over F, 
let us impose the restriction on minimal polynomial for a 
over F that it should be monic ie., that in it the coefficient of 
highest power of x should be 1. Then we can speak of as the 
minimal polynomial for a over because it will be unique. 
Theerem 3. Leta € K be algebraic over F. Then any two 
p:inimal monic polynomials for a over F are equal. 
Proof Let x*fayx®t+...4 0, and x"+Frxtt+...+B, be 
two minimal monic polynomials for a over F. Then 
at-+ 03a" A+... bo,=O0= a" + Bia"-3+ ...-1-4, 
=> a4 aa —t+ ... +O =a"-| Bra 14... 4 Ba 
=> (&:—P3) at +(e, Bd at +...+4 (0% — Bn) =0 
> a satisfies the polynomia! g(x) = (61-- fr) x* 4+...+(an— Bg) 
belonging to F{x] 
=> q(x) must be the zero polynomial because minimal polyna- 
mial for a over F is of degree n while q(x), if it is not the 
zero polynomial, is of degree less than n 
= a. —Pi=O0, rae y On—Po=O>0,=8).,... > Oi= By 
a> X94 x8 F-f-..-f ae X%4-Byvt 14 +B. 
This completes the proof of the theorem. 
Irreducibility of minimal polynomial, 


Theorem 4. Let a € K be algebraic over F and let p(x) be a 
yninimal polynomial for a over F. Then p(x) is irreduci‘le over F. 


Proof. Suppose p(x) is a polynomial in F{x] of smallest 
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positive degree such that p(aj=0. Suppose p(x) is not irreducible 
over F. Then p(x) can be resolved into non-trivial factors. Let 
p(x)=f(x) g(x) where f(x) and g(x) are polynomials of positive 
degree in F[x] and each of them is of degree less than that of p(x). 
We have 
p(a)=f(a) g(a) + 0=f(a) &(a) [""  @ satisfies p(x)] 
=> f(a)=0 or g(a)=0 
=> a satisfies f(x) or 2(x) 
=» p(X) isnot a minimal polynomial for a over F because 
deg f(x) < deg p(x) and deg g(x) < de, p(r). 

Since p(x) 1s a minimal polynomial for @ over F, therefore 
our assumption that p(x) is not irreducible over / 1s wrong, Hence 
p(x) must be irreducible over F. , 

Degree of an algebraic element. Definition. Let K bz an exten- 
sion of the field F. The clement a€ K is said to be algebraic of degree 
n over F if it satisfies a nun-zero polynomial over F of degree n but 
no non-zero polynomial of lower degree. 

Thus a € K is algebraic of degree n over F if the minimal 
polynomial for a over # is of degree n. 

Algebraic extension. Definition. The extension K of F is called 
an algebraic extension of F if every element in K is algebraic over F. 

If there exists a © K such that a is not algebraic over F, then 
K is called a transcendental extension of F. 

The field C of complex numbers is an algebraic extension of 
R, the field of real numbers. 

The fie!d R of real numbers is not an algebraic extension of 
the field Q of rational numbers. In fact 7 is an element of R 
which is not algebraic over Q. It was proved by Hermite in 18/1 
that there exists no non-zero polynomial with rational coefficients 
satisfied by x. 

If F is any field, then F is an algebraic extension of F. If 
ae F, then a satisfies non-zero polynomial 1x~—a@ in F[x]. 

Theorem 5. Let K be an extension of a field Fand lett a& K 
be algebraic of degree n over F. Then 

F(a)={fot+hya-+ Ba? +... +Ba-y a * : Ge, Bas... Bror& FH, 

Also the expression for euch element of F(a) in the form 
Po} Byat-o+e + Bu-y a7) is unique. 

Proof. Ifn=1,thenaé F. Therefore in this case Fla)=F 
and the result of the theorem is obviously true. 
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So let us take n>1. Since a€ K is algebraic of degree m over 
F, therefore the minimal polynomial for a over F is of degree 7. 
Let p(x)=2x®-+a,x"-2+ ...4+a, be the minimal polynomial for a 
over F. Then 
a*- aya*-1 +... 4+a,=0 
> gt= —(a,a" 34 ..+a,) (1) 
=> atthe -- (a,a"-+ ~a"-?+...+ 4,4) 
fon multiplying both sides by a] 
o> ght) as —[— cry (8297+... + on) + aga 2+... + aa] 
[putting the value of a, from (1)} 
=> a"tl is a tinear combination of the elements 1, a, ..., a** 
over F. 
Continuing the above process we can show that a"**, for & 0, 
is a linear combiration over F of 1, a, ..., a. 
Now let 7={Bo+A1a+ ---+Bn—-ya""? : Bo, B1,---» Bn 1 F}. 
We shall show that 7=F(a). For this we shall first prove 
that 7 is a subfield of K. 
Let w= Bo+ Piat... + Boy a3, vE%yot71a+...+Y%e-1 a") be 
any two elements in T. Then 
tt— v= (Be— Ye)-+ (By — 71) A+... + (Ba-1- Yn-2) ET. 
Now let 034u=8o+/ia+ ...+3n-1 2} be in 7. 
Let g(x)=Bet+Pix+ »--+Bn-1 x" 7EF[x]. Then q'a)=u-~0. 
We claim that g(x) is not a divisor of p(x). Because if g(x) 
is a divisor of p(x), then we must have p(x)=(dgx + 4) q(x) where 
d_xX-+ a, is a non-zero polynomial in F{x]. 
Putting x=<da in this relation, we get 


p(a)=(aed-+a,) g(a) 
x» O=(aea-+ a) 9(2) (° p(a)=0] 
=e aa)+a,=0 es q(a)0} 


=> a satisfies a polynomial a)x-++a, of degree 1 over F because 

deg p(x)=n which is >1. 

Therefore g(x) is not a divisor of p(x). Since p(x) Is irre- 
ducible over F, therefore g(x) and p(x) must be relatively prime. 
Consequently we can find polynomials s(x) and t(x) in F[x] such 
that p(x) s(x)+ q(x) (x)—=1. Putting x=a in this relation, we get 


p(a) s(a)+9(a) K(a)=1 
=> g(a) t(a)=1 [°° pla)=0} 
=> wuf(a)=! [  ga)=u] 


=> 1(a) is the inverse of u. 
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Now in ¢(a) all powers of a higher than 7- 1 can be replaced 
by linear combinations of 1, a, ..., a2 over F. 

Therefore t((@)ET. Thus 1(a)=u€T. 

Now in the product u-?v all powers of a higher than n—1 can 
be replaced by linear combinations of 1, a, ..., a7"? over F. 

Therefore 04u, vET > w1vET. Thus T is a subfield of K. 

Now from the definition of 7 it is obvious that both F and @ 
are in 7. Also by virtue of closure under addition and multipli- 
cation any subfield of K which contains both F and a must contain 
T. Thus T is the smallest subfield of K containing both F and 
a. Hence T= F(a). 


Now let w@T. Further let u—f£o+f\a+4+...4+ Bat a®-) and 
also U=Yetnrat ...+%~a-10"). Then 
Bot Fiat... + Bp12°-2=Yo+ Vad 00+ Yuya? 
=> (Bo—vo)+(Py—¥1) a+... + Baa — Ya-y) 87 =0 
=> a satisfies the polynomial 


h(x) = (Bo — ¥o)-+(By— ¥x) X4+.«-. + (Ba—a— Yu- a) x? 
belonging to F{x] 
x» h(x) must be the zero polynomial because otherwise a will 
not be of degree n over F 
[Note that if h(x)#0, then deg A(x) < a] 
> Bo—7o =90, B,—y1=0,..., Ba-1— Yr-2= 

> Bo=Yo, By=71,---5 Ba-1=Yn-1 

=> the expression for u in the form Bo+ fia+---+Ba-12"" 18 

unique, 
Theorem 6. Let K be an extension of a field Fand lee aG kK 
be algebraic over F. Suppose a satisfies an irreducible polynomial 
p(x) in F[x]. Then p(x) must be a minimal polynomial for a over F. 
Proof. Let M={ f(x) F[x] : f(ay=0}. We claim that M is an 
ideal of Fix]. The proof is as follows : 
Let f(x), g(xjEM. Then f(a)=0, g(a)=0. 
Let s(x)=f(x)—g2(x). Then s(a)=/(a)- g(a) =0-—0=0. 
. SEM. 

Also let ((x)EM and h(x)E F[xj. Then f(a)=0. 

Let t(x)=f(x). h(x). Then t(a)=/(a). h(a)=0. h(a) =0. 
“ NxEM. 

Hence M is an ideal of F[x]. Obviously M#[x]. Because 
if f(x) =1E F[x], then f(a)= 10. 
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Then f(xJ=1 is not in M. Therefore M4#F { x]. 

New p (x) 18 an irreducible polynomial in F [x]. Therefore 
the ideal N=( p (x)) of F [x] generated by p (x) is a maximal ideal 
because F(x] is a Euclidean ring. We have p(x) € M because 
it is given that p(a)=0. Now if n (x)—m (x) p (x) is any element 
of (p(x)), then n(a)—m(a) p(a)=0. This implies that n(x) is in M. 

Thus N € M. Therefore M is an ideal of F[x] contained bet- 
ween N and F [x] i.e.,N CM © FY[x}. 

Since N isa maximal ideal and M54F[x], therefore we must 
have N=M > M =(p(x)). 

Now suppose that p(x) is not a minimal polynomial for a over 
F. Let g(x) be a polynomial in Flx] of degree lower than that of 
p(x) and satisfied by a, 

Since g(a)=0, therefore g(x) & M. 

“.  Q(x)= p(x) r(x) for some r(x) & FIx], 

But this result is absurd because deg q(x) < deg p(x), 

Hence p(x) must be a minimal polynomial] for a over F. 

Theorem 7. Let K be an extension of a field F. Then the 
elementa & K is algehraic over F if and only if F (a) is a finite 
extension of F. 

(1.A.S. 1971 ; Kanpur 80 ; Meerut 77, 78, 79, 81, 82, 83, 84; 
Banaras 72 ; Calicut 75) 

Proof. Suppose F(a) is a finite extension of F. Then to prove 
that a is algebraic over F. Let [F(a): F]=m. Since F(a) is a 
ficld and a F(a), therefore the m+ 1 elements 

1, a, a’,..., qm}, am 
are all in f(a). Since the dimension of the vector space F(a) over 
F is m, therefore these m-+1 elements of F(a) are linearly depen- 


dent over F. So there exist elements a, a4, 2,..., Im & F, not all 
0, such that 


tol + 04a+ a,07+...--ona"™=0 

=> a satisfies a non-zero polynomial f(x) — p+ a x+@2x?-+...-+ 
mx" F| x] 

=> a is algebraic over F. 

This proves the ‘if’ part of the theorem. 

Now we shall prove the ‘only ‘if? part of the theorem. It is 
given thata & K is algebraic over F and we are to prove that 
F(a) is a finite extension of F. Let p(x) be a polynomial over F 
ot lowest positive degree satisfied by a. Let degree p(x)==n. Then 
ais algebraic of degree n over F. Therefore 

f(a) ={8g+ iat Boa? +... 4 Bais aT 3: Boy Baseoos Bag F}. 
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From this we see that F(a) is a vector space over I spanned 
by the elements I, a, a?,..., a"-1. These elements of F(a) are also 
linearly independent over F. Because 

Yol+ynia ¥,0°+ eA Yn a"-1=(0, with "wE F 
=> @ Satisfies a polynomial g(x) =vo+ yyxX-+ ---FYn—y x"? 

belonging to F[x] 
=> q(x) must be the zero polynomial otherwise p(x) will not be a 

polynomial of lowest positive degree satisfied by a 

[Note that deg p(x)=n while deg q(x) <n if q(x)<0] 
> Ye=0, 1=0, v.==9,..., Yx-y =O 
=> I, a, a*,..., a"? & F(a) ate linearly independent over F. 

Thus the n elements 1, a, a*,..., a®~* constitute a basis for F(a) 
over F. Hence [F(a): F]=n. Therefore F(a) isa finite extension 
of F. 

Remark. If (F(a): F]=m, a is algebraic over F, Let the 
degree of a over F ben. Then we have [f(a): F]=n. Therefore 
mon, Hence if [Fia): Fl=m, then a is algebraic of degree m 
over F. 

Theorem 8. Let K be an extension of a field Fand leita € K 
be ulgebraic of degree n over F. Then [F (a): Fl=n. 

Proof. This theorem is nothing but the ‘only if” part of the 
previous theorem. 

Theorem 9. Every finite extension K of a field F is algebraic. 

(Banaras 1970 5; Gujrat 76 ; Meerut 79) 

Proof Suppose K is a finite extension of # Then K will be 
an algebraic extension of F if every element a im K is algebraic 
over F. Let [K: FJ=m. Since K is a field and a& K, therefore the 
m+ lelements !, a, a?...., a", a” areall ia K. Since the dimen- 
sion of the vector space K(F) is m, therefore these m+ 1 elements 
of K are linearly dependent over F. So there exist elements a, 
Oy,..., tml, not all zero, such that 

go 1 4+ 03a + aga? +... +X" =O 
=> q Satisfies a non-zero polynomial 

p(x)=@o-+ ax + Myx8-+ ... fF ox” E F\x] of degree at most m 
=» a is algebraic over F. 

Heace K is an algebraic extension of F. 

Remark, If [K ; F)=m, then each element a in K is algebraic 
over F and the degree of a over F will be < m. 

Theorem 10. Le: K be anextension of afield F and let a, 
fle,..-, dn be n elements in K algebraic over F. 
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Then F (ay, as,.-., Qu) is a finite extension of F and consequently 
an algebraic extension of F. (Meerut 1976) 
Proof. We have 
F C F (a) © F (a, a2) ©... F (a, as,..-» an) G K. 
Since a, is algebraic over F, therefore it is also algebraic over 
F(Q,, Qs, ..., Qk) which is a superfield of F. Note that any non-zero 
polynomial over F is also a non-zero polynomial over 
F(a, AQ, rey ak-1). 
Now ax is algebraic over F(a,, @,..., @k—1) 
=> (F(ay, @z,..., Ae-1)) (ax) is a finite extension of 
F(a, Ag,e.y Ak) 
=> F(a1, dg, .., Ak, Ax) 1S a finite extension of 
F(a, da,..., @y-3) 
=> (F(a, @a,..., Ak) : F(@,, @e,..., Qk -1)] is finite, say Ax. 
Now [F(a,, az,..-, Qn): F] 
=[F(ay, G2,.-., Qn) > Flay, @a,.... Qe-1)] 
[F (ay, dg,..., Qn-1) : F(ay, dg,..., @n—2)]...[ F(a) 2 F] 
== AnA,—y.--Agdy= finite since each A is finite. 
Hence F(a, ag,..., da) iS a finite extension of F. Consequently 
F (ay, Q@s,..., Qn) iS an algebraic extension of F 
Theorem 11. Let K be an extension of a field F. Then the ele- 
ments in K which are algebraic over F form a subfield of K. In other 
words if a,b in K are algebraic over F, then a+b, ab, and a/b (if 
b0) are all algebraic over F. (Banaras 1972; Meerut 73, 76) 


Proof. Suppose a, bE K are algebraic over F. Since 6 is algeb- 
raic over F, therefore it is also algebraic over F(a) which is a 
superfield of F. Note that any non-zero polynomial over F is also 
a non-zero polynomial over F(a). 


Now 6 is algebraic over F(a) => (F(a)) (8) i.e., F(a, ) isa 
finite extension of F(a). Therefore [F(a, 6) : F(a)!=finite. 

Also [fF (a) : F] is finite because a is algebraic over F. 

Now [F (a, b) : F)=[F(a, b) : F(a)] [F(a) : F]=finite. 

~. &(a, 6) is a finite extension of F. Consquently F(a, 5) is 
an algebraic extension of F. Now F(a, 6) is a field and 
a, b& F(a, 6). Therefore a+b, ab and a/b (if 640) are all in F(a, 5). 
So a+b, ab, and a/b are ail algebraic over F. 

Hence the eleinents algebraic over F form a subfield of K. 

Theorem 12. Jf a and b in K are algebraic over F of degrees m 


and n respectively, then a+b, ab and a/b (if 6340) are algebraic over 
F of degrees at most mn. (Banaras 1969) 


Proof. Since a is algebraic of degrce m over F, therefore F(a) 
is of degree m over Fie., (F(a): Fl=m. Again b is algebraic of 
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degree n over F. Theretore b is algebraic of degree at most n over 

F(a) which is a superfield of F. This implies that the sub-field 

(F(a)) (6) i.e., F (a, b) of K is of degree at most n over F(a) i.e., 
[F (a, b): F(a)] <n. 

Now [F (a, b) : F]=[F (a, b) : F(a)) [F(a) : F] < mn. 

Since [F (a, 6) : F) is finite, therefore F (a, b) is a finite exten- 
sion of F and so it is an algebraic extension of F. Each element in 
F (a, b) will be, algebraic of degree < mnover F. Since F (a, 6) is a 
field, therefore a, b G F (a, b) > a+b, ab, a/b (it 540) are all in 
F (a, 6). Hence a+b, ab, a/b, (if b340) are algebraic of degree at 
most mn over F, 

Theorem 13. Transitivity of Algebraic extension. Jf L is an 
algebraic extension of K and K is an algebraic extension of F, then 
L is an algebraic extension of F. (1.A.S. 1970 ; Meerut 78, 84) 


Proof, Let a be any arbitrary element in L. It we prove that 
a is algebraic over F, then L will be an algebraic extension of F. 


Since a € Land L is an algebraic extension of K, therefore a 
satisfies some polynomial x*-+-a,x"-)+ agx®-*+...+a_ where «, 
Qe,..., %, arein K. Now K is au algeb:aic extension of F. There- 
fore a, &,..., % are algebraic over F. So 

M=E (aq, @g.eery Sn) 
is a finite extension of F Now a satisfies the polynomial x*+ @,x*-2 
+ ...+@, whose coefficients «1, &2, ..,%» ate in M=:F (ay, X,..., @,). 
Therefore a is algebraic over M. Consequently M(a) is a finite 
extension of M. 

Now M(a) is a finite extension of Mf and M is a finite exten- 
sion of F. Therefore M(q) is a finite extension of F. So a is alge- 
braic over F. This completes the proof of the theorem. 


Solved Examples 


Ex. 1. Let K be an extension of a field F. Prove that the mapp- 
ing ¢ : F[x]->F(a) defined by h(x) }=h(a) is a homomorphism. Here 
by h(x) we mean the image of h(x) under the mapping ¥. 

solution. Let A(x), g(x) E F[x]. Then h(x) $=hA(a) and 
a(x) p=g(4). 

Let s(x)=A(x) +x) and t(x)=A(x) g(x). 

Then s(a)=A(a)+8(a) and t(a)=h(a) g(a). 

We have [h(x)+2(x)] ¢=s(x) 4=s(a) 

== h(a) +g(a)=h(x) $+8(x) . 
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Also [h(x) g(x)] ¢=1(2) $=t(a) 
=h(a) g(a) = [h(x) 4] (g(x) #1]. 

Hence ¥ is a homomorphism from F[x] into F(a). 

Ex.2. Let F be a field and let F(x] be the ring of polynomials 
in xX over F. Let 9(x), of degree n, be in F[x]. and let V=(g (x)) be 
the ideal generated by g(x) in F[x]. Prove that F[x]/V is an 
n-dimensional vector space over F. 

Solution. We have V={ /(x) g(x) : f(x)EF[x}}. 

Also F[x]/(V=(V+f(x) : f(x) G F[x}}. 

We define addition in F[x]/V as follows : 

Let V+A, (x), V+Sfe (x)EF |x /V. Then we define 

VASi(x)} +VAfelx)} =V +A) +f(>)- 

Also we define scalar multiplication in F [x}/V over F as 
follows ; 

Let a€ F and V+f(x)@F[x]/V. Then we define 

a [V+fw—=V+af(x). 

Obviously F(x]/V is an abelian group with respect to addition 

defined on it. The residue class V is the zero vector. 


Further let a, b& F and fi(x), fiix)GF[x]. Then 

(i) (a+b) (VAfylx)] =V+(a+h) f(x) =V + af(x) +hA(x) 

=(V4-af(x)J+ V+ (l=a [V+ ofi(xi+5o WV +A). 

(i) @ [Vth }+V iAH =a (V4 AG) +A0)] 

=V+6{fi(x)+falx)} =V4 afi(x)+af2(x) 
=[V+af(x)]+[(V +a] =a VtACO) +a V+). 

(iii) a (6 (V+A(x)}] =a [V +h) ]=V-+ (ad) Sx(x) 

=(ab) [V+/1(*)]. 

(iv) t (V+AQ)J=V+1 f(x) =V +A). 

Hence F[x]/V is a vector space over F. 

Now if g(x) is of degree n, then to show that F[x]/V is of 
dimension m over F. We claim that V+ 1, V+x, V+x',....5 V+x" 
constitute a basis of F[x]/V over F. 

First we shall show that these  elemeats of F[x]/V are linearly 
independent over F. Note that V is the zero vector. Also we recall 
that V+ fix)=V af x)EV. Now we have 

Ag V+ 1) +a, (V+AX)4+ 42 V+X*) +... +n VERY, 

aeF 

=> (V+ ag)+ (V+ayx) + V +agx")4 FV tA dag HEV 

> V+dg+ayxt dgx? +... $G,-y x" IFSV 

1 > Agtayxt dgx?+ ...tdney VNIEH 
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=> do yx gx? 4-...4-Gg_y X"-I2=/f(x) B(x) 
for some f(x) Fx] 
>f(x)=0 [7 if f(x), then deg / x) g(x) :> deg g(x) =n 
and so we cannot have f(x) g(x) =do+a3x+...+Gn—, x7} 

> dy + Qyxtaz.x?-+...4+ Any ¥*I=0) 

> do=0, 4=0,..., Gay =0. 

v V+l, V+x, V+x",..., V+x%) are linearly independent 
over F. 

Now we shall show that V-+1, V+4.,..., V-+-x®7? generate 
F[x)/V over F. Let V+f(x) be any element in F[x]/V. Then 
S(x)EF[x]. By division algorithm there exist g(x), r(x)G Fix] 
such that /(x)=@(x) g (x)+r(x) where either 

r(x)=O0 or deg r(x) < deg g(x). 

Now V+f(x)=V-4- q(x) @(x) i-r(x) 

=(V+9(x) a(x)] + [V¥+r(x)} 

= 4+ [V+r(x)} [" g(x) g(xJEV] 

=V-} r(x) [-. Vis zero veotor] 

=} ay-t xaenxF+ ...-}-dn_y x" 4, where dg, Qy,..., Gn-14E F 

[“" r(x)=0 or deg r(x) <n i.¢., deg g(x)] 
== Uy (V4-1)-+ ay VEX) +t Gniy Vat), 

Hence V+1, V4x,.... V-+.%! form a basis of F[x]/V over F. 
Therefore dim F[x]/V over F=n 

Ex 3 (a) Let R be the field of real numbers and Q the field 
of rational numbers. In R, 6/2 and 3 are beth algebraic over Q. 
Exhibit a polynomial of degree 4 over Q Satisfied hy f24-/3. 

(b) Show that 0 (V2, V3)=@2 (V2+Vv3. (Mecrut 19&6) 

(c) What i; the degree of /2+V73 over Q? Prove your answer. 

Solution (a) The element /2 € K satisfies the polynomial 
x?—2 over @. Also x*—2 is an irreducible polynomial over Q. 
Therefore the degree of 4/2 over =the degree of x*?—2=2. Also 
[OQ (2) : Ql =degree of V2 over O=2. 

Similarly the element /3E 8 satisfies the polynomial x?—3 
over Q. Also x?—3 is an irreducible polynomial over Q. There- 
fore degree of 1/3 over Q=the degree of x?—3=2. Also 
[O (v3): Ql=2. 

Let O=4/24+73 > #=5+4+276 

=> 64--49+20/6>64= 10 (5+2/6)—1 
=> U4=106*—1 > @4—- 1067+1=0 
=> 4 satisfies the polynomial x4—10x*+ 1 over Q. 
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(b) Since /2+/3EQ(v/2, +/3), therefore 
AvV2+V73) S AV 2, V3). 

We shall now prove the converse. Since Q(/2++/3) is a 
field, therefore (6/2+ 7 3)? =11V2+9V3EO(vV/2+ v3). 

Also —9 (¥2+V3)E O(o/2+4 V3). 

% $111 249 V3)+(—9) (V 24/3) = V2E0(7 2+ V3). 

oe YV2t+V73—V2=V3IEOV2+4+ 3). 

Thus both o/2, /3E€0(/2++/3). 

v AvV2, V3) S OvV2+ V3). 

Hence O(y 2, 73)=O(V 2+ 73). 

(b) Let L=Q(+/2). Then (L: Q]=2. 

Also x*—3 is an irreducible polynomial over L satisfied by 
73. Therefore [L(./3) : L]=2. 

Now [L (93) : Q)=[Z (4/3): L] [L: Q]=2x 2=4. 

But L(W/3)= (Av 2)) (V3I=AV2, v3)=O(V 24+ V3)- 

“ [AV2+v3) : Q—4. 

This implies that 2+4/3 is of degree 4 over Q. 

Ex. 4. Let a field L be a finite extension of a field K. Define 
the degree [L: K] of L over K. Let Q denote the field of rational 
numbers, K=Q(V/2), L=K(/3). Prove that [L: K]=2 and 
[K : Q]=2. What do you conclude about [L : Q] ? Prove the theorem 
which you use for drawing your conclusion. (Gujrat 1970) 

Solation. Proceed as in Ex. 3. 

Ex. 5. Ifa, b G K are algebraic over F of degrees m and nh, 
respectively, and if m and n are relatively prime, prove that F(a, b)is 
of degree mn over F. 

Solution. Let [F(a, 6): F]J=k. 

We have k=[F(a, b): F]=[F(a, b) : F(a] [F(a): F! 
=[F (a, b): F(a)]m, since a is algebraic cf degree m over 

F @ [F(a): Fl=m. 

. mis a divisor of k. 

Similarly 7 is a divisor of k. 

Now [F (a, 5) : F] & mn. 

: [See the proof of theorem 12, page 492] 

ee kK &ma, 

Since m|k andn|k and m and n are relatively prime, there- 
fore mn|k. So we cannot have k<mn. Hence k=mn. 
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Ex. 6. Every finite extension K of a field F is algebraic and 
may be obtained from F by the adjunction of finitely many algebraic 
elements. 

Solution. If (K : F]—=1, then K-=F and the result is trivial. 
So let [K : FJ=n>1. 

Let a be an arbitrary element in K but not in F. Since K isa 
field and aG@K, therefore the n-+1 elements 1, a, a?,..., a"), a" 
are allin K. Since the dimension of the vector space K(F) is a”. 
therefore these n-+-1 elements of K are linearly dependent over F. 
So there exist elements of o9, «,,...,0,€/°, not all 0, such that 

O91 +o,0+ aa? 4-...-++a2qa"—=—0 
=> ais algebraic over F. 

Therefore K is an algebraic extension of F. 

Now FCF(aE K. 

Also n=(K: F]= [AK : F(a)] [F(a) : F).- AQ) 

If (F(a). Fl=n, then [K: F(ajJ=1. This implies that A= F(a) 
and our result is proved, 

If [F(a) : F'Jy4n, then suppose that |F(a) : F]=m<an. 

Since ag F, therefore m > 1. Also from (1), [K: F (a)] >}. 
Tuke an element } in K but not ia F(a). Then we cas show as 
above thai 5 is algebraic over F. Since a and 6 are algebraic over 
F, therefore F(a, b) is a finite extension of F. 

Let [F (a, b) : F]=p where p > m because F (a) 18 a proper 
subset of F(a, 5). 

Now n=[K : F]=[K : F(a. b)} [F (a, 6) : F)==[K : F(a, 6)] p. 

If p=n, then F(a, b)=K and our result is proved. If pn, 
then we may continue the above process a finite number of times 
till we get [F(a, 5,....k): Flan. Then 

=|K: F]=[K: F(a, b,..., k)] [F(a, 8,..., k) : F] 
=(K : F(a, b,..., k)] n. 

Y [K: Fa, 0,.., k)J=1 

=> K=F(a, b,...,k) where @,b, ,k are algebraic over F. 
This proves the result. 

Ex. 7. Let K be an extension of a field F and leta & K be 
algebraic over F. Then F(a) is isomorphic to F(x]{V where V is the 
ideal of F{x] generated by the minimal polynomial for a over F. 

(Banaras 1971, 72) 

Solution. Let p(x) be the minimal polynomial for a over F. 
Then p(x) is srreducible over F i.e., p(x) is a prime element of F[x), 
Let V={h(x)E F[x] : &(a)=0}. 
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Then V is an ideal of F [x]. Now F[x] is a principal ideal ring 
and p (x) is an element of lowest degree in the ideal V of F [x]. 
Therefore V is the ideal of F[xj generated by p (x). Since p (x) is 
irreducible, therefore V is a maximal ideal of F[x]. Consequently 
F[x)/V is a field. 


Let & be a mapping from F[x] into F(a) defined as follows : 
f (x) $=f (a) for any f (WE Fla]. 

Obviously } is a homomorphic mapping from the ring F[x] 
into the field F(a). The kernel of % is nothing but the ideal V of 
F[x]. Therefore by the fundamental theorem on ring homomor- 
phism, F[x]/V is isomorphic to F[x] ¢ which is the image of F[x] 
under y. Now F[x] ¥ is a subset of F(a). Since F[x]/V is a field, 
therefore F[x] y is a subfiled of F(a). Now x © F[x] and by the 
definition of p, we have xp=a. Therefore a € F[x] $. Also if 
a & F, thena € Fix]. By the definition of %, we have af=a. 
Therefore @ € F[x] #. Thus F[x] } is a subfield of F (a) and it 
contains both F and a. But F(a) is the smallest subfield of K con- 
taining both Fand a. Thercfore we must have F[x] $=F (a). 
Hence F[x]/V is isomorphic to F(a). 

Note. Ifais algebraic of degree n over F, then p (x) is of 
degree n. Therefore the dimension of F[x]/V, as a vector space 
over F isn. By virtue of isomorphism between F[x]/V and F(a) 
we Conclude that the dimension of F(a), as a vector space over F 
is alson. Thus [F (a): F]=n. In this way we get an alternative 
proof for theorem 8. 

§ 5. Roots of Polynomials. Let F be any field and let p (x) 
be any polynomial in F[x]. Our aim is now to find a field K which 
is an extension of F and in which p (x) has a root. 

Roots of a polynomial. Definition. Let F be any field and let 
p (x) & F[x]. Then an element a lying in some extension field of F 
is called a rcot of p (x) if p(a)=0. 

Theorem 14. Remainder Theorem. 


If p (x) € F[x] and if Kis an extension of F, then for any 
element c € K, p (x)=(x—0c) q (x) +p (c) where g(x) € K[x] and 
where deg q(x)=deg p(x)— 1. (Kanpur 1980; Meerut 73; Vikram 76) 

Proof, We have F © K 

=> F[x]¢ K[x] 

=> p(x)E K[x] [ p (WE FIX) 

Now the polynomials p(x) and x—c are both in K[x]. There- 
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fore by division algorithm there exist polynomials g(x) and r(x) 
in K[x] such that 
P(x) =(x—c) q(x) +r(x), 
where either r (x)=0 or deg r (x) is iess than the degree of x—c. 
But the degree of x--c isl. Therefore either r(x)=0 or deg 
r (x)=. Hence r (x) is a constant polynomial in K[x] i.e., r(x) 
is Simply an element, say r, in K. Thus 
P (x)=3(x—c) q(x) +r 

=> p (c)=(c—c) g(c)+r [Putting x=c on both sides] 

=> p(c)=0g(c)+r=> p (c)=r. 

Therefore p (x)=(x—c) q (x)+p:p (c) .-(1) 

Now suppose deg p (x)=n and deg g (x)=m. The degree of 
the polynomial on the right hand side of (1) is then m-+1. By the 
definition of equality of two polynomials we must have 

n=m+1 > m=n--1 > deg q(v)=deg p (x)—I. 

Corollary. Factor Theorem. /f aG&QX is a root of p (x) € F[x], 
where F C K, then in K[x], (x —a) | p (x). (Kanpur 1980) 

Proof. Let p (x) € F[x] and let a © K where K is an exten- 
sion field of F. Then by remainder theorem in A[x], we have 

p (x)=(x - a) g (x)-+p (a) 
=(x—a) q(x)+0 [°° ais a root of p (x) > p (a)=0) 
=(x--a) q (x). 
Therefore in K [x] we have x-a@ isa divisor of p(x). Thus 
(x—a) | p(x) in K{x]. 

Multiple root. Definition. Ler F be any field and let p (x) 
€ F[x]. If Kis any extension of F, thena € Kis said to bea 
root of p (x) of multiplicity m if in K[x], we have 

(x—a)™ is a divisor of p (x) whereas (x-- a)"*' is not a divisor 
of p (x). 

A root of multiplicity 1 is called a simple reot and a root of 
multiplicity > 1 is called a multiple root. 

Now we are going to face an important problem. Suppose 
p (x) & F[x] and K is any extension field of F. The problem is 
that how many roots can p (x) have in K. If a is a root of p (x) in 
K of multiplicity m, then for this counting purpose we shall count 
it as m roots and not as one root. 

Theorem 15. A polynomial of degree n over a field can have at 
most n roots in any extension field. | 

(Kanpur 1969; Banaras 72; Meerut 74) 
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Proof. We shall prove the theorem by induction onan, the 
degree of the polynomial p(x) 


To start the induction let p(x) be a polynomial of degree one 
over any field F. Let p (x)=aox+a, where ag, a, © F and 490. 
Let abe a root of p(x) in some extension field of F. Then 


P(a)=aa+a,=0. This gives a= -—t which is a unique element 
0 


of F. Thus in this case p(x) has the unique root — “2 i.e., p(x) has 
0 


one and exactly one root in any extension field of F. In this way 
the theorem is true when p(*) is of degree 1. 

Now assume as our induction hypothesis that the theorem is 
true in any field for all polynomials of degree less than n. Let p(--) 
be a polynomnial of degree m overa field F. Let K be any extension 
field of F. If p(x) has no roots in K, then the theorem is obvio- 
usly true because then the number of roots of p (x) in K is zero 
which is definitely at most 7. So let us suppose that p(x) has at 
least one root, say,a GK. Letabea root of multiplicity m. 
Then in K[x], we have 

(x— a)” is a divisor of p (x) 
=> deg (x—a)™ < deg p(x) > m qu. 

Since in K[x] we have (x- a)” is a divisor of p (x), therefore 
let p(x) =(x—a)™ g(x) where g(x) € K[x]. 

We have deg 9(x)=deg p(x)—deg (x--a)"=n—m which is 
definitely ess than n because lxmn. 

Now a is a root of p(x) of multiplicity m, Therefore (x-—a)™*} 
is not a divisor of p(x)=(x—ay" g(x). Yhis implies that (x— @) is 
not a divisor of q(x). Therefore a is not a root of q(x). [See coro- 
Mary to theorem 14]. Now let b4a be a root of p(x) in K. Then 
on putting x=5 in p(x)=(x—a)™ q(x), we get 

O= p(b)=(b—a)™ q(6). 

Since K is a field and 04(b—a)™ € K and q(b) & A, there- 

fore we must have 
q(b)=0 => b is a root of g(x) in K. 

Thus any root of p(x), in K, other than a must also be a root 
of g(x) in K, 

Now q(x) is of degree n--m which is less thann. Therefore 
by our induction hypothesis g(x) has at most n—m roots in K and 
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none of these rcots is equal to a because a is not a root of g (x). 
Thus g(x) has at most n— m roots other than a in K 
=> p(x) has at most n—m roots other than a in K 


=> p(x) has at most (n—m)+men roots in A, the root a of 
P(x) of multiplicity m being counted 7 times. 


The proof is now complete by induction. 

Theorem 16. Jf p (x) is a polynomial in F [x] of degreen > 1 
and is irreducible over F, then there is an extension E of F, such 
that [E : F\J=n, in which p(x) has a root, 

(1, A. S. 1972; Banaras 70; Meerut 79, 83 P)- 

Proof Let F[x] be the ring of polynomials over - and let 
V=(p (x)) be the ideal of & [x] generated by p(x). Since p (x) is 
irreducible over F, therefore V is a maximal! ideal of F[x}. Conse- 
quently E=F [x]/V is a field. We shall show that the field E satis- 
fies the conclusions of the theerem. 

First we shall show that — can be regarded as an extension of 
F even though E does not contain the elements of F in their origi- 


nal form. For this we shall show that the field F can be imbedded 
in the field E. 


Let % be the mapping from F into E defined by 
b(a)= Vi-ayae F. 
y is one-one. Let «, 8 G F. We have 
(2) =p(B)>V+aeV+ Bra—-pEeVv 
=>a—B=f (x) p(x) for some f/()E F[x] 
[Note that V is the idea! generated by p(x)] 
=> f(x)=0 because if f(x)#0, then the polynomial 
J (*) p(x) is of positive degree and so it cannot be 
equal to the constant polynomial « — 8 
> «-f$=—0>a=f. 

oe ,.. one-one. 

Also ¢ (~ + B)=V+(2+B)=(V-+2)+(V+B)= (a) +p (8), 
and ¢ (xB\=V +08 =(V 4 «) (V4 B)=¢ (a) (B). 

Thus ¢ is an isomorphism from F into £. Let F* be the image 
of F into £ under the mapping ¥ ie., let F*={V-+a : 2€&F], Then 
} isan isomorphism of F onto F* and F* isa subfield of E iso- 
morphic to / If we identify F and F* j.e., if we identifye © F 
with V+a€F*, then £ can be regarded as an extension of F. 

Now we claim that E is a finite extension of F. For this we 
shall prove that them elements V+1, V-+x, V+.x',..., V+x™2 


form a basis of £ over 7s Yi proof see Ex. 2 page 494], 
.. [(E: Fl=n. 
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Finally we shal] show that p(x) has a root in E. 
Let p(x)=do-++a,x 4+: aax2-+...--dnx" where do, di,.--. an& F. 
First let us make p(x) as a polynomial over E with the help of 
the identification we have made between F and F*. So let us re- 
place ap by V+dg, a, by V+a,,..., an by V-+ay. Then 
p(x)=(V-+ ag) +(V +41) x-+--- (V+ an) x". 
We shall show that V+-xE E satisfies p(x). We have 
p(V-4-x)=(V+ dp) +(V-+ ai) (V+x)+ Vtaz) (V+)? 
+...4(V+an) (V+x)" 
a= (V-+do)+(V+a1) (V+x)+ (Vitae) (V+x?)+...+(V+an) VAX") 
[Note that (V+ x)?=(V+x) (V+ x)=V-+ x3, and so on] 
= (V+ ao)-»> (V+ ax) + (V+ ax?) + ... +(V+ anx*) 
[by def. of multiplication of cosets we have 
[V+S(x))[V+e(x)]= V+ fx) gtx)] 
=V-+ de-+ ayx+aervi+...ta,x" 
{by def. of addition of cosets we have 
[V+f(x)]+ V+e(x)]=V +x) +8(x)] 
=V+p(x) 
= V, since p(xy)EV 
=the zero element of the field E. 
[Note that the zero element of the field F[x]/V is 
nothing but the coset V itself]. 
~ Thus V+ satisfies p(x). Therefore V+. is a root of p(x). 
The proof of the theorem is now complete. 
Corollary. If f(x) © F[x], then there is a finite extension E of 
F in which f(x) has a root. Moreover, [E: F] < deg f(x). 
(Meerut 1973; Banaras 70) 
Proof. Let p(x) be an irreducible factor of fa). Let 
f(x) = p(x) q(x). 
We have deg p(x) < deg f(x). 
Let a be the root of p(x) in some extension field Kof F. Then 
p(a)=0. We have 
S(a)=p(a) g(a)=0 g(a)=0. 
Thus any root of p(x) in some extension field of F is also a 
root of f(x) in that extension field. 
Since p(x) is irreducible over F, therefore by the above theo- 
rem there is an extension £ of F with 
[EZ : Fl=deg p(x) < deg f(x) 
in which p(x) has a root. 
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Hence there is a finite extension E of F with [E: F]<deg f(x) 
in which f(x) has a root. 

Theorem 17, Let f(x) € F[x] be of degreen>1. Then there 
is a finite extension E of F of d-gree at mostn in which f(x) has n 
roots (and so, a full complement of roots). 

(I.4.S. 1973; Meerut 74) 

Proof, We shall prove the theorem by inductivn on a”, the 
degree of f(x). 

To start the induction let f(x) € F [x] be of degree 1. Let 
J(x)=aox +a, where do, ay © F and ag¥#V. Now F itself is an ex- 
tension of F and [F: F]=1. Also = € Fis a root of apx+a,, 
Thus if deg f(x)=1, then there is a finite extension F of F of degree 
at most 1 {=1 in which f(a) has one root. 

Now assume as our induction hypothesis that the theorem is 
true in any field for all polynomials of degree less than n. Let f(x) 
be a polynomial of degree n over a field F. By corollary to theo- 
rem 16, there is an extension Ey ot F with [£9: F] < #4 in which 
f(x) has a root, say, «. By facior theorem in £o{x], f(x) factors as 

S(x)=(x - 4%) 9(x) 
where deg g(x) =deg f(x)—1 -a—1. 

Now g(x) is a polynomias over £, of degreen—1. Since 
deg q(x) is less than , thercfure by our induction hypothesis there 
isan extension E of Eo degree at most (n—1)! in which g(x) 
hasn- 1 roots Since any root of f(x) is cither « or a root of g(x), 
therefore we obtain in F all 1 roots of f(x). 

Now E is an extension of Eygand £y is an extension of F im- 
plies that E is an extension of F. We have 

{E: F]J=[E: Ey] (Eq: F] 
< (n-l) ln=n}. 

Thus E is 4 finite extension of F of degree at most m ! in which 
f(x) has a roots. 


The proof of the theorem is now complete by induction, 

Splitting field or Decomposition field. Definition. 

If f(x) & F[x], a finite extension E of F is said to bea splitting 
field over F for f(x) if over E (that is, in E|x]), but not over any 
proper subfield of E, f(x) can be factored as a product of linear ( first 


degree) factors. (Banaras 1971; Meerut 78, 79, 81, 84 P) 
The field F is called the base field or the initial field. 
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Theorem 18. There exists a splitting field for every f(x)€F{[x]. 
(Delhi 1970; Aligarh 66, Banazas 71, Meerut 74) 

Proof. Let {(x)E F[x] be of degree nm. First we shall prove 
that there exists a finite extension E of F of degree at most 7 ! in 
which f(x) has n roots. [For proof see theorem 17]. 

Let f(x)=dex"+a x" 3+-...-+Gn, agX0. 

Let a,,..., @ be the m roots in E of f(x). Then by factor theo- 
rem f(x) can be factored over E as 

I(x) = Ay (X—04) (X—02)...(x—an), 

In this way /(x) splits up completely over E asa product of 
first degree factors. Thus we see that there exists a finite extension 
E of F which decomposes f(x) as a product of linear factors. Con- 
sequently a finite extension of F of minimal degree exists which 
also possesses this property. This minimal extension will be a 
splitting field for f(x) because nu proper subfield of this minimal 
extension can split f(x) as a product of linear factors. 

Another way of defining the splitting field. 

An extension E of a field F is said to be a splitting field of 

S(x)E FIX], if fO)E E[x) 
is expressible as 

I(x) = a9 (x— ay) (X--a2)...(x~—@p), 
where aE F, a ..., 0,6 EF, 
and E= F(04, Og,..., Om). 

Uniqueness of the splitting field 

Now we shall show that the splitting field of a polynomial is 
unique apart from isomorphism. Let A, and E, be two splitting 
fields of f(x)E F[x] Let 

f(x) =a (x—-a) (x —ag)...(x —an) over Ey 
and S(x)=a (x— Bx) (x- B)...(~x—Ba) over Es. 
We shall show that the fields 
F(e,..., On) and F(fy,..., Ba) 
are isomcfphic by an isomorphism leaving every element of F 
fixed. Before proving this main theorem we shall first prove some 
pre-requisite results. 

Continuation of an isomorphic mapping. Definition. 

Let Fand F’ be two isomorphic fields and let E and E' be ex- 
tension fields of F and F’ respectively. An isomorphism a : EerE’ is 
called a continu-tion of the isomorphism + Fe>F' if o(a) (a) for 
allain F. : 
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Let % be an isomorphism of a field F onto a field F’. For the 
sake of convenience we shall denote the image of any «€ F urder 
y bya’. Thus ap=—a’. Here by ab we mean ¢(a). Note that a) is 
another way of writing the image of « under . 

Theorem 19. Let be an isomorphism of a field F ont» a field 
£” such that ab=a' for every aGF. Show that there is an isomor- 
phism * of F(x] onto F’ [¢] with the property that 

ap *=openu’ for every a& F. 

Proof. 4 is an isomorphism of a field F onto a field F’. 

For any 2€ F we write of=e’. Let us define a mapping ¥* 
from Fix] into F’{t] as follows : 

For an arbitrary polynomial f(x)=o9-+} ax-+ ...+ tnx" F[x] 
we define $* by 

I(x) PF=(agtayyt...tanx%) ye 
=Oofarpt +... anal” 
= Og! ay T+... +0419 ==f (1), say. 

We shall show that the mapping ¥* satisfies the conclusions 
of the theorem. 

¢* is one-one. 

Let fx) =ag+ayxt...4 xx, B(x) —=By | Byx-t oe +-Bax™ 
be any two elements of Fix]. We have 

f(x) p* =g(x) 4* 

> (Spt oaxt...tanx™ b*= (Bot Byx-+...+ Bax”) pe 

=> thy’ fay't+ ...+ 6/1" = Bo’ +B t+...4+B8,,71 

=> n= and 4,’ 8,’ for each i=0, 1,..., 7 

=> n=m and «=, for each i 

=> n=m and «,=B8; for each i [" is one-one] 

=> f(x)=p(x) > v* is one-one. 

%* is onto, 

Let 55’ -+-6)'t+ ...+8,’¢" be any element of F’[{t] where 3a’, 
by’,....8,/EF. Since is onto F’, therefore 3 de, 53,..-, REF 
such that S9—=59’, 334 =8y’,..., Sayb=5,". Now 

So tdixt...+5,.%°S Flr] 
and we have (89+4:x-+... +8,x*) pF andy’ + 82't bet. 
*. the mapping ¢* is onto, 

}* preserves additions. 

Let I(x) Haq tax... page®, 2(x) By +Pix+... + Bax™ 
be any two elements of F[x]. Without loss of generality let nm. 
First let us take the case when n>. - 
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We have 

[A(x) +8 (x)] &* =[(a9+ By) 4 (41+) x --- + (%m+Bm) x” 
t omg rxMtt-$ ... on] b* 
= (29+ Bo) + (arty) t+... +(4m+ Bm) ptm 
Steg yt tI... oyht® 
= (ayy + Buh) + (arb + Bap) t+... +(%mip-+ Bat) 1™ 
+ ot git ™t2 +... oe” 
[*" is an isomorphism] 
= (69’ + Bo’) + (ar'+- fy’) t+ »-+(%m’-+ Bm’) t™ 
Ao mg gh PIL... fy’ f® 
(aq? ey! E feet gy LAO pg gl E+... + Og’ t*) 
+(Bo’ + By’t+-... + Bm’t™) 
= f(x) $*+ 2(x) $*. 
Similarly when n=m, we can show that 
[f(x)+ g(x)] p* =f(x) $F +8(x) Yo. 

%* preserves multiplications. We have 
[ f(x) g(%)] $* =[(ag t+ ox +... + tnx") (Bg +Bux+... +8 mx™)] o* 

=[ae8o+ (%oP1+s8g) x+.--- onBmx*™] p* 

= (%98o) P-+(a08y+ %4Bq) Plt ---+ (%nBer) Perr” 

= 9 ‘Ba’ + (%9’ By’ + 22’ By’) f+... (On Bm’) tt 

[*.. preserves additions and multiplications 
i.é., (@+B) p=ap-+Pp=a’+ B’ and 
(@B) b=(mp) (Pp) =0'B"] 

a (ieg’ ae! t+ 0. n't) (Bo’+ By’t+ ...+ Bm’t”) 

=[ f(x) $*] [g(x) $*]. 

Hence ¥* is an isomorphisin of F[x] onto F‘jt]. 

Further if f(x)@F[x] be simply taken as % where «€ F, then 
by definition of %*, we have 

ab* =o =a", 

Note. Form the above theorem we conclude that factoriza- 
tions of f(x) in F{x] result in like factorizations of f(x) p*=/’(t) in 
F’[t] and vice versa. In particular, f(x) is irreducible in Fx] if and 
only if f’ (¢) 1s irreducible in F’{r]. 

Theorem 20. Let ~ be an isomorphism of a field F onto afield 
F" defined as wpeo,’ for every a&F, For an arbitrary polynomial 
f(x) seotayx+... tanx"EF[x] let us define f' (th=%' +0y’t+... 
4-0, (°EF' [tr]. If f(x) is isreducible in F[x] show that there is an 
isomorphism 6 of F[x]/( f(x)) onto F’[t}/( f' (t)) with the property that 
for every GF, af=ap-=0’. 
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Proof. Let %* be a function from F[x] iato F’[t] defined by 
the formula 


f(x) P*=f'(t) for every f(x) E Fix]. 

Then by theorem 19 the mapping ¢” is an isomorphism of F[x] 
onto F’[t]. 

Let f(x) be irreducible in F[x]. Then f(t) will be irreducible 
in F’[t]. Let V=(/f(x)) be the ideal of F[x] generated by /(x) and 
V'=(f'(t)) be the ideal of F’[#] generated by /’(t). Both V and V’ 
are maximal ideals because f(x) and /f’(t) are irreducible. There- 
fore F[x]/V and F’[t]/V’ are both fields. 


Let us define a mapping @fom F[x]/V into F’[t]/V’ by the 
formula 


(V+2(x)] 9=V’+ 9(x) *=V'+2'(t) for every g (x) E Fix]. 

The mapping @ is well-defined. 

For this we are to show that if V+ 2(x)= V-+A(x), then 
[V+a(x)] §=[V+h(x)] 6 where g(x), A(x)E F[x]. 

We have V-+2(x)=V+h(x) 

> g(x)—-h(xe V 

=> 9(x)—h(x)—k(x) f(x) for some k(x)E Fx] 

=> [g(x)— h(x)] o* - (k(x) f(x)] o* 

> a(x) o*—h(x) p*=[k(x) $*] its p*] 


y* is an isomorphism] 
> v(N-A(NekKOre) 


> gi(t)--h'(nevVv’ > V'+2'(t)=V'+h'(t) 

> [(V+g(x)] 6=[V+A(x)] 2. 

Therefore the mapping @ is well defined. 

The mapping @ is One-one. 

Let g(x), h(x)E F[x]. Then 

[V+g2(x}] Q=[V+h(x)] 8 

=> V’-+a'(t)=V'+ a(t) > g'(t)- kh (OEV’ 

=> g (t)-h’'(n=K'(t) f’ (t) for some KE F’[t] 

=> g(x) $*—h(x) o*=[k(x) $*] (f(x) $*] 

=> [e(x)- A(x)] pF =[k(x) f(x)] o* 

=> 2(x)—h(x) =k(x) f(x) [°° %* is one-one] 

=> 9(x)- h(x)E V >V+e(x)=V+A(x)>8@ is one-one. 

The mapping @ is onto. 

Since the mapping #* is onto, therefore corresponding to any 
polynomial g’(t) in F’[t], we have a polynomial g(x) in F[x]. 
Therefore V'+2°(NE F'[t|/V’ > 4 V+e(x)E F(x!/V such that 

[V4 efx)] O@=V'’ +2°(t). 
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@ preserves additions and multiplications. 

Let g(x), A(x) € F[x]. We have 

[{V+2(x)}+ (V+ A(x)}] 06=[V4 2(x)4 h (x)]} 6 

=V’' + [9(x)+h(x)] p*¥=V' +2(x) o*+ A(x) o* 

=Vi+g'()+h(=[V' te (N+ +h()] 

=[V-+-9(x)] 9+[V+A(x)] 8. 

Also [{V-+ g(x)} {V+ A(x)}] 0=[V+a(x) h(x)] 8 

=V" +[e(x) h(x)] pt =V'+fa(x) o*] [h(x) 6*] 

aV tg (t) h()=(M+e9'(N] V+h'(t)I 

=[{V-+e(x)} OW [(V+A(x)}6]. 

Thus @ is an isomorphism of F[x]/V onto F’[t]/V’. 

In theorem 16 we have shown that the field F can be imbed- 
ded in the field F[x]/V by identifying the element « € F with the 
residue class (coset) V-+« in F[x]/V. Similarly we can consider 
F’ to be contained in F’ [t]/V’. With this identification, for any 
a€ F. we have 

a0=(V+a)@ [°° ahas been identified with V+] 
=V" + ap *== V+ oe’ 
aman”, [°° «’ has been identified with V’-+a’] 

Theorem 21. Let p be an isomorphism of a field F onto a field 
F’ such that ap=a’ for every « © F. Let f(x) y+ aax+...+ OX" 
be an irreducible polynomial in F [x] which is mapped onto the 
(also irreducible) polynomial f' (t)=a9’ + a4't+..-+0_t® in F’ [t]. 
Ifvisa root of f(x) in some extension field of F and w is a root 
‘of f* (t) in some extension field of F’, then the field F (v) is isomor- 
phic to the field F’(w) by an isomorphism o such that 

(1) vw=w 

(2) comop=a’ for everys & F. 

Note. The condition (2) may also be stated as that the iso- 
morphism o is a continuation of the isomorphism ¥. 

Proof. ¥ is an isomorphism of a field F onto a field F’ such 
that af=a’ for every «eG F. The itreducibie polynomial f (x) 
=O %yxX+ ...-+ 2.x" in F[x] is mapped onto the irreducible poly- 
nomial f’ (t)=a9’-+-a,’t+...+a,'t" in F’ [t]. We have deg /{x)=n 
=deg f’(t). 

Let v be a root of (x) in some extension field of F. Then v 
is algebraic over F. Since f(x) is irreducible in F[x], therefore f(x) 
is a minimal polynomial for v over F. Consequently by theorem 5, 
we have F (v) ={89+Biv+...+ Be. v""2 : Bo, B1,--+9 Baa & FF. 
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Also the expression Bo+-f,v+...+Ba-, ¥*") for an element of 
F(v) is unique. Similarly 
F’(w) = {89’ 4-5;'w-t ... + 8’__y Wh? : 8g’, 5y’,..., O'n-y & F'}. 
Also the expression 39’+8)’w-+...+5’9-; «” } for an element 


of F’(w) is unique. Let c be an arbitrary element of F(v). Then 
¢ can be written as 


c=So+Aiv+...+ 8,2 wert. where Bo, Biscxes Ba-1 are unique 
elements of F. 
Let us define a napping o from F(v) into F’(w) by the formula 
co=(Bo+ Biv-+.. + Baa v) o 
= Bop t Sayw-+  +7Bn 1 pws 
= Bo! 1 fa'wet EB ni Wm 
Since the expression for c in the form Bo+ Biv+.---+Ba-iv"—? is 
unique, therefore the mapping a is well defined. 
a is one-one. Let c=Bo+Pivt+...t+ Baar v°?, dayot vv t+. 
+¥n—1 ¥¥ 1 be any two elements of F(y). Then co=ds 
=> (Bo+Riv+...+ Bag VO®) o=(¥g tv 4 ----t Yn WPF) 
> Bo’ +Br'wt...+ B'n_a wl =Ye' +7 WH et Y'n-1 4% ? 
=> Bo=y'o, By’==71',---) B’n-1=Y'n-1 [Since the expression for 
an element of F’(iv) in the form Bo’ + 3,’w+.--+B’a-; Ww"! is unique] 
> Bo == yo, Prp= yap, +, Ba—z b=7n-1 ys 
> Bi=yo. Bi=91, - » Boe Yr [°’ % is one-one] 
=> c=d > a is one-one. 
ois onto, Let 89’+5,’w+...+98'n.1"* be any element of 
Fw) where 8’, 81’, .., ’nrGF’. Sincey is onto F’, therefore 
J So, 83, .-, Sa-r€ F such that Sop =d9’, 3:=8,’,..., Say =O’ ney, 
Now 69+ 8,v+ ----+8,-1 VE Fv) and we have 
(89 + yy... + 8p-a v"O2) c= 89’ 8y'w+ ne $5 q- 9 WIm?, 
0 is onto Fw). 
o preserves additions. We have 
(c+d) o=((By-+ Byv+ --- + Bar? Y+(vot Yav + + Yaa?) 6 
=[(By+%0)+ (Bit 7a) v+... +(Ba-at+Ye-1) *) © 
= Pot7o) ot (Bitys) pw +--+ (Boat Ya-1) pwr 
= (Sop + Yow) + +(3man PbYnma YW) Wwe 
= (29/0) 4-0 4 (B na t+-Yn-1) wet 
=(fo' + py W ee +B’ nis WO) Hye + Vi WH et Y’n- WP) 
= (Bo+ Piv+ vee t Bont V9?) o + (vot Viv EY nnn VO) @ 
=co-+do. 
o preserves multiplications. 
We have 


510 Modern Algebra 


(cd) o=[(Bo+fiv+ -.» + Buy®) (Yor y+ «-- + ¥a-19""))] @ 

=[Boyo+ (Bovs+ Bivo) VA... +Ba—1¥n—2 V*-’] 

= (Boo) b+ (BoyitBi%0) Vw ++ +(Bn—1¥n—7) pwre® 

= Bo’vo’ +(Bo'¥’s)+B1'V0’) W+--»+(B’n—1¥’n—1) W293 

[°° preserves additions and multiplications] 
m= (Bo’+By’w+... + P'n-aw8)) (Yo + YW et Yn?) 

=[(Bo+Pi¥ +--- + Ba—1*~*) o] [Yoav + oe + Yn—v") a) 

=(cc) (do). 

Hencé ¢ jis an isomorphism of F(v) onto F’(w). 

Now ve F(v) can be uniquely written as 

v==Q-!-ly+Ov?+...+Oy9~!, 

“. «= vo = 0-+10+0w? +... +0n*I=w. 

Also if c&F then «& F(y) can be uniquely written as 

a=—atOv+Ove+...-+ Ov"), 

oe ao=a'+ Ow+ Ow? +... +0w® t=’, 

This completes the proof of the theorem. 

Corollary. If f [x])@F[x] is irreducible and if a, b are two roots 
of f(x), then F(a) is isomorphic to F\b) by an isomorphism which takes 
a onto b and which leaves every element of F fixed. 

Proof. In the above theorem replace the field F’ by F i.e., 
take F’=F. Take the isomorphism ¥ as the identity map of F i.e., 
y : F>F such that op=a ¥ aGF. Theny leaves every element 
of F fixed and ¢ 1s an isomorphism of F onto F. 

Take v=a and w=). 

+ Then F(a) is isomorphic to F(é) by an isomorphism o such 
that 

(1) ao=b, 

(2) acmap=—a for every «&F i.e., o leaves every element of 
F fixed. 


Now re-write the proof of the above theorem and thus com- 
plete the proof of this corollary because the corollary in itself is 
very important. 

Theorem 22. Let) be an isomorphism of a field F ontoa field 
F’ defined as ab=a’ for every 2 F. Corresponding to a polynomial 
I(x) =%p+ayx+...fanx” in F(x], 

let f'(t) a9’ +0,’ ...4 dnt" 
be a polynomial in Ft]. Show that the splitting fields E and E’ of 
SOQEF[x] and f (NEF {t], respectively, are isomorphic by an iso- 
morphism ¢ with the proj erty that ap=oyp =’ for every 2E F. 
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Proof. We shall prove the theorem by induction on the degree 
of some splitting field over the initial field. 

To start the induction let [E: FJ=1. Then E=F and there- 
fore f(x) resolves into a product of linear factors over F itself. By 
theorem 19, f’(t) must also resolve into a product of linear factors 
over F” itself. Therefore F’ is a splitting field for f’(1) i.e., F’ mE’. 
Hence ¢=¢% provides us with an isomorphism of E onto £’ coinci- 
ding with ¢ on F., 

Now assume as our induction hypothesis that the theorem is 
true for any field Fy and any polynomial g(x)&Fo[x] provided the 
degree of some splitting field Eo of g(x) over the initial field Fo is 
less than nie.,[Eg: Fo] <n. 

Let [E: F)=n > 1, where E is a splitting field of f(x) over F. 
If f(x) resoives into a product of linear factors over F, then F will 
be a splitting field for f(x) and so we cannot have [E : F] > 1 
because E:-=F > [E: F]=1. Therefore fix)E@F[x] must have an 
ifcreducible factor p(x)& F[x] of degree r> 1. Let p’(t) be the 
Corresponding irreducible factor of f’(t). 

Now E is a splitting field for f(x) F[x] 

=> a full complement of roots of f(x) are in E 

=> a full complement of roots of p(x) are in E 

[.* p(x) is a factor of f(x)] 
=> 4d vEE such that p(v)=0 

=> [F(v) : F}J=r=deg p(x) [by theorem 7]. 

Similarly there is a wE E’ such that p’(w)=0. 

By theorem 21 there is an isomorphism o of F(v) onto F’(w) 


such that ac=ap=a’ for every «€ F. 
Now (4: FJ =[E: F(v)) [Fiv) : FI 
-. poy LE: Fl a eas ae 
>[E: Fiy)] (Fo) 7 Fle <n f° r>1] 


Now let Fo=F(v) and F,’=F’(w). Since Fy > F, therefure 
J(x)€ F[x] can also be regarded as f(x)E Fo[x]. We claim that E 1s 
a splitting field for f(x)€ Fo[x]. Obviously f(x)€ Fo[x] resolves into 
a product of linear factors over E. No proper subfield of £ con- 
taining Fo and hence F can split /(%) into linear factors because we 
have assumed that E is a splitting field of f(x) over F. Hence £ 
is a Splitting field for f(x)E Fo[x]. Similarly E’ is a splitting field 
for f'(N)E Fo [1H]. 
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Now o is an isomorphism of Fy onto Fo’. E is splitting field 
for fix)E F,[x] and £” is splitting field for f’(1)E F,’[r]. 
Since [E: Fol=[E: Fiv)] <n, therefore by our induction 
hypothesis there is an isomorphism ¢ of E onto E’ such that 
a¢=dao for all a& Fo 
Now eG F = aE fo. Therefore for every «€ F, we have 
ap= to map aoe’ [" eomopma’ ¥ cE F] 
The proof is now complete by induction. 


Corollary. Uniqueness of the splitting field. Any two splitting 
fields of the same polynomial over a given field F are isomorphic by 
an isomorphism leaving every element of F fixed 

(1.A S. 1973; Meerut 76, 77, 79; Guru Nanak 82) 

Proof [nthe proof of theorem 22 take F’-- F and take } as 
the identity mapping of Fi.e., ap=a YaeF Theng is an iso- 
morphism of F onto F and it leaves every element of F fixed Let 
E, and E, be two splitting fields for f(x) € F[x]. In the ahove 
theorem tuke £,)-=E and F,=E’. Then E, and F2 are isomorphic 
by an isomorphism leaving every element of F fixed. 

Solved Examples 

Ex. 1. Let F be the ficld of rational numbers. Determine the 
degree of the splitting field of the polynomial x3—2 over F. 

(Meerut 1981, 84) 

Solution. F is the field of rational numbers. 

Let f(x)=x®—2€ Fix]. Inthe field of complex numbers the 
three roots of f(x) are 22/8, a 23/8, w?2"8) where w=(--1-}-i+/3)/2 
and where 2'/8 is a real cube root of 2. The polynomial f(x) is 
irreducible over F. We have deg f(x)=3. Also 2¥? isa root of 
f(x). Therefore 2"? is algebraic over F of degree 3. Therefore 

[F(2M8) : Fj =3. 

Let E be the splitting field of f(x) over F. The field F(22/4) 
cannot split f(x) because as a subfield of the real field it cannot 
contain the complex, but not real, number w2¥*, Therefore F(22/*) 
will be a proper subfield of E. So we have 

[E: F] > [F (2@8): F]=3. 

By theorem 17, [E: F] < 3 !=6. 

Also [E: Fl=[E : F (2¥%)] LF (2M) : F] 

=> [F(2%/8) : F] is a divisor of [E : F] => 3 is a divisor of [E: F]. 

Now [E: F] < 6, [E: F, > 3 and 3 is a divisor of [EZ : F], 
Therefore we must have [E : F]=6. 

Ex. 2. Let F be-the field of rational numbers and 

f(x=x*-422+1E FLX). 
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Show that F(w) where w=(—1+4i/3)/2 is a splitting field of 
f(x). Also determine the degree of the splitting field of f(x) over F. 

Solution. We have 

xO xP + | = (x7+ 1)? — x8 = (x? + x41) Oe? —x4+- 1), 

In some extension of F if « is a root of x°-+x+1, then —a is 
a root of x?—x-+1 in that extension. Thus if any extension of F 
splits x?+x-+1, then it will also split x3—x-+1 and consequently 
it will split x*-+-x?+1. Thus the splitting field of x44+x* 4-1E F[y] 
is the same as that of x*-+.++1€ F[x]. 

Let f(x)=x?+x4+1. In the field of complex numbers the two 
roots of x?+-x+1 are w, w*, Since /(x) is irreducible over F and 
deg f(x)=2, therefore in any extension of F of degree less than 2, 
f(x) cannot have a root. So if E is the splitting field of /(x), thea 
[E: F] p> 2. By theorem 17, [E: F] < 2!=2. So we must have 
[FE : FF} =2. 

The ficld F w) contains a root w of f(x). Since w & F(w) 
=> w*E F(a), therefore /(w) contains both the roots w and w?* of 
S(x*. Thus F(w) splits x?+ x-+1. 

The polynomial f(x) 1s irreducible over F. We have deg f(x)=2. 
Also w is a root of f(x). Therefore w is algebraic over F of degree 
2. So we have [F(w) : F|=2. 

Hence F(w) is a splitting field of f(x). 

Ex. 3. If p is u prime number prove that the splitting field over 
F, the field of rational nuwnbers, of the polynomial x¢—| is of degree 
p—l. (1.A.S. 1972) 


Solution. The polynomial f(x)=x? —1¢ F[x] can be factored 
over F as 


f(x) =(x --1) (xo xP 8 xP I). 

Let  q(x)=xP-}-Exe-8 4 batt xtle F[x). 

Since 1 will belong to any extension of F, therefore the split- 
ting field of q(x) will also be the splitting field of f(x). 

Since p is prime, therefore q(x) is irreducible over F. [See 
Ex. 3 page 393] We have deg g(x)=p—I. Ifaisaroot of g(x) 
in some extension of F, then « is algebraic over F of degree p—1. 
So [F(«) : FJ=p—l1. 

Now F(«) is a minimal extension of F containing 2. Therefore 
no extension of F of degree less than p—1 can have a root of g(x). 
So if E is the splitting field of g(x), then we must have 

[E: Fl] ap-l. 
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We claim tnat [E : F]=p—1. 

Let us solve x® -1=0 in C, the field of complex numbers. 

We have x7 =1 

=> X=(1+0/)"7=(cos 0+ sin 0)/4 

=(cos 2nx-+i sin 27%)”/?, v. here 4 is any integer 
=COS Ne sin oe met, 

Putting n=0, 1,..-, p- 1, we ect 

l, ezwt/p efsily ..., el@a(p- 1) fe 
as the p roots of «#—1 in C. 

These p roots form a cyclic multiplicative group of prime 
order p. 

Let B=e"4/7, Then the cicments of this group can be written 
as 

I, B, B*, +, pe, 

The field F(B) contains 8. Also 1, %,..., B&-? & F (8). Thus 
the field F (B) splits x*—1. 

Since 6 is a root of x® —1 and 2:<:1, therefore B is also a root 
of x?714-.,.-+ 2+ x-+1 which is irreducible over F and is of degree 
p~-l. 

So [é(B) : FJ =p—1. 

Hence F(f) is the splitting field of x?—1. 

Ex. 4 Let F be the field of rational numbers. Determine the 
degree of the splitting field of the polynomial x® —1 over F. 

Solution. Since 5 is prime, therefore proceed as in Ex. 3. 

Ex. 5. If Eis an extension of F and if f(x)E F(x] and if > is 
an automorphism of E leaving every element of F sived, prove that > 
must take @ root of {(%) lying in F into a roatof f(x) in E. 

(Meerut 1979) 

Solution. Let j(x)=ao+-ayX-} ...-+ dav", 
where do, @,,:..,@n G F. 

E is an extension of Fand ¢ is an auiomerphism of E leaving 
every element of Ffixed. Thus ¢@(aj=aVvae Ff. 

Let « be aroot of f(x) in &. Phen dg +-aya-+-...-- Gne"=0. 

To prove that ¢ (a) is also u toot of f(x)in E. Obviously 
¢ (x) € E because ¢ isa mapping from E onto &. Let $ (a)=P. 
If r is any positive integer, we have 

f (a= (aa a...r times) 
= (a) f (a)...F times [°° g is ap automorphism) 
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=8 BB... times-=f'. 

Also ¢ will map Oonto 0 because it is an automorphism. Thus 
$(U)=0. 

Now ao + ay%+-...+ a,07:=0 

> P( G9 + Gy%+ ...4- an") = J(0) 

> B(dq) + h(ar) d(a)+. .+$(an) d(a")=0 


[Since ¢ is an automorphism, therefore it preserves additions 
and multiplications. Also ¢(0)=.0] 


>> aot MP+a8? +...4a,B"%=0 [since p(7t}= Be and de, ay-s. 


. acl. Noted (a)=a ¥ a@ E FI 
=> 6 is a root of f(x). 


Ex. 6. Using the result of Ex. 5, prove that if the comple 
tumber z is a root of the polynomial p (x) having real coefficients 
then =, the complex conjugate of 2, 1s also a revt of p(x). 

Solution. Let R be the field of real numbers and C be the field 
Of complex numbers. Then C is an extension of R. We have 
C={at+ib:a,b € R}. 

Let p(x)ER' x] and let z=x+/y be a root of p(x) in C. 

Then to prove that Z= x--iy 1s also a root of p(x) iu C. 

Let ¢ be a mapping fiom C into C defined as 

P(x--ivy=x-ip ¥ x,y ER. 

We claim that ¢ is an automorphism of C. 

¢ iS one-one. 

We have ¢(a +ib)=¢(c +id) where a, b, c, dE R 

=» a- ib-=c--id > a=c, b==d > a+ ib=c+id. 

@ isonto. Let a+ib be any element of C. Then a- ibEC, and 
we have ¢ (a -ib)=a+ihb. 

@ preserves additions and multiplications. 

We have ¢ [(a+/b)+(c+id}J=¢ [(at+te)+i (b+<d)] 

s=(a+c)-i(h+d)=(a iby +f (e- idj=¢ (a+ ib)+¢$ (c+ id). 

Also ¢ [ a4 ib) (ctid\J=¢ [(ac-- bd) +i (ad + be)] 

=(ae— bd) — i (ad + bc)=(a --ib) (c - id)=[46(a+ib)] [$(c+ id J. 

Hence ¢ is an automorphism of C. 

If aER, then as an element of C it can be written as a+i0. 
We have ¢(a)=¢(a+i0i=a - 10=a. 

Thus ¢ leaves every element of R fixed 

Hence by the result of Ex. Sif z isa root of p(x) inC, then 
¢(z)==2 is also a root of p(x) in C. 

Ex. 7. Using the result of Ex. S prove that if m is an integer 
which is nota perfect square and if a+B/m (2, B rational) is the 
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root of a polynomial p(x) having rational coefficients, then x«—By/m 
is also a root of p(x). 
Solutien. Let Q be the field of rational numbers and fet 
K={x+ yJ/m:x,y © Qh. 

It can be easily seen that (K, +, °) isa field. Also K is an 
extension of Q. Let p(x) & Q [x] and let «+BVm bea root of 
p(x) in K. Then to prove that «—By/m is also a root of p(x) in K. 

Let ¢ be a mapping from K into K defined as 

$(x-+ yo/m)=ra—yr/in ¥ x, VEQ. 

We claim that ¢ is an automorphismof K. 

¢? iS One-oue. 

We have ¢(a+b./m)=¢(c+d/m), a, 6, c, dEQ 


=> a--b/m=c-—-d/m,» a=c, b=d=> at+tbY¥m=c+dym. 
¢, is onto. 


Let a+4/m be any clement of K. Then a—b/meEK. We 
have ¢(a—by/m)=a+by/m > ¢ is onto. 

¢ preserves additions and multiplications. We have 

${(at- by m)+(c+dym)] =¢ [(a+c) +(b td) ml] 
=(a+c)—(b+d)/me=(a— b/m)+(c—dY¥ m) 
= (a+ bYm) | $(c+dy/m). 

Also $ [(at+by/m) (c+dVm)] =¢[(ac+bdm) + (ad tbe) Ym] 
==(ac-! bdm) -(ad+bc),/m=(a— by/m) (c—dym) 
=[¥(a+bym)] [pct dym)]. 

Hence ¢ is an automorphism of K. IfaEQ, then as an ele- 

meat of K it can be written as a+ Od/m. We have 
¢(a)=¢(a+0\/m)=a--04/m=a. 

Thus ¢ leaves every element of Q fixed. 

Hence by the result of Ex. S$ if «+B Ym is a root of p(x) in 
A, then ¢ (2 +B Ym) = -84/m is also a root of pix) in K. 

En. 8. Show that the polynomials x*-\-3 and x7 +x+1 have sume 
splitting fielu over Q, the field of rational numbers. (Meerut 1974) 

36. More about roots 

Derivative of a polynomial over a field. Definition. 

Let f(x) = det a,x + agx?+ 0. Gn-yx" 3+ anx" be a polynomial 
over a field F, Then the derivative of fix) denoted by f (x), is 
defined as the polynomial 

FS "(x)= 01+ 2agx +... ~ 1) Gqax"-* +a,_x® ? in F[x]. 

Note. Here by 2 we mean 1+1, by 1 we mean 1-+-1+...upto 
n times. The field F is arbitrary. It may be a field of finite charac- 
teristic or it may bea field of characteristic zero or infinite. If F 
is a field of finite characteristic p, then the derivative 
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of the polynomial x? is px¢-2—= 0 at“l=0, Recalithat p=!+1-+1 
}+...upto p times=0 because the characteristic of the field is fr. 
[hus we see that even the derivative of a non-constant polynomial! 
‘an be zero if field F is a field of finite characteristic. 
Theorem 23, Let F bea field and let f (x) & F(x] be such that 
"(x)=0. Prove thut 
(i) If charecteristic F=0, thea f(x)ma € F i.e., f(x) is acon- 
tant polynomial. 
(ii) Uf characteristic F=p#0, then f(x)—g (x?) for some poly- 
romial g(x) € F[x] i.e., f(x) ts a polynomial in x”. 
(Kanpur 1970) 
Proof. Let f(x) =ag+aQyx t+agx?+...4+4,¥'+.. shan” be a 
:olynomial over a field F. 
We have f'(x)=4)+ 2aex +... + fapx8 44 2.4 nagx*®"!, 
It is given that f'(x)=O=zero polynomial. Therefore 
Ay t+ 24gN FH net iayx!- 3b .e-t magX" 1=O04-OX 4... 401872, 
By definition of equality of polynomials, we pet 
a,=0, 2a2=0,..., ia;=0,..., naa=O0. 
Case (i). Characteristic F=0. 
We have ia,=0 
=> ajta;+...upto i times=0 
=> order of a; regarded as an element of the additive group of 
Fisgi 
=> order of a; is finite 
=> a,=, because in a field of characteristic © each non-zero 
element is of infinite order and zero is the only element of 
finite order 1. 
Thus a,=0, ag=0,..., @=0,.., Ga= 0. 
. S(x)=da, €& F > f(x) is contstant. 
Case (ii). Characteristic F= p40. 
In this case each non-zero element of F is oforder p and the 
sro element of F is of order I. 


From the theory of groups we know that if a@ is an element of 
rder p, then a”=e > p is a divisor of m. 

Here e=0, the identity of the additive group of F. 

Now ia,=0 

= cither a;=0 or if a;0 then p should be a divisor of { 

=> cither aj=0 or if o,;40 then i=Ap where A is some pw. vive 

integer. 
Therefore in this case the term x‘ will occur ir f(x) only Wit 
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is of the form (x*)*. Thus f(x) will be a polynomial in x?. 
Theorem 24. For any f(x), g(x) © F(x] and anya € F 
(1) (f (4) +e)’ =f" (x)-+2(x) 
(fi) [af (x)]’=af ‘(x) 
Citi) (F(x) g(x)" =S'"(x) g(x) +f (x) 8’(x). 
Proof. (i) Let f (x)=ag+ayx+a_gx*-+-.-+ dnx” 
and B(x) = Dot byxt bax? +... tb x™. 
Without loss of generality, we can take n > m. 
We have f (x)+8(x)==(do-t 49) + (41+ 51) x+(G2+ba) x?-+... 
+(An+hm) x” + (Gm $0) xnerl 4. + (Gn 1 0) bie where 
Amey +++> Qn are all zero if n=m. 
Now Lf)+ g(x)]’=(a1 4 b1)+2 (42462) x4+... 
cet (Amt by) X(N) Gen XA ef MAnx*?. 
NOW if a, b © Fandk is any integer, then 4 (a+h)==ka+kob. 
“ [Ff (x)+8(x)]’ 
= [y+ 24,X  --e  MAm X12 + (1 t 1) gy XT... Gn AT] 
+ [b1-+2bex-+- ... 4 mb, x] 
=f '(x)+27(x). 


(ii) Let f (x)=ag+a.x+ dar? +... 4-dnx". 

We have « f (x) == aa94- a,x 4 aaex?+...4 * aX. 

oe (af (X)]'=aa,-+2 (aaa) x+...+ (aap) x7} 

= Of tdy + 2agx+ ... +maex" ]=af' (x). 

(11) Since the product of f(x) -with g(x) is a linear combina- 
tion over F of powers of x, therefore by virtue of results (i) and 
(ii) it is sufficient to prove the result (ii!) for products of two 
powers of x. Let f (x)=, e(v)=x* where r ands are positive 
integers. 

We have f(x) 2(x)=x" x*=att"| Therefore 
[ f (x) g(x)]'=(r+s) xitenl se pyr teri syrtenl 
s=(r xi¥) xP+ x! (sve =f '(x) g(r) Hf (v)e’ (x). 

Condition for multiple roots. 

Theorem 25. The polynomial f (x) € F[x] has a multiple root 
if and only if f (x) and f(x) havea nontrivial (that is, of positive 
degree) common factor. : 

Proof. Before proving the main theorem let us first prove an 
important result namely : 

Lf f (x) and g(x) in F [x] have a non-trivial common factor in 
K[x] where Kis some extension of F, then they must have a non- 
trivial common factor in F(x). 

We shall prove this result by contradiction. Suppose f(v) and. 
g (x) have a non-trivial common factor in A[x] but they have no 
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non-trivial common factor in ‘ix]. Then f(x} and g(x) are rela- 
tively prime as elements in ¢ ix]. Therefore there exist two poly- 
nomials a(x) and A(x) in Fix! such that 
ax) f(A) +i ox) e(xj=1. 
Since K > Ff, therefore a (\), 5(x), f(x), g(x) can all be taken 
as polynomials in K[x]. 
Therefore a(x) f(x) 4+ (x) s(x)=1 implies that f(x) and g(x) 
are relatively prime as elements in A[x]. Note that if f(x) and g(x) 
have a common factor of positive degree then this factor must 
divide 1 which is impossible. Thus we get a contradiction. Hence 
J (x) and g(x) must have a nontrivial common factor in F[x]. 
Now we come to the proof of the main theorem. By virtue of 
the result we just proved we can assume without loss of generality 
that the roots of f(x) all sic in F (otherwise extend F to K the 
splitting field of /(x)). 
Now suppose that « is a multiple root of f/ (x) of multiplicity 
m> |. Then (x —4)" is a divisor of f(x). Therefore 
Sf {x)=(x--a%)™ g(r). We have 
f'()=[&—@)"] ay) +x - 2)" 7’) 
=m (x—2)"—) a(x) + (4 - a) g(x) 
jNote that ifm > J, then the derivative of 
(X—a)™ is m (x—a)"~1] 
=(x-—-a) r(x), since m1 > I. 
Thus (x—a) is a common factor of f(x) and f’ (x). Sof (x) 
and f ’ (x) have a non-trivial common factor. 
Cottverse. Suppose that / (x) and f’ (x) have 2. non-trivial 
common factor. Then to prove that f(x) has a multiple root, 
Suppose that f(x) has no multiple root. 
Let the roots of f(x) be o,, «.,..., 28 where the a,’s are all 
distinct. Without loss of generality we can assume / (x) to be 
monic. Then / (x)=(x— %) (x —a2)...(x -- 2a). Therefore 


f= E (x) eae a) 


where the bar ——— denotes the term is omitted. 


Our claim is that no root of {(x) is a root f ’(x), for 
S'(aj)= I] (%, --24s)40 
‘ti 


since ,-.-, % are all distusct. Now if f(x) and f ’ (x) have a non- 
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trivial common factor, then they have a common root which is 
any root of their common factor. Therefore f(x) and f ’ (x) have 
nocommon root implies that they have no nontrivial common 
factor. Thus we have proved that if f(x) has no multiple root, 
then f(x) and f’ (x) have no non-trivial common factor. 

Hence if f(x) and f’ (x) have a nontrivial common factor, 
then f(x) must have a multiple root. This proves the other side of 
the theorem. 

Theorem 26. If f(x)EF[x] is irreducible, then: 

(i) Jf the characteristic of F is 0, f (x) has no multiple roots. 

(ii) If the characteristic of F is p#0, f(x) has a multiple root 
only if it is of the form f (x)=g(x") for some g(x)E Fx). 

Proof. Suppose f (x) has a multiple root. Then by theorem 25, 
f (x) and f(x) have a non-trivial common factor in F[x]. Since 
f (x) is irreducible in / [x], therefore its only non-trivial factor in 
F[x] is f(x). Thus / (x) is a factor of f’ (x). Now if f’ (x)<0, 
then deg f ’ (x) is less than that of f(x) and so f(x) cannot be a 
factor of f ’ (x). Therefore f(x) | f’ (x) is possible only if f '(x)=0. 
Jn characteristic 0 this implies that f (x) is a constant, which has 
no roots; in Characteristic p#0, this forces f (x)=g'x#) for some 
Male Fix]. 

Theorem 27. ff F isa field of characteristic p340, then the 
Polynomial 

xP" xe F Tx], 
forn > 1, has distinct roots. 


Proof. Let f (x)==xP". x. Then f “(x)=prxP*—t —]. 

Now by pE Ff, we'mean I+ [+14 ...upto p times. Since F is 
of characteristic p, therefore the order cf 1 as an element of the 
additive group of F isp. Therefore p=1-+4-1-}+ ...upto p times 

Hence p*=0. Therefore f "(x)-2— 1. 

Now we see that f (x) and f’(x) have no nontrivial common 
factor. Therefore by theorem 25, f (x) has no matltiple roots. 

Theorem 28. /f F is of characteristic 0 and if a, 6 are algebraic 
over F, then there exists an element cE F (a, b) such that 

F (a, b)==F (ce). (Meerut 1973, 78) 


r 
If F is of characteristic 0 and if a, 6 are algebraic over F, thon 
F (a, b) is a simple extension of T. 
Proof, [lis riven that the elements a and Aare alvebraic 
over FL Let f(y) and g (vy) be the irreducible polynomials over F 
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satisfied by a and 5 respectively. Let deg f(x)=m and deg g(x)=n. 
Suppose £ is an extension of F in which both f(x) and g(x) split 
completely. Since f(x) 1s irreducible and characteristic F=0, 
therefore by theorem 26 all the roots of f(x) are distinct. Similarly 
all the roots of g (x) are distinct. Let a, ds, .., dm be the roots of 
ST (x) and by, 5,,..., ba be the roots of g(x). For the sake of con- 
venience let us put a4,=a, b;=5. 

If 741, then b;45,=b. Therefore if in £, we have 

a+ Aby=a+Ah, iol,...m, j=2,..., Nn, 

then A ox bb, which is a unique clement of E. 

Thus for each pair of values of i and j provided j}, the 
equation a;+Ab,=a }+Ab has only one solution in £. By putting 
f=1],..., m, J=2,.,”, the equation a,+Abs=a+Ab can take only 
a finite number of forms. Thus there are only a finite number of 
elements of E such that 

a-+ Abj=a+Ab, where i=I,..., m, j=2,..., m. 

Now F has an infinite namber of elements since characteristic 
FQ. Each element of Fis in E. Therefore we must have an 
element »€@F such that 

a;+7b;Aa-+ yb for all i and for all jAl. 

Let c=a+yb. Since a, b, y € F(a, b), therefore cE F (a, 8). 
We shall prove that F (a, 6)= F(c). 

Since c& F(a, 5) therefore F(c)C F(a, 5). 

Now it remains to prove that F(a, 6)€ Fyc). 

For this we shall prove that both a and 6 are in F(c). 

Now BD satisfies the polynomial g(x) over F. The polynomial 
g(x) over Fean also be regarded as a polynomial over F (c) 
because FEF (c). Let us put F(c)=K. Let h (x)=—f(e- yx). 
Since c@K, andy € F=> y © K, therefore A (x) is a polynomial 
in A[x]. We have 

h{b) =f (c— yh) 
= f(a) [" c=atyb] 
=(}, since a is a root of f(x). 

Thus 6 satisfies both the polynomials g (x) and / (x) in A[x]. 
Therefore x—-b isa common factor of g(x) and A(x) in some 
extension E of K. [Note that K=F (c) © F(a,6)Q E Hence £ 
is an extension of K]. We shall prove that x—O1s the greatest 
common divisor of g (x) and A (x) in K[x}. Let by46 be another 
‘oot of g(x). Then 
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h (6) =f(c—-ybs) 
~0, since by our choice of y, c—b, for j41 avoids all 
roots a; of /(x). 

[Note that a,+yby4a4 yb=c for all i and for all j1). 

Therefore by is not a root of h(x). Thus any factor of g (x) in 
E[{x] other than x —b is not a factor of A(x). 

Also g(x) has all its roots distinct. So (x--6)', where r > 2, 
isnot a divisor of g(x). Hence x—6 is the greatest common 
divisor Of g(x) and d(x) in some extension E of K. Since g(x) 
and f(x) have a nontrivial common factor over some extension of 
K, therefore they must have a nontrivial common factor over K. 
[See initia! remark in the proof of theorem 25]. Consequently they 
must have a nontrivial greatest common divisor over K which 
must be a divisor of x—6. But the degree of x—d is 1. Therefore 
x—b itself is the greatest common divisor of g(x) and h(x) in 
K [x]. 

Hence bE K=F (c). 

Now c, 7, be F(c) = c—ybE F(c) > aE Fic). 

Thus both a, 5 are in Fic). We have 

a, be Fic) > F(a, b) & Fic). 

Finally F(a, 6) C Fic), Fic) © F(a, b) > Fria, b)= Fic). 

This proves the theorem. 

Theorem 29. Any finite extension of a field of characteristic 
0 is a simple extension. 

Proof. Let K be a fimite extension of a field of characteristic 
0. Then X is an algebraic extension of F and can be obtained by 
adjoining a finite number of algebraic elements of F. Let 

K= F(«, Ag ccey Sa). 

We are to prove that there is an element ce K 
such that K=F(c). 

We have K= Faq, t9,...5 Sgug, Maz, Sa) 

== (F(mg, Og, ..+5 Se—g)) (e-1, Mn) 
= (F(ay, &2,..-, On—2)) (2) where 
de (F(%1, %yeee, Sno) (En—1, Xn) 
= F(a, Angee, Andy Og) = K, 
{We have applied theorem 28 by taking 
F=F (a, Bey %n-s) and Xp—1 =a, t=} 
== F(@,, Xg,yeer, Ag_ay d) 

By repeated application of theorem 28, in the manner shown 

above, we shall get after a finite number of steps 
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K=F(c) where ce Fic)= K. 

Hence K is a simple extension of F. 

Separable element. Definition. An element ain an extension 
K of F is called separable over F if it satisfies a polynomial over F 
having no multiple roots. 

Separable extension. Definition. An extension K of a field F 
is called separable over F if each clement of K ts separable over F. 

(Meerut 1981, 82, 83) 

Perfect field. Definition. 4 field F is called perfect if all finite 
extensions of F are separable. 

Theorem 30. Show that any field of characteristic 0 is perfect. 

Proof. Let F bea field of characteristic 0. The field F will 
be a perfect field if every finite extension of F is separable over F. 
Let K be any finite extension of F. Then to prove that.X is sepa- 
rable over F. Let a@ K be arbitrary. Then K wil! be separable 
over F if a is separable over F i.e., if a satisfies a polynomial! over 
F having no multiple roots. 

Let {A : Fl=n. 

Then a satisfies a non-zero polynomial in F[x] of degree at 
most n. [See theorem 7]. 

Suppose a satisfies f(x)E F[x]. Then f(a)=0. By the unique 
factorization theorem for polynomials over a field the polynomial! 
SJ(xX)E F[x] can be expressed as 

I(X)= 94x) Gal)... Fal) 
where q,(x),.--, 9m(x) are irreducible elements in Fix]. We have 
f(aj=9 
=> Y1(@) go(G)...gm(a)=0 
=> g:(a)=0 for at least one i between 1 and m 
> « Satisfies an irreducible polynomial g(x) in F[x]. 

Since characteristic F is 0 and ¢(x)€ F[x] is irreducible, there- 
fore gx) cannot have multiple roots. [See theorem 26] 

Thus a satisfies a polynomial over F having no multiple roots. 

Hence F is a perfect field. 

§ 7. The Elements of Galois Theory. 

Let p(x) be a polynomial in F[x] where F is any ficld. In 
this section we shall associate with p(x) a group called the Galois 
group of p(x). This Galois group will turn out to be a certain 
permutation gioup of the roots of the polynomial. 

In this section we shill assume that all our fields are of 
characteristic 0. Then we cun muke tre use of theorems 28 and 


524 . Modern Algebra 


29. However most of the results will be true for an arbitrary field 
i.e., they will also be true for fields having finite characteristic. 
Therefore we shall prefer to mention in the statement of the 
theorem whether the field is of characteristic 0 or an arbitrary field. 
If we write the words ‘any field’ then the result will also be true 
for finite characteristic fields. 

Automorphism of a field. Definition. 

A one-one mapping a of a field K onto itself is called an auto- 
morphism of K if 

o(a+6)=o(a)+ e(b) and a(ab)=0(a) o(b) for all a, bE K. 

Two automorphisms e, and og of K are said to be equal if 

o3(a)=¢,(a) ¥ aE K. 

Thus o, and a, will be distinct if o,(a)xo2(a) for some ele- 

ment a in K. 


Note. Ife is an automorphism of a field K, then 

(i) #(0)=0, (ii) o(—a)= —o(a), 

(iti) o{1)=1, (iv) o(—1l=—l, 

(v) If @40, then o(a) =[o a))}-. 

To prove these results see the corresponding results on iso- 
morphism of rings. Automorphism is nothing but a special type 
of isomorphism. 

Group of automorphisms of a field. 

Theorem 31. Let A (K) be the collection of all automorphisms 
of afield K. Then it can be easily seen that A(K)is a group with 
respect to the operation known as composite cf two functions. 

Proof. Let A(X) be the collection of all automorphisms of a 
field K. Then A (K)={f: fis an automorphism of K}. 

We shall prove that A(X) 1s a group with respect to composite 
of mappings as the operation: 

Closure property. Let /, g€A(K). Then f, g are one-one 
mappings of K onto itself. Therefore g f is also a one-one mapping 
of K onto itself. 

If a, b be any two elements of K, we have 

(8 J ) (ab)=g{ flab=g (f(a) fo)l=g [fal g | f (d)I 

=[(¢ f) (a)l (ef) )). 
Also (2) (44-b)=z [ flat bd) =e Ef (24S) 
= [ fla)l+e[ M5} =(g £) (a)+ (ef) (6). 

a6 “efi is also an automorphism of K. Thus 4 (K) is closed 

With respcet to Composite composition. 
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Associativity. We know that composite of arbitrary mappings 
IS associative. Therefore composite of automorphisms is also 
associative. 

Existence of identity. The identity function Jon X is also an 
automorphism of K. Obviously / is one-one conto and if a, bE K, 
then I(ab)=ab=1(a) 1(b), and I (a+b)=a+b=M(a)+ Kb). 

Thus JE A(K) and if fE 4(K), we have I fafefl. 

Existence of inverse. -Let fE A(K). Since f is a one-one 
mapping of K onto itself, therefore f- exists and is also a one-one 
mapping of K onto itself. We shall show that /—? is also an auto- 
morphism of K. 

Leta, b&K. Then J a’; b’EK such that 

S-'(a)=a’ <= fia')=a and f (b)=b’ & f(b')=b. ° 

We have f (ab) =f [ f(a’) f(b’ J=f- [ 1(a°b’)] = a’b’ 

f(a) (U0). 
Also f-(a+b)=f~ | fla’) +f(o' Yas [ fla’ +b’) =a’ +b 
=f-i(a)+ f-(b). 

-. f-? is an automorphism of K and thus fE 4(K) > 
f-1GA(K). Therefore each element of A(K) possesses inverse, 

Hence A(K) is a group with respect to composite composition. 

Fixed field. Definition. Let G be a subgroup (or simply a 
subset) of the group of all automorphisms ofa field K. Then the 
fixed field of G is the set of all elements a@&K such that 

o'a)=a for all c&G. 

The above definition of fixed field will be sensible only if we 
are able to Show that all elements a € K such that of(a)=a for 
all o&G actually form a subfield of K. We have the following 
theorem : 

Theorem 32. Let G be a subgroup of the group of all auto- 
morphisms of a field K. Then the fixed field of G is a subfield of K. 

(Meerut 1970; Banaras 70) 

Proof. Let G be a subgroup (or simply a subset) of the group 

of all automorphismis ofa field K. Let 
H={aEK : o(a)=a ¥ cEG}. 

To prove that H js a subfield of XK. 

Obviously H is not empty because at least 0 and 1 are in H. 
We have o(0)=0 and o(1)=1 for all cEG. 

Let a, hGH. Then o(a)=a, o(6)=4, for a!! vGG. For any 
«eG, we have o(a - b)=0(a)—9(b)=a—b. 

Thus a,bEH => a-—beE H. 
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Further let aE H, O4DEH. Then o(a)—a, o(b)=b for all 
@EG. Also 0#b > b- exists. For any cGG, we have 
o(ab-*) = ¢(a)o(b-) 
==(o{a)} [o(5)}-2 [Note that under an isomorphism 
o(b-*) = [o(b)}—*] 
= ab-1, 


Thus a@H,0#hECH => abel. Hence H is a subfield of K. 
Group of automorphisms of a field K relative to a subfield F of K. 
Theerem 33. Let F be a subfield of the field K Let G(K, F) 
be the set of those automorphisms of K which leave every element of 
F fixed. In other words the automorphism f of K is in G(K, F) if 
and only if f(a)=« for every oG@F. Prove that G(K, F) is a sub- 
group of the group of all automorphisms of K. 
(Banaras 1970; Meerut 77) 

Proof. First we see that G(K, F) is not empty because at 
least the identity automorphism / of K is in G(K, F). Since / is 
the identity mapping of K, therefore I(a)==« for every «€ F. 

Now let f, gEG(K, F). Then 

fi«x)=« for every c«€ F and g(a)=a for every cE F. 

If cE F be arbitrary, we have 

(sf) («)=slf@)I 
=8(a) [ys f(a)=e > f\a)=¢] 
=a. 

Thus gf-*E G(K, F). 

Since g, fEG(K, F) > gf-EG(K, F), therefore G(K, F) is a 
subgroup of the group of ali automurphisms of X. 

Definition. Let F be a subfield of the field K. Then the group 
of automorphisms of K relative to F, written as G(K, F), is the set of 
those automorphisms of K which leave every element of F fixed. 

Note 1. G(K, F) is a subgroup of the group of al! automor- 
phisms of K. IfaEA be such that «&F, then fi«)=« for all 
f@G(K, F). Therefore the fixed field of G(X, F) must contain F. 

Note 2. Let K be a field containing the field of rational 
numbers Fa. Let G be the group of all automorphisms of K. Then 
the fixed field of G is a subfield of K. Now every subfield of K 
must contain Fe because Fy is the smallest subfield of K. Therefore 
the fixed field of G must contain Fy. From this we conclude that if 
aG Fe, then o(@)=x tor allaGG. Thus every rational number is 
left fixed by every automorphism of X. 
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Theorem 34. If K is a field and if ox, of,..., On Gre distinct 
automorphisms of K then it is impossible to find elements aj, dg,..., Qn 
not all 0, in K such that 
Qy03(U) + auoa(u) + ...+-daca(u)=0 for all ue K. 
(Meerut 1974, 81, 83) 
Proof. It is given that 01, 93,-.-,%, are distinct automorphisms 


of K. Suppose we can find elements Qy, @2,..., Qn, Dot all U, in K 
such that 


@,0;(u) +a,02(u)+...-banon(uJ=O0 ¥ LEK. maa’ 
Among ail relations of the type (1) we can find a relation 
which has as few non-zero terms as possible. After renumbering 
let this minimal relation be 
Q4034( 1) + Go 2(U) +... -- amom(u) =O, /  aae(2) 
Where ay, dy,...,@m are all different from 0. {if m==1, then the 
relation (2) reduces to 
ao;(u)=0 ¥ wEK 
=> a,9;(1)=0, since IGA 
=> a, 1=0, since o3({1)=1 
=> a=(), 


But according to our assumption a;40. Hence we must have 
m>}, 


Since the automorphisms o, and go, are distinct, therefore 
there exists an element c& K such that ,(c)-4om(c). 

Now c&K, uGK =» cuGK. Therefore the relation (2) will 
hold good for cu. Thus we get 

Ay93(Cu) + 202(CU) +... FApom(Cu)=0 ~ “eK 
=> 430;(C) va(u) +a20,(C) o2(u) +... +OnOun(C) On(u) =O 
Y uEk ...(3) 
['° eacho is an automorphism of K] 

Multiplying (2) by o,(c) and subtracting from (5), we get 

dalo2(c) -- 044c)] o2(u)+---- + Am[Om(C) — 94(C)om(uy =9.  (4Y 

Let b,=a,slo,(c)—9,(c)] for im2, ..., m. 

Since a;, o,(c), 0,(c) are ali in K, therefore cach & is in K. 
Further bg.==Gm{om(c) —01(c)]7=0, because 2,30, and 
Om(C)—a3(c)<0. Therefore from (4), we get 

b,0(u) + ... + bmom(ué) =O for all ve XK. .-(>) 

The relation (5) has m—1 terms. Since b» 0, therefore from 
(5} we see that it is possible for us to finda relation of the type 
(1) having less than mt non-zero terms. This contradicts the assum- 
tion that (2) is a minimal relation. 
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Hence our initia] assumption is wrong. This proves the 
theorem, 

Theorem 35. Suppose K is a finite extension of a field F. Then 
show that G(K, F) is a finite Sroup and its order, o (G,(K, F)) satis- 
Sies the relation o(G (K, F)) < [K: F]. 

(GN.D.U. Amritsar 1982; Vikram 76; Calicut 75) 

Proof. Suppose [K : F]--n and let Uj, Us,..., Uy be a basis of 
the vector space K(F). 

Suppose we can find n+1 distinct automorphisms oj, Gs,..., on, 
Ong1 10 G(K, F). Consider the following system of homogeneous 
linear equations in n+l unknowns x, X2,..., Xa41 40d with coeffi- 
Cients in K: 

ox(Hr) Xy-boa(ta) Xo+...46943(t) Xeaq=0 
03 (uz) Xy+69(t,) x2-+ + Ong (Ug) Xn+,=0 


o4(t4) X,+03(u) Xa Ons, (U4) Xa4,=0 
O3(Un) X1+o9(ty) Xt... +Gn43(Un) Xn41=0. 

Since in the above system of linear homogeneous equations 
the number of equations is less than the number of unknowns, 
therefore this system must possess a non-trivial solution (not all 0) 
*1= 41, Xa=da2, -., Xn41=G@ny1 in K. Therefore we have, 

403 (Uj) + ag52(u,) +... FGn41544.1(U4) =0, (1) 
for fe], 2,..., 7. 

Let ¢ be an arbitrary element of K. Since {uy,..., un} is a basis 

of K over F, therefore we can find o%,..., %€F such that 
T= 01+... fants, 

Now O1(1)=oy\aat+...4 yn) 

=0}(03) o,(u,)+... +04(%n) o1(ua) [*" 01 is an automorphism] 

me 171(Uy) «2+ yo (Utn) [‘" o,EG(K, F) ».0, leaves every 

element of F fixed. Note that re 7 2 
Thus 6,(1)=0,0,(u,)+...4 Ono, (ty). 
Similarly  osft Jen etgoa (tz) + .., +-ancrg(tin) 


On4i(l)™ayGn41th)+.., + &,0n¢a(tn). 
Multiplying both sides of these equations by a, Bayeey Ang 
respectively and adding, we get 
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Theorem 38, XK isa normal extension of a field F of charac- 
teristic 0 if, and only if K is the splitting field af some polynomial 
over F. (G. N. D. U. Amritsar 1982) 

Proof. Suppose XK isa normal extension of F. Then K is 
necessarily a finite extension of F. Also characteristic F is 0. 
Therefore by theorem 29 K is a simple extension of F. So there is 
an element a in K such that KF (a). The group G (KX, F) is of 
finite order say of order n. Let o), @2,..-, oe denote all the distinct 
elements of G (K, F). Also let o, be the identity of G (K, F) i.e., a, 
be the identity automorphism of K. 

Let a, &2,..., & be the elementary symmetric functions of the 
elements a1 (@),...,0, (a2) € K i.e., 


® 
a= 2 g; (a) 
my 
Vuz= 2X 0; (a) a» (a) 
i<j 


On==0, (a) 2 (d)...08 (a). 
It can be easily seen that each a, is invariant under every 
o € G (Kk, F). 

Therefore each o, is inthe fixed field of G (K, F}. But K isa 
norma! extension of F implies that / is the fixed field of G (K, F), 
So each a, G F. Consider the polynomial 

p (x)=[x—o, (a)] [x , (a)] ..[—on (@)] over K. (ED 

We have p (x)= x"%—ax9714 ...4(- 1)" on. 

Since each a, € F, therefore p (x) € F [x]. 

From (1), we see that K splits p (x) € F [x] into a product of 
linear factors. Also from (1) we see that a, (@)=a is a root of p(x) 
in K. Since a generates K over F, therefore acan be itt no proper 
subfield of K which contains F. Thus K is the splitting field of p(x) 
over F. This proves the ‘only if’ part of the theorem. 

Now we shall prove the ‘if? part of the theorem. Suppose K 
is the splitting field of the polynomial f (x) & F[x]. Then to prove 
that X is a normal extension of #. Certainly X is a finite extension 
of F because every splitting field is a finite extension. 

Let [K: F]==n. We shall prove the result by induction on a. 

To start the induction we see that if [K: F)=1, then Ke F 
and certainly F is a normal extension of F. 
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Now assume as our induction hypothesis that if Ky is the 
splitting field over F, of a polynomial in F,[x] and if [K, : F] < 2, 
then Ky is a normal extension of F,. 

Now let [K: F]l=n > 1. K is the splitting field over F of f(x) 
in F[x]. If f(x) splits into linear factors over F, then X==F and 
consequently [K : F]=1. So, assume that f(x) has an irreducible 
factor p(x)€ F[x] of degree r > 1. Since characteristic F is 0 and 
p(x) is irreducible, therefore p(x) cannot have multiple roots. 
Further p(x) is a factor of /(x) and K is the splitting field of f(x). 
Therefore p(x) has a full complement of roots in K. Let ey, %,-.- 
..-, % GK be the r distinct roots of p(x). 

Since p(x) is irreducible over F and deg p(x)=,r, therefore 

[ F(a) ° Fj=r. 
We have [K:; F]=[K : F(a)] oo F] 
en __[K:F n 
=> [K ; F()l=Ti@s) = Fl Fl = : an. 

Now K is also the splitting field of f.x) considered as a poly- 
nomial over F(e,). 

Since [K : F(«,)] <, therefore by our induction hypothesis 
K is a normal extension of F(0). 

Let 6€K be left fixed by every automorphism in G (A, F). If 
we prove that @ is in F, then F will be the fixed field of G (K, F) 
and K will be a normal extension of F. 

We have 

o&G (A, F(a)) 
=> o leaves every element of F(«,) fixed 
=> o leaves every clement of F fixed [FC F(a)] 
= o€G (K, F) 
> o(8}=0 [°. by our assumption 6 is Jeft fixed by 
every automorphism in G (K, F)]. 

Thus we have o(#)=@ for all o@G (K, F(«;)). 

Therefore 6 belongs to the fixed field of G (K, F(a;)). 

But KX is a normal extension of F(a,) means that F(e,) is the 
fixed field of G(K, F(a,)). Therefore @ is in F(a). So wecan 
write 

6=A,+ Aqg%q A203? + bee Apia af? where Xo,r0rs AYAEF «st2) 

[See theorem 5] 

Now by theorem 37, for each i=1, 2,..., r there is an auto- 

morphism o, of K, ox«EG (K, F), such that o,;(a,)=2a,;. Since @ is left 
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fixed by every automorphism in G (K, F), therefore o,(@)=6@. Also 
do, An, +++) AVaIEF 
=> a4(Ao)=Apgy O(Ay) =Ag,.--, Op{Ar_y) = Ap—a- 
Operating o; on both sides of (2), we get 
04(8) = 6; (Ag Aye Age? +... FA—-g 73) 
=> G=04(A9)+-0;(Ay) o;(03)+0;(Aq) [os(01)]* +... 
+ o4(Ay—3) [os(ag)}- 
> B=Agt+Ayag Anas? ... $Ap—-10/7-4 
> Ayia TA, yf 8 +... Aas 4+-(Ao — 0) = 0 
fori@1, 2,..., 7, ..-(3) 
Since 74, %..., %, are all distinct, therefore from (3) we see 
that the polynomial 
q(x) = Ap xP 1 Ap _g xt + eee +Ayx+(Ag— 0) 
in K[x], of degree at most r—1, has r distinct roots a, a,..., a,, 
This can be possible only if all the coefficients of g(x) are 0: in 
particular 4,—6#=0 which gives 6=A9. So @ is in F. 
Hence K is a normal extension of F. 
The proof of the theorem is now complete by induction. 


Note. The above theorem is very important. It tc!ls us that 
if K is the splitting field of some polynomial f(x) € F[x] where 
characteristic F is 0, then K is a normal extension of F. The con- 
verse is also true. 

Theorem 39, Let K bea normal extension of a field F of 
characteristic 0. If T is a subfield of K containing F, then T is a nor- 
mal extension of F if and only if 

o(T)ET ¥ cE G(K, F). 

Proof. Since K is a normal extension therefore KX is a finite 
extension of F. Let 7 bea subfield of K containing F. Then T 
is also a finite extension of F which is of characteristic 0. There- 
fore by theorem 29, J is a simple extension of F. So there is an 
element a in 7 such that T=F(a). 

‘Only if’ part of the theorem. Suppose o(T)CTVcEG(K, F). 
Then to prove that 7 is a normal extension of F. 

Since K is a normal extension of F, therefore G(K, F) isa 
Snite group say of order n. Let 03, ¢2,-.-, on be all then elements 
of G (K, F) and let 0; be the identity of G(K, F). Since 

aeT ando(T)GT ¥ cEG(K, F), 
therefore o,(a), ¢2(a),.-», ¢n(@) are all in 7. Consider the polyno- 
mial p(x)=[x- 93(@)] [x— ¢2(a)]..-[x—on(a)} 
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over J, Expanding we get 
P(x) == x" — ax*-3 + ax? ...4(— 1)" a, where a, &,..., Ge 
are elementary symmetric functions of the elements 
03(@), 9,(4),---, on(a) 

of JT. Itcan be easily seen that 3, &,..., & are each invariant 
with respect to every co@G (K, F) Therefore each «, for j=1,... 
..., 2 must be an element of the fixed field of G (K, F). Since K is 
a normal extension of F, therefore the fixed field of G (K, F) is F. 
Thus each a, is in F and So p(x)G@F[x]. From the form of p(x) we 
see that T splits the polynomial p(x)& F[x] into a product of linear 
factors. Also ox(a)=a is a root of p(x) in T=F(a). Sincea 
generates T over F, therefore acan be in no proper subfield of T 
which contains F. Thus 7 is the splitting field of p(x)@F[x]. There- 
fore by theorem 38, 7 is a normal extension of F. 

‘If’ part of the theorem. Suppose 7 is a normal extension of 
F. Then to prove that o(7)CT ¥ cGG (K, F). 


Since 7 is a normal extension of F, therefore G(T, F) isa 
finite group say of order m. Let ga, 2,.-., bm be all the m elements 
of G(T, F) and let 4, be the identity of G(T, F). Since a& T= F(a), 
therefore (a), $.(a),--., Jm(@) are all in 7. Consider the polynomial 
q(x)=[x— y(a)] [x—¥2(a)]...[x—Yn(a)] over T. Expanding we get 
g(x) = x™ — Byx™-1+4 Box™-2 —...+(—1)™ Bm Where Bi, B2,..-, Bm are 
elementary symmetric functions of the elements $,(a), ¥!2(@),.--» Yn(@) 
of T. It can be easily seen that each f,; is invariant with respect to 
each | in G(T, F). Since Tis a normal extension of F, therefore 
each 8; must be in F. Consequently g(x)G F[x]. From the form of 
q(x) we see that q(x) has all its roots in Z. Also ¥,(4)=a is a root 
of g(x) in T and hence in K. 

Now let o be any element of G(K, F). Since o is an automor- 
phism of K leaving every element of F fixed and a is a root of 
q(x) F[x] in K, therefore o(a) is also a root of g(x) in K. Since 
all roots of g(x) are in 7, therefore o(a) must be an element of 7. 
Now 7-2 F(a). If [T: F]=r, then 1€ T can be written as 

t==Ag-++- Aya+ ...+-A,-1 at~? where Ag, Aj,-.-; AEF. 

We have o(t)=0(A,-+A3@+-... + Ap_y 27) 

=0(No)-+0(Ay) o(a) +... (Ar-2) [ola)}'—2 

=Ag-+Ajo(a)+... +Ar-y [o(a)]*-? 

[°° o leaves every element of F fixed] 


Extension Fields and Galois Theory 529 


@0x(t)+... + Qn4100--1(t) 
se Oy[Qy01(t1) +.» +Gng:0n4r(ug)] +... 4 tnf2yoy(tn) +. 

. + Ging 10naa(tln)] 
=0104-...-+000, by virtue of the system of equations (1) 


== () 

Thus we see that if 04,..., on4, are distinct automorphisms of 
K, then it is possible to find a,..., dng, in A. not all O, such that 

QO (1)F oe ng Png (()=0 ¥ EK, 

By theorem 24 this is not possible for us. Henez there cannot 
be n+1 distinct automorphisms in G(K, F). 

Similarly we van prove that there cannot be a }-2, 44 3,.. 
distinct automorphisms in G(K, F). Hence 0o(G(K, F)) <n. 

Elementary symmetric functions of the elements of a field. 

Definition. Let a,, &,..., %n be n elements of a field F. Then 


a 
Vy + eo+...fa,=— fd ad | 


e= >> x ay 
f-<) 

yYa= >> A TR Se 
i<jck 


Var, Xz Ay... A, 

are called elementary symmetric functions of @, @2,..., &a. 

It can be easily seen by direct calculation that 

(x—a@1) (x— &2)...(X— 2) 

me HF yy Odd yy 8. yg x34 te ( — 1)” py 

Normal extension of a field. Definition. A finite extension K of 
a field F is said to be a normal extension of F if the fixed field of 
G(K, F) is 7. (Meerut 1981, 82, 83, 84P) 

From the definition of normal extension it is obviors that if a 
is any element of K which is not in F, then we must have some 
automorphism ¢ in G(K, F) such that o(a)a. 


Theorem 36. Suppose K is a finite extension of a field F of 
characteristic 0 and H is a subgroup of G(K, F). Let Ky be the fixed 
field of H. Then 

(1) (K: Kal=0(H). (2) H=eG(k, Ku). 

Proof, Let A(X) be the group of all automorphisms of the 
field K which is a finite extension of the field F. It ts given that 
Ky is the fixed field of H which is a subgroup of G(A, F). Therefore 
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Ku={xE K : o (x)= for all co H}. 

Now KX isa finite extension of F and Ky isa subfield of K 
containing F, Therefore K is a finite extension of Ky i.e., [K : Ku] 
is finite. By theorem 35, we have G (K, Ku) is a finite group and 

o (G (K, Ku)) < [K: Ka]. -(1) 

Further G (K, Ky) is a subgroup of A (K) and H is also a sub- 
group of 4 (K). Wehave 

coGH>al(y)=y ¥ YE Ku [see def, of Ku] 

=> o & G (K, Ky). 

oe H c G (K, Ku) 

s> H is a subgroup of G(K, Ky) 


= o0(H) < 0 (G (K, Ku)). oee(2) 
From (1) and (2), we get 

0(H) < 0 [G(K, Ku)] S [K: Hu] (3) 

> o0(H) < [K: Ku] ---(4) 


Now in order to prove that o (H)=[K: Ku] it remains to 
Prove that 0 (H) > [K: Ku]. 

Let o (H)=h and [K : Ku]=m. 

Let H={0,, o4,..., o4} where o; is the identity automorphism 
of K. Note that H being a subproup of A (XK) must contain its 
identity. 

Since K is a finite extension of Ky; which is of characteristic 0, 
therefore by theorem 29, K is a simple extension of Ky. Therefore 
there exists an element a@& K such that K= Ky (a). This @ must 
therefore satisfy an irreducible polynomial over Ky of degree 
m=[K ; Ky] and no non-trivial polynomial! of lower degree. 

[see theorem 7]. 

Let «, %3,..., & be the elementary symmetric functions of the 
elements 0, (a), 0, (a),..., 0, (a) & K. Then 


h 
=o, (a)-+o, (2) +---+on faj= 2 a; (a) 


Og=— & 0; (a) a; (a) 
i<j 
%,nemay (2) og (a) ---c% (a). 
We claim that each a, is invariant under everyo © H. Let 
o be any element uf H. Consider the A products aaj, o62,..., o64. 
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All these are elements of H because H is a group. Also all these 
are distinct. Because ov,;=<a0;, 
=> o,=0; [by left cancellation law in fl} 

ee O61, Gy, . , Od, are nothing but the A elements of H placed 

in Some order. We have 
& (%,)=o [o, (2) + 0,(a)+ ...40,(a)] 

=@ (e; (a)}-++o [¢2(a)]+...+0 {u, (a)] =[. o is an automorphism] 
==(¢01) (a)+ (co) (a) + ...+ (ou) (a) 


h 
= ica a; (a), Since oc,,..., ¢0, are nothing but the A clements of // 
1 


placed in Some order 


= Oy, 
Further o(as)=a py U; (a) v; (a) 
oa | 
= % a [o; (a) oc, (a)] [." @ is an automorphism] 
r<J 
=: 2 a [a, (a)] o [v; (a)) (oo isan automorphism] 
i<j 


& (¢0;) (a) (vo,) (a)=o, 
| ee | 


Similarly we can show for a, .4...., %- Since each @, 18 i- 
variant under every ¢ & H, titerefore by the definition of Ay each 
% €& Ky. Consider the polynomial 

p (x)=|x ~ a, (a)] [x - 2 (a)]...[v—on (a)] .. (8) 

xP ay et lag he 4 (1) a. 

We see that r(x) is a non-z-ro polynomial over Ky of degree 
h. Note that o.. .., an & Ay. Also from (5) we see that a, (@)-—-a 
1s a root of p(x). Note that o; (a)==@ because o 1s identity auto- 
morphism. 

Thus we se that a satisfies a non-trivial polynomial over Ky 
of degree fh. Since a cannot satisfy a non-trivial polynomial over 
Ky of degree lower than m, therefore we must have 

hosm 
>o(H) 2 [K: Au]. 6) 
From (4) and (6), we get o (H)=[K: Au]. 
Putting o (17)=[K : Ky] in (3), we get 
o (1) <2 0 (G (K, Ki) © 0 (4) 


=> o (H)=0(G (K, Ku)). 
Now H is a subgroup of G (K, Ki). 
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Therefore o (H)=0 (G (K, Ku)) implies that H=G (K, Ky). 

Corellary. Let K be a normal extensiow of a field F of chazac- 
terlaticO. Then [K : F]=o (G (K, F)). 

Preof. Since K is normal extension of *, therefore the fixed 
field of G (K, F) is F itself. Also K is a finite extension of F be- 
Cause a normal extension is necessarily a finite extension. 

Now in the proof of the above theorem take H=G (XK, F) 
itself. Then K,,=the fixed field of G (K, F)=F. Therefore we get 
the result o (G (K, F))=[K: F}. 

Note. Write the complete proof of this corollary by replacing 
H by G (K, F) and K,, by F in the proof of the above theorem. 

Now we shall prove a very important theorem which charac- 
terizes normal extensions of a field of characteristic 0. Before 
Stating the main theorem we want to prove the following subsidiary 
theorem which we shall use in the proof of the main theorem. 

Theorem 37. Let K be the splitting field of f (x) in F {x] and 
let p (x) be an irreducible factor of f(x) in F |x]. If the roots of 

P (x) are «,,..., %,, then for each i there exists an automorphism a; in 
G (K, F) such that o; (@)=%. 

Proof. It is given that K is the splitting field of f{x) € F [x] 
and p (x) is an irreducible factor of f (x) in F [x]. Since p (x) is a 
factor of f (x), therefore every root of p (x) is also a root of f (x) 
and so every root of p (x) must be in K. Let a, 4, be any two 
roots of p (x). Let Fy=F (a,) and Fy’=F (a). Since p (x) € F[x] 
is irreducible, therefore by corollary to theorem 21, there is an 
isomorphism ys of F, onto F,' such that 

yb (%)=a@, and | (ald=a ¥ ae F, 

Since F, isa superfield of F, therefore f(x) G F [x] can be 
considered as a polynomial over Fi. We claim that K is a splitting 
field for f(x) G F, [x] because no subfield of K, containing Fi and 
hence F, can split f(x). Similarly K isa splitting field for f (x) 
considered as a polynomial over F;’. By theorem 22, there is an 
isomorphism ¢,; of K onto K (thus an automorphism of K) coincid- 
ing with ¢ on F,, 

Now a, & F (a) af; 

> a, (a) =H (%,) =O. [‘" (1) a] 

Also since a; coincides With # on F;, therefore o,(j=av cE F, 
Consequently o; & G (K, F). 

This proves the theorem. 
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i.2., if and only if (o-2 7 co) (t)22f ¥ IE T, Yc 7 EG(K,F) 
and ¥r & G(K, T) 
é.e., if and only forse GK, Ti ¥oe G (K, F) 
and ¥ rt € G{(K, T) 
{Note that o-} ro E G (K, T) (co 1a) (f) 
=r ¥fEe T 
fz., if and only if G (X, 7) is a normal subgroup of G (K, F) 
[by def of normal subgroup]. 
(3) If T isa normal extension of F, then for any c€ G(K, F), 
we have 
o(NCT 
az>o()E Tvre fF. 
Therefore o induces an automorphism o* of T def ined as 
o* ()=0 (t) ¥ t € MT. 
Since o leaves every element of F fixed, therefore o* also 
leaves every element of F fixed. So o* must be in G (7, F). 
If a), og © G(K, F), then ¥ ¢ © T. we have 
(oy o,)* (2)=(0; 0) (1) 
=0y [az (1)] = 93 [og* (1)]=o1* [o,* (¢)] 
=(0,* o,*) (ft). 
ve (01 02)" =0)*0,*. 
From this we conclude that the mapping @ of G (K, F) iato 
G (T, F) defined as ¢ (c)=o* for alle € G(K, F) is a homomor- 
phism of G (K, F) into G(T, F). The Kernel of this homomor- 
phism consists of elementsa in G (K, F) such that ¢ (¢)=o* is 
the identity of the group G(T, F). The identity of the group 
G (T, F) is the identity map on T. Therefore the Kernel of ¢ is the 
set of allo € G(K, F) such that t=o* (t)=o (t) forall: € 7. 
But o (t)=t ¥ t © Tif and only ifo € G(X, T). Therefore the 
kernel of ¢ is exactly G (K, T). Now by the fundamental theorem 
on homomorphism of groups the image of G (K, F)in G (7, F) 
under the mapping ¢ is isomorphic to the quotient group 
G (K, F)/G(K, Tf). 
Now the order of the group G(K, F)/G(K, T) 
0(G (K, F)) 
0 (G (K, T)) 
=xthe index of G (K, T) in G (K, F) 
=[T : F], by part (1) of this theorem 
=0 (G(T, F)) {by corollary to theorem 76 
since T ix normal over F] 
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Thus-the image of G(X, F) in G(T, F) is isomorphic to a 
group of order o(G(T, F)). Since the image of G(K, F) in G(T, FP) 
is a subgroup of G(T. F), therefore it is all of G(7, F). Hence the 
quotient group G(K, F)/G(K, T) is isomorplric to GT, F). 

Solved Examples 

Ex.1. If Kis a field and Sa set of antemorphisms of K, prove 
that the fixed field of § and that of §, (the subgroup of the group of 
all automorphisms of K generated by S) are identical, _ 

Solution. Let S be a set of automorphisms of a field K and S 
be the subgroup of the group of all automorphisms of K generated 
by S. Let Ly aud L, be the fixed fields of S and s respectively. 
To prove that Ly=Ly,. 

We have a& Ly > o(a)=a V¥ oES 

=> a(a)=a ¥ oES 
[- SCS => every c€S is also in s] 
=> acl. 

w= E2CE,. 

If o is an automorphism of K, then o(a)=a <> o Y(a)=a. 
Consequently if e(a)<a, then o"(a)=a where m is any integer. 
Note that o7(a)}=o [o(a)]—=o(a)==-a and so on. 

Now let a@L, be arbitrary. Then o(a)=a ¥ oGS. 

Let f be any element of S$. Since S is a subgroup of the group 
of all automorphisms of K generated by S, therefore f can be ex- 
pressed as a product of positive and negative integral powers of a 


finite number of elementsof S Let fea,?1 a,?2 om?" where 
Oyy-00y OmE S and py,..., Pm are any integers. 


We have f(a) —=(0,71 .. am ?™ ) (a) 

=@ ey V1, +, ImES > o(a)=a for all ixl,..., mj. 

Thus aGly > f(ay=av fe $ > aly. 

LGLl, Hence 1,=L». 

Ex. 2. Let K be an extension of the yield of raticnal numbers F. 

yaa that any automorphism of K must Icave every element of F 
xed, 

Solution. Let o be any automorphism of K. If p is any integer 
we claim that o(p)=sp. 

Cosel, pis0. In this case o(p)=0(0)=0=—p. 

Ca» 2. > is a positive integer. 

We have p=it+il+1+... upto p times 
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=> o(p)=o(1+1+1+...upto p times) 
=o(1)+o(1)+...upto p times 
=1+1-+-...upto p times [( o(1)=1] 
=p. 

Case 3. p is a negative integer, say p= —q 
where q is a positive integer. 

We have o(p)=o(—q) =o [(—1) +(—1)+...upto g times] 
=o (—1)+o(—1)+..-upto q times=(—1)+(—!)+..-upto q times 

(2 o(—1)=—o(1)=—1) 
=—g=p. 

Now let eG Fi.e., let « be any rational number. Then a=m/n 
where m and n are integers andm#0. If a is any automorphism 
of K, we have: 

o(a)=o(m|n) = o(mn-!)=o(m) a(n“) =m [o(n)}™ 
=mn i=m/n=e, 

Hence o leaves every element of F fixed. 

Ex. 3. Let F be the field of rational numbers and let K= F\ que) 
where 243 is the real cube root of 2. Show that the only auto- 
morphism of K is the identity automorphism. Is Ka normal, exten- 
sion of F? 


Solution. is an extension of the field of rational numbers 
F. Therefore any automorphism of K will leave every element of 
F fixed. We have K=F (22/8)={ag+ay 2'-arg (2°)? : dy, Oy, 
ee F}. 
Let o be any automorphism of 4. 
Since 21/* € K, therefore @ (214) & K. We have 
[a(Z¥9)]2=[o (24*)] [o (2°) [a(2'*)] 
s=o ¢243 213, 2N8) fF? ots an automorphism] 
=o [(248)?] =o(2)=2, since 2 & F. 
Thus. [a (2¥%)}?=2 
“> o (23) must also be a cube root of 2 lying in X. 
But there is only one real cube root of 2 and K is a subfield 
of the real field. Therefore we must have of2¥/®)=2". 
Now let x23 22/8: (24?)* be any element of K where &, 
@,,@2 are rational numbers. We have 
o [ag tory 2840, (29)8] =o (eta P72 BP NY) 
=o(a)-+o(a3) o(214) +o 22) o(229) oi 24) 
stg a, 22/8 -4ay 21/5 218 fr" ay, Oy, %: ATE rational numbers] 
= Oy toy 22/84 a, (204)%, 


544 Modern Algebra 


Hence c is the identity automorphism of X. 

Since identity automorphism is the only automorphism of K, 
therefore the group G(K, F) consists of only one element i.e., the 
identity map / of K. If a&K be arbitrary, we have [(a)=a_ There- 
fore the fixed field of G (K, F) is not F but is K. Since the fixed 
field of G(K, F) is not F, therefore K is not a normal extension 
of F. 

Ex. 4. Let K he the field of complex numbers and F be the 
field of real numbers. Show that K is a normal extension of F. 

Solution. We have K={a+-i0 : a, 5 are real numbers}, 

K is.an extension of F. The elements 1, i of Kforma basis 
of K over F. Therefore [K : F]=2 and K is a finite extension of F. 
Let us compute G (K, F). Ifo is any automorphism of K, then 

[o@é)}*=e(i) o(7) = o(i.i)= o(i?)=0(- 1)=--o(1)=—1. 

. .afe is any automorphism of K, then 

[o{) P= --1 > o(f=4+7—-l=4i. 

Now fet © be any automarphism of K and let c€G(K, F) 
i.e., 0 eaves every real number fixed. If a +ib is any element of K 
where a, 6 are real numbers, then 

o (a+ib)=0a)4+-o(i) o(d) 

=atib [°° o(f)=+7 and a, bE F + o(a)=a, o'b)=5). 

Thus if e€ G (X, F), then we must have o(a+ib)—atib. 

Now it can be easily seen that each of these possibilities, 
namely each of the mappings 

9; (a+ ib)=a+ib and o, (a+ib)=a- 
defines an automorphism of K, o; being the identity automorphism 
and o, complex-conjugatian. 

Therefore the group G(K, F) consists of two elements o, o2. 
Thus o (G(X, F))=:2 Now let us find the fixed field of G{K, F). 
The fixed field of G(K, F) necessarily contains F. Let a+ @€ the 
fixed field of G(K, F). Then we must have 

aat+ibj=a+ib ¥ c2G(K, F) 

=> o; (@+-ib)=a-+ ib [°° o€G(K, F)] 

=> a—ib=a+ib > 2ib=0 = b=0 > a+ib=-a > a+ibe F. 

Thus the elements of F ate the only elements of K which 
belong tu the fixed field of G(K, F). Hence the fixed field of 
G(K, F) is exuctly F, Consequently K isa normal extension of F. 

Ex.§. Le. 4-2 he a polynomial over the field Fy of raticnal 
numbers. 
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=an element of T since o(a)€ET 

and A9, Ay,---, ArsaETDF. 

Thus for every oG@G (K, F) and for every t€ 7, we have 
o(f)&T. Consequently o(7)CT ¥ c@G (K, F). 

Galois group of a polynomial over a field. 

Definition. Let f(x) be a polynomial in F[x] and let K be its 
splitting field over F. The Galois group of j({x) is the group G(K, F) 
of all those automorphisms ef K which leave every element of F 
fixed. 

Note. If K isan extension of a field F, then an automorph’sm 
of K which leaves every element of F fixed is also called an F-auto- 
morphism of K. If K is a normal extension of a field F of 
characteristic 0, then K is the splitting field of some polynomial 
f(x) in F(x]. The group G (KX, F) of F-automorphisms of K is aiso 
called the Galois group of K over F. 

Theorem 40. The Galois group of a polynomial over a field is 
isomorphic to a group of permutations of its roots. 

Proof. Let f(x) be a polynomial over the field F. Let K be 
the splitting field of f(x) over F. Then K ts a norma) extension of 
F. Therefore the Galois group U (K, Fj of f(x) is of finite order 
[K: Fl=n, say. Let 04, %)-+-) Om be the n distinct elements of 
G(K, F). Suppose f(x) has only m distinct roots in K. It is possible 
that f(x) may have multiple roots. Let S={a3, @g,:--, &m} be the 
set of m distinct roots of f(x) in K. Let P be the set of all those 
permutations on S which change only those elements of S which 
are not in F i.e., which leave every elementof F (if it is any) fixed. 
If 21, g2 are two elements of P, then g,2: will also be an element of 
P because 2182 will also leave every element of F fixed. Thus P is 
closed with respect to product of permutations, Therefore Pisa 
subgroup of the group of all permutations on S. We shall prove 
that the group G (K, F) is isomorphic to the group P. 

Let cEG(K, F). Let o* be the re. triction of ota S i.e., o*(a)= 
ofa) ¥ aS. If is a root of f(x) in K, then o(@) is also a root of 
fix) in K (See Ex. 5 Page 514]. Therefore «€ S>o(a)=o*(a)ES. 
So o* isa function from S to S. Further o* is onv-one since o 1S 
one-one. Since S is a finite set, therefore o* is one-one implies 
that o* is also onto. Thus o* is a permutation on S. Since a leaves 
every element of F fixed, therefore o* will also leave every clement 


of F fixed. Thus o*& P. 
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Now let } be a mapping from G (K, F) to P defined as 
yp (c)=0* ¥ o G G (K, F) 
¢ is One-one. Let o;, 0: & G (XK, F) be arbitrary. Then 
o (o:)=4 (9) 
=> o)* =0,* 
=> 04% (a)=02% (a) te ES 
> 03 (a)~0, (a) YeES. 

Now K=F (a, %, -..,%m)- Therefore each element of X is 
obtainable as the result of a finite number of operations of addi- 
tion, subtraction, multiplication and division performed on the 
elements of F and on «,.-., %m. But 04, os are automorphisms of 
K. Each of them leaves every element of F fixed and each of them 
maps every element of S identically. 

Hence o, (2)@0o, (4) ¥ace § 

=> o; (B)=oc, (1) VBE K 
=> o,= 0, > iS one-one. 

x is onto. 

Let g be any element of P. Then g is a peremutation on S lea- 
ving those elements of S fixed which are in F. Now suppose 
there exists an automorphism o of K which leaves every element of 
F fixed and which maps each element of S in the same way as 8 
maps it. Since each element of K is obtainable as the result of a 
finite number of operations of addition, subtraction, multiplication 
and division performed on the elements of F and on aj, ..., &m, 
therefore the automorphism o of K will be completely determined. 

Also the restriction of o to S will be gz. Thus 

gG P24dco é& G(K, F) such that ¢ (o)=g. 

Hence ¢¥ is onto. 

¥ preserves compositions. Let o,, 0g € G (K, F) be arbitrary. 
Then 

) (0102) =(0,02)*, the restriction of 0,0, to S. 

But ¥ «€ S, we have 


(o,02)* iby pe [by def. of o*] 
SPO}? [Oo (a 


=o} [o,*(«)] [by def. of o*] 
=04* [a2* (a)]=(o1* o2*) (@). 

aie (0402)* =0,* oy. 

ve Y (aye2)=0,* 04% =h(0,) (c2). 

Hence ¥: is an isomorphic mapping from G (K, F) onto P. 
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Therefore G (K, F) is isomorphic to P. 


Now we come to the fundamental theorem of Galois theory. 
It sets up a one-to-one correspondence between the subfields of the 


splitting field K of f(x) € F [x] and the sub f its Galoj 
group G (K, F). bd] € subgroups of its Galois 


Fundamental theorem of Galois theory. 

Theorem 41. Let K be a normal extension of a field F, of 
characteristic 0. Show that there is a one-to-one correspondence bet- 
ween the set of subfields of K which contain F ond the set of sub- 
rats of G (K, F). Further, if T is any subfield of K which contains 

» then 


(1) [K x Tl=0 (G(K, T)), ond [T: F]=index of G(K, T)in 
(K 


(2) Tis a normal extension of F if and only if -G(K, T)isa 
normal subgroup of G (K, F). 
(3) Uf T is anormal extension of F, then G (T, F) is tsomor- 
phic to G (K, F)/G (K, T). 
(Delhi 1970; Nagarjuna 78, Meerut 80, 81, 82. 83, 84 P; Indore 70) 
Proof. For any subfield 7 of K which contains F. let 


G(K, T) be the group of all those automorphisms of K which 
leave every element of 7fixed. We have 


o & G (K, T) = c leaves every element of T fixed 
=> o leaves every element of F fixed, since FC 7 
>a € G(K, F). 
Thus G (K, T) C G(K, F). Since both G (X, F) and G (K, T) 
are subgroups of the group of all automorphisms of K, therefore 
G (K, T) © G(K, F) 
=> G(K, T) is a subgroup of G (K, F). 
Thus for any subfield JZ of K which contains F we have found 
a subgroup G (K, T) of G(K, F). Let us now define a mapping 
from the set of subfields of K which contain F into the set of 
subgroups of G (K, F) by the formula 
y (T)=G (K, T) for every subfield T of K which contains F. 
x} is onto. 
For any subgroup Hf of G (K, F), let Kj, denote the fixed field 
of Hie., let Kgyo{x © K:0(x)=x ¥o & HM}. 
Then K,, is a subfield of K. Also 
cG€ Hwc & GK, F) [" HCOG({K, F)] 
>oc(xs)oa Yaeé F. 
Thus if o is any element of H, then o (a2)=a ¥ a € F, There- 
fore F © K,, and so Ky isa subfield of K containing F. 
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We have # (Ky)=U (A, K;,) [by def. of #] 
=H [by theorem 36, since KX is a finite 
extension of F and H is a subgroup of G (K, F)] 

-. is onto. 

y is one-one. Since K is a normal extension of a field F of 
characteristic 0, therefore K is the splitting field of some polyno- 
mial f(x)E F[x]. If Tis any subfield of K which contains F, then 
K is also the splitting field of f(x) regarded as a polynomial over 
T. Therefore by theorem 38, K is a normal extension of 7. 
Therefore, by the definition of normal extension the fixed field of 
G (K, T)isT. Thus Keres r=T. 

Now let 7;, 7, be any two subfields of K which contain F. 
Then $(71)=(72) 

=> G(K, 7) =G (kK, T%) [by def. of #] 

=> the fixed field of G (XK, 7,)=the fixed field of G(K, 72) 

> KG (kK, T) =o (K, T3) 

>1%=T, [ Kea r=T] 

=> # is one-one. 

Thus ¢ gives us the desired one-to-one correspondence. 

Now we shall prove the last three parts of the theorem. 


(1) If Tis any subfield of K containing F, then as proved 
above, K isa normal extension of 7. Therefore by corollary to 
theorem 36, we have o (G (K, T))=[K: T]. 

Since K is a normal extension of F, therefore 

0 (G (KX, F))=[K: F] 
=(K: 7] [T: F] {by theorem 1] 
=:0 (G (K, T)) [T: F]. 
* IT: P= index of G (K, T) in G (K, F). 

(2) Let T be a subfield of K containing F. Then Tisa 
norma! extension of F 

if and only ifo(7) C T ¥o0 © G(K, F) [by thearem 39] 
f.e., if and only ifo(r)eE Tv te Tand ¥ « € G(K, F) 

f.e., if and only if rt [o(fJ=o(t) ¥ 1 E T, ¥ o E G(K, F) 
and ¥ 1 & G (K, T) 
{Note that r € G (K, T) <@ r(th=t ¥ t ET) 
fie. if and only if-u 4 [+ fo(a)J=o7 [o(t)] vt E 7, 
¥aG&G(K, F)and ¥ 7 € G(K, T). 
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(a) Find the splitting field, K, of x* —2 over F, (Meerut 1980,81) 
(5) Prove that the Galvis group of x4 -2 over Fy is isomo phic to 


Ss, the symmetric group uf degree 3. (Meerut 1980, $3, 84) 
(c) Find the elements of the Galois group of x* 2 over the field 
of rational numbers. (Punjab 1961; Aligarh 66) 


Solation, (a) fe is the tieid of rational numbers and x®---2 
is a polynomial over Fy. The roots of the polynomial x3 —2 in the 
field of complex numbers are 24/9, 213) 338a? where 24 1s the 
real cube root of 2 and w is an imaginary cube root of unity. We 
claim that A= Fo (22/8, w), is the splitting field of x*--2 over Fo. 
We have x® —2=(x— 209) (x— 24) (x — 2/4ey?), 


Since 248, 22/3, 21/3y% are all in Fo (22/9, w), therefore Fe(2/*, uw) 
splits x®-- 2 asa product of linear factors. 
As proved in Ex. 1, page 512, the splitting field of x*--2 over 
Fe is of degree 6. If we know that [?y (2¥%,w): Ayj-=6, then 
Fe (2'/*, w) will be the splitting field of x* -2 over Fo. 
Now [Fo(2¥/3, w) : Fo] =[Fy (2, on): Fo (29!?)] [Fo(2*) : Fol. 
The minimal polynomial over Fy belonging to 2! is x*—2. 
It is a polynomial of degree 3. Therefore [Fe (2'*) : Fol=3. 
Since w ¢ Fo (22/8), therefore w cannot satisfy a polynomial 
of first degree ove: Fy (2/3). But w satisfies the polynomial 
AP4Ax+1E Fo (213) [x] 
Therefore x?-+.%+1 is the minimal polynomial of w over Fy (2?/). 
So [Fy (28, w) : Fy (2'/%)]—= degree of x*+ x + 12. 
*. [Fe (20/8, w) : Fel =2 x 32=6. 
Hence Fo (22/8, w) is the splitting field of x®—2 over Fe. 


(b) Kis the splitung field of x*--2 € Fy [x) over Fy. If 

G(K, Fe) is the Galois group of x* —2 over Fo, then 
o(G(K : Fy))=[K : Fol =6 

The roots of x? —2 in K are a=2¥3, B=21%w, y= 2 Pw! 

The group G (K, F,) is isomorphic to a group of permutations 
on the set {a, B, 7}. 

Since 0 (G(K, Fo)) is 6, therefore the corresponding group of 
permutations on the set {«, B, y} must also be of order 6. But Sg is 
the only group of permtuations on the set {e, 6, y} which is of 
order 6. tence G(K, Fo) is isomorphic to Sy. 

(c) Let G (K, F,) be the Galois group of x® 2over Fy. There 
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are six distinct elements in the group G.\K, Fo) since o(G(K, F,))=6. 
Let S={«, B, y} be the set consisting of the roots of x*—2 in K. 
Let a=20/8, B=213 w y=2V3 w, Let P be the set of those permu- 
tations on S which do not change those elements of S which are in 
F,. There is a one-to-one correspondence between the elements of 
the set P and the elements of the group G(K, Fe). Since S has no 
element which is in Fg, therefore there are six permutations on S 
which do not change those elements of S which are in Fy. These 
are J, (a B yj, (« y B), (« 8), (By), (y%). Thus these are 


Oe oe cs 
a B yl?\B y al’ \y a pp’ 
oe ee eae a 
pia y/’\a y Bl’\y B ge, 

If c@G(K, Fo), then o Jeaves every element of Fe fixed. The 
field K is generated by «, A, y over Fp. Furiher o maps a root of 
x®—.2 onto a root of x8—2. Therefore o will be completely deter- 
mined if we know under o the images of any two of the three ele- 


ments «, B, y. If 01, o2,..., o are the six ¢ lements of G(K, F,), then 
they will be determined by the following six sets of images : 


(: ) (< A) (“ | . B b a (< Ar 
a B/’\B yl? \y al \B al’ \a y/*\y B 
These can be written as 
gs M8, 91/8 218y) 18 WU, 
(ows nae) A oun, ar . ae 213 
qua 21/3) AUS DU 38gy aus qUay 

en 21/8 . (ou eg (Suays 21%. 

Since K=F, (21/8, w), therefore e@G(K, Fa) will be comple- 
tely determined if we know the images of 22/° and w under o. Under 
each of the automorphisms 9), o,..., 03 we have already given the 

J1'3qy oy(23/8w) D3qy 
Fe” =m > 2s 
2M8w\  04(2/8w) 29/8 
03(o)=c, 713 *\= ii irs) — 9318, 
Cgiw) = w, o4(w) == w= 05(w) = o4(av). 
Therefore o4, o9,..., og are given by 


28 w\ (2% w yn) 
(oan =) : Gass ) : (aut °) ; 


21/8 w gis @ 21/8 w 
Jus, os) : (us a) ® (sats =} ‘ 


images of 23", Now o,(w)=0, | == 


= (2), 
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§ 8. Construction with Straight-Edge (Ruler) and Compass. 

Constructible number. Definition, A rea! number « is said to be 
a constructible number if by the use of ruler and compass alone we 
can construct a line segment of length «. We assume that we are 
given some fundamental unit length. 

From our know!edge of high schoo] geometry we know that 
with the help of ruler and compass alone we can draw a straight 
line perpendicular to a given line through a given point Also we 
can draw a straight line parallel to a given line through a given 
point. From this we can easily show that if the real numbers «, £ 
are constructible, then the real numbers a+ 8, «8 and «/p (if 89) 
are also constructible. Thus if W is the set of all constructible real 
numbers, then W is a subfield of the field of real numbers. Since 
1EW, therefore pEW, where p is any integer. [Note that if p 1s 
a positive integer, then p=14+1+41+...upto p times, Further if 
p=—q where g 1S a positive integer, then p= —(1+ 1+...upto @ 


times)]. Now if p and 0@ are any two integers, then © is cons- 


tructible and so . GW. Thus each rational number is constructible 
and so W contains Fg the field of rational numbers. 

Note. Throughout this section the words (construct, constructt- 
ble, construction) will always mean by ruler and compass Further 
the allowable steps of construction corresponding to the ruler 
and compass alone, are 

(a2) Drawing of a straight line through two points. 

[Use of ruler) 

(b) Drawing of a circle with any point as centre aud any line 
segment as radius. [Use of compass] 

(c) Determination of a point or points as the intersection of 
(i) Two Sines, (ii) A line and a circle, (ii) Two circles 

Theorem 42. Let Fo be the field of rational numbers. The real 
number « is constructible if and only if we can find real numbers 
Ar, Ags-o5 An such that 1° € Fo, As* & Fe (a1), A8® S& Fo (Az, Aa)s-++s 
Ag? Foo (Ax, Agy-oes An-1), and such that cE Fe (Ag, Ags--s An). 


fr 
Areal number « is constructible if and only if we can imded « in 
a fiela obtained from the field of rational numbers by a finite number 
of quadratic extensions, : 
Proof, Suppose F is any subfield of the field of real numbers. 
The set of all thase points (x, y) in the real Euclidean plane both 


348 Modern Algebra 


of whose coordinates x and y ar: in F willbe called the plane F. 
Any straight line joining two points in the plane of F has an 
equation of the form ax+ by+-c=0 where a, b, c are all in F Also 
the equation of any circle whose centre is a doint in the plane of F 
and whose radius is an element of F is of the form 
x3-+ y3+ax4-by+c—0 

where a, b, ¢ are all in F. Such straight lines and circles are called 
lines and circles in F. 


If two straight lines in the plane of F intersect in the real 
plane, then. the coordinates of their point of intersection are again 
in F because the process involves only the solution of two linear 
equations. On the other hand if a straight Jine and a circle in the 
Plane of F intersect in the real plane, then the determination of 
the coordinates of their points of intersection leads to the solution 
of a quadratic equation in one unknown with coefficients belonging 
to F. Thus the coordinates of these points of intersection either 
belong to For to a quadratic extension of the form F («/7) where 
? is a positive member of F but is not the square of a member of 
F. [It should be noted that if y is a positive member of F, then 
F (\/y)=F if y is the square of a member of F and F(/y) is a 
Proper extension of F if y is not the square of a member of 
F In the former case [F (\/y): F]=1 and in the later case 
[F (Vy) : F]=2]. 

Finally, the intersection of two circles in F can be realized as 
that of a line in F and acircle in F. For example if two circles in 
Fare 9+ +ajx+thyto=0 and x9+y!+a,x-+bay+ceg=0, their 
intersection is the intersection of either of these with the line 
(2) ~ a3) v-+(b,— By) yv+(e,—c2)=0 which passes through their 
commnion points. Thus if two circles in the plane of F intersect in 
the real plane, then their point of intersection is either in the plane 
of F or in the plane of F (4/y) for some positive y in F. 

From the above discussion we conclude tnat lines and circles 
of F lead us to points either in F or in quadratic extensions of F. 
Suppose in place of being in F, we are now in F (V71) for some 
quadratic extension of-F. Then lines and circles in F (4/7;) inter- 
sect in points in the plane of F (W173, 1/7) where ¥2 is a positive 
member in F (¥/y,). Thus a point is constructible from F if we 
can find real numbers ,, ..., A, such ‘that Av G& F, +40? & I (Ay), 
Ag’ & F (Ax, Ag),...5 An® E& F (Aa, «0+, An 2), and such that the point 
is in the plane of F (A,,..., A,). Also from our knowledge of high 
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school geometry we know that if a positive real number ¥ is cons- 
tructible, then +7 is also constructible. Therefore if Ay,..., A, are 
real numbers such that Ay? & F, As? © F (Ay), Ag? G F Ay, Ag), 

vy An? & F(Ay,-.., Ant), then a point in the plane of F(A1,..., 4a) 
is constructible frem F. Hence a point is constructible from F it 
and only if we can find a finite number of real numbers Ay, «.., As 
such that 

(1) [F(Q,): F]=1 or 2, 

(2) [FUn,..-5 Ad 2 F (Ag, Ava] = 1 or 2 for f=], 2,..., a and 
such that our point lies in the plane of F (A1,..., As): 

Now we koow that every number belonging to the field Fe of 
rational numbers is constructibic. Therefore in the above discussion 
if we take the field fy in place of the field F, then we conclude 
that a real number « :s constructible if and orly if we can imbed 
® in a ficld obtained trom Fe by a finite number of quadratic ex- 
tensions of Fo. 

This completes the proot of the theorem. 

Theorem 43. /fa real number « is constructible, then « lies in 
some finite extension K of ithe jieid of rational numbers of degree 
which 1s Some power of 2. (Dethi 1970; Dibrugarh 67) 

Proof. Let Fo be the field cf rational numbers. We know 
that if a real number « is con.tructible, then o« can be imbedded in 
a field obtained trom Fg by a finite number of quadratic extensions. 
Thus if a real number «4 is coustructible, then we can find real 
numbers Aj, Aq,..., An such tha! 


AVIS Fo, AWE Fo (41:, Ag*E Fo (Az, Aa),---, 
An GE Fy (Aa, Az,..., An-a), ad such that eG Fe (Aq,..., An). 
We have [Fe (Ay): Fo} --t or 2. 
Also [Fe (A2,..-, A) fo Xp. -, A-y)J=1 or 2 

for i=1,2,...,n 

Now ao Fo (A;, ..., An). We have 
[Fo (Ax,--+, An) : Fo] 

={F (Ay, ++» An) : Fo (n--, Ap-1)] [Fe (Ag,... An.) : 

Fe (An,.-+) Aw-a)] [Fy (Ax, As) : Fo (And) [Fe (Az) : Fel. 
Since each term in the product is either 1 or 2, we at that 
[Fe (A;,--- , An): F, o]= ? sf 
where r is some non-negative integer, 
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Thus «© Fo (A,,...,Ae) which is a finite extension of Fy and has 
degree a power of 2. 

Theorem 44, If the real number « satisfies an irreducible poly- 
nomial over the field of rational numbers of degree k, and if k is not 
a power of 2, then « is not constructible. 

Proof. Let F, be the field of rational numbers. Suppose « is 
a constructible real number. Then there is a finite extension K of 
F, such that «© K and such that [K : Fo] =2° where r is some non- 
negative integer. Since Fo (a) is a subfield of K containing Fo, 
therefore by theorem 2, [Fy (a): Fa] is adivisor o [K : Fy|=2". 
Therefore [Fo () : Fj] must also be some power of 2. Thus we 
conclude that if a is constructible, then [Fg («) : Fy] must be some 
power of 2. Now it is given that « satisfies some irreducible 
polynomial of degree k over Fe. Therefore 

[Fo (%) : Fol=k. 
Since k is given to be not a power of 2, therefore « cannot be con- 
structible. This proves the theorem. 

Note. The above theorem gives us a very important criterion 
of non-constructibility. 

Solved Examples 


Ex. 1. Show that the polynomial 8x*—6x—1 is irreducible over 
the field of rational numbers. 

Solution. Let /(x)=8x°- 6x--1. Then 

K(x—V=8 (x—1)®- 6 (x - 1I)— P= 8x8 - 24x7+ 18x---3. 
Obviously f(x) is irreducible over the field of rational numbers if 
and only if f(x—1) is irreducible over the field of rational numbers. 

Now f(x— 1) =8x3—-24x3+ 18x—3 is a polynomial with integer 
coefficients. Also 3 is a prime number such that 3 divides each of 
the coefficients of f(x—1) except the coefficient of x* which is 8. 
‘Also 3? is not a divisor of the constant term which is --3. There- 
fore by Eisenstein’s criterion of irreducibility /(x—1) is irreducible 
over the field of rational numbers. Hence f(x) is irreducible over 
the field of rational numbers. 

Ex. 2. Show that it is impossible, by straight edge and compass 
alone, to trisect 60°. (Meerat 1978, 80, 81, 82, 84; Kanpur 80) 

Solution. Suppose it is possible to trisect 60° by stright-edge 
and compass alone. Then the length a==cos 20° would be cons- 
tructible. We have the identity 
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cos 38=4 cos® §@—3 cos 9. 
Putting @=20° in this identity, we get 
cos 60°=4 cos? 20°—3 cos 20° 
or $= 4e°— 3a [*." cos 60°= 3, cos 20° an «] 
or 8a.8®—6«2—1=0, 

Thus the rea] number « is a root of the polynomial 8x®—6x—] 
over the field of rational numbers. Now 8x*—6x-.1 is an irredu- 
cible polynomial over the field of rational numbers. The depree of 
this polynomial is 3 which is definitely not a power of 2. Therefore 
by theorem 44, « is not constructible. Hence our initial assumption 
is wrong. Thus it is not possible to trisect 60° with straight edge 
and compass alone. 

Ex. 3. Show that itis impossible by straight-edge and compass 
alone to duplicate the cube. _ (Meerut 1979, 81, 83; Dibrugarh 67) 


Solution. We are to show that it is not possible by straight 
edge and compass alone to construct a cube whose volume is twice 
that of a given cube. Without loss of generality, Jet us suppose 
that the given cube is the unit cube. Then we are to show that it 
is not possible to construct a length « such that 

a—2 or a3—2=U). 

Now x?—2 is an irreducible polynomial over the field of 
rational numbers. The degree of this polynomial is 3 which ig 
certainly not a power of 2. Tuerefore, by theorem 44, if the rea} 
number a is a root of this polynomial, then « is not constructible, 

Ex. 4. Show that it is impossible to construct a_ regular septa- 
gon by straight edge and compass alone, (Meerut 1978, 79, 84 P) 

Solution. The sum of the exterior angles of a regular polygon 
is equal to 2x. Therefore each exterior angle of a regular septagon 
1s equal to 2/7. If it is possible to construct a regular septagon by 
straight edge and compass alone, then the length a==2 cos 2n/7 ig 
constructible. 

Let @=22/7. Then7@=2n7 or 46=2r-- 39, 


ee sin 40=sin (27—36) = —sin 30 


or 2.2 sin 8 cos 8 (2 cos’ 6—1)+(3 sin 9—4 sin® §)=0 
or sin 8 [8 cos? 6—4 cos +3 ~-4 (1—cos? #)]=0 
or 8 cos® +4 cos? 9—4 cos 9Q—1=0 


& sin 6540 if =F | 
or (2 cos 6)®+(2 cos #)?—2 (2cos #)—1=0, 
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Therefore 2 cos (2%/7) is a root of the equation 
x34 x?7—2x—1=0. Thus «=2.cos2z/7 satisfies the polynomial 
x?+-x?—2x—1. But this polynomial is irseducible over the field 
of rational fhumbers. Its degree is 3 which is not a power of 2. 
Therefore @ is not constructible. Hence it is not possible to cons- 
truct a regular septagon by straight-edge and compass alone. 

Ex. 5. Show that the regular pentagon is constructible. 

Solution. A regular pentagon will be constructible if it is 
possible to construct a ee a=cos 27/5. We have 


a Se 
cos FCs 5 = 2 (180°) = cos 72°=sin 18°= chev, 
Since +o 5= vv (12+ 2?) is constructible, therefore «= ate 


is constructible. Hence it is possible to construct the regular 
pentagon. 
Ex. 6. Show that the regular hexagon is constructible. 
Solution. A regular hexagon will be constructible if it is 
% 
possible to construct a length «=cos =" =cos ® 3= =. Now #¢_ is 
constructible. Therefore the regular hexagon is constructible. 


Ex. 7. Show that it is not possible to construct a square whose 
area is equal to that of a given circle 

Solution. Without loss of generality we can assume that the 
radius of the given circle is unity. Then the area of the given circle 
is wm, So we are to construct a length « such that 

a= ofa? —r=0 

Since r is transcendental, therefore it cannot be the root of an 
equation whose coefficients belong to the field F, of rational num- 
bers. Thus Fy (x) isnot algebraic over Foe so that fy (x) is of in- 
finite degree over Fy. Thus x and so also fx are not constructible. 

§ 9. Solvability by Radicals Consider the polynomial 
x*4-3x-+ 4 over the field of rational numbers Fy. Uv.ving the quad- 
ratic formula for its roots, we see that its roots are 3 SEV ~ 7)j. 
Thus the field F= Fo(/7i) is the splitting field of <' }-3x+4 over 
Fa Consequently we may Say that there isan element y= --7 in Fy 
such that the extension field Fo(w) where w?=y is such that it con- 
tains all the roots of x3+ 3x-+ 4. 

Definition. Suppose Fis a field and p(x) isa wetaonial in 
F[x). Then p(x) is said to be solvable by radicals over F if it is 
possible to determine a finite sequence of fields 
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Fy= Fwy), Fees y (agi= F (ayy at. oy Pe Fy ating) 
ee eisai 


such that wl! & F, orr Eh. , wrk SE fy, 
such that the roots of p(x) all lie in Ty. 

It is obvious that 

FC ACEC... Fx. 

Remark If K is the splitting field of p(a) over F, then p(x) is 
solvable by radicals over F if it is possible to find a sequence of 
fields as in the above definition such that K€ Fx. 

Also it can be proved that if p(x) is solvable by radicals over 
F, then we can find 2 sequence of fields 

FG Fi= Flay) E F2— Fy (wad .. C Fi Fyy. (oy) 


where «,"3 E F, wole & Fy,..., axle © Fy}, 
F, containing al] the roots of p(x) such that Fy is normal over F. 

From the classical theory of algebraic equations, we know that 
the equations of second, third and fourth degrees over the field of 
rational numbers can be solved by radicals. If p(x) is 9 given 
polynomial over a field F, then we want to know whether it is 
solvable by radicals or not. For this purpose we shall givea 
criterion for the solvability by radicals of a polynomial p(x) over a 
field F in terms of the Galois group of that polyaomial. But first 
we need a result about the Galois group of a certain type of 
polynomial. 

Theorem 45. Suppose that the field F contains all n™ ruots of 
unity (for some particular n) and suppose that a is a non-zero element 
of F. Let x" aGF[x] and fet K he its splitting field over F. Then 

(1) K=F (u) where ts any root of x"— @. 

(2) The Galois group of »*- a over F is abelian. 

Proof (1) We know that the a‘h roots of unity are given by 
cos (2rn/n) +i sin (2rn/n)= ert", where r= 0, 1, .., 2-1. 

It is given that F contains all ath roots of unity. Therefore, 
in particular, F contains geetttin = Note that a*¥=1 but «™ 54] for 
0o<cm<n. 

Ifu EG Kis any rootol -a, then we claim that #, au, a*u, 
.ya"ly ate all the roots of x*—a. That they are roots is obvious. 


Also no two of these are equal because 
oly 71 where O-<cidjcn 
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> (at—a) u=0 

=> af— alan [°” u cannot be 0] 
> afta! 

=> afte} where 0<j—i<n. 

But this is impossible since «*41 for U<m<n. Therefore no 
two of the roots u, aw,..., «Iu are equal. Thus u, au, a7u,...,a"- tu 
are n distinct roots of x*—a which cannot have more than 7 roots. 
Therefore u, ou, au,...,0° "ware all the roots of x"—a. Since 
ac F, therefore all of u, aw,..., ay are in F(u). Thus F(u) splits 
x"—a. Further F(z) is the smallest field containing u and F. There- 
fore no proper subfield of F(u) which contains F also contains uw. 
Hence no proper subfield of F(u) can split x*—a. It follows that 
F(u) is the splitting field of x*—a and thus 

K=F(u). 
(2) Let G(K, F) be the Galois group of 
f(x)=x*— aE F[x]. 
Let oc, 7 be any two elements of G(K, F). Theno,7 are automor- 
phisms of K=F(u) leaving every element of F fixed. Since vEK Is 
a root of /(x), therefore both o(u) and 7(u) are roots of f(x). [See 
Ex. 5 page 514]. Then we must have o(u)=o'u and 1(u)=«/u for 
some / and j. 
Now o7(t)= 0(r(u))=0(a/u)=a(a?) o(u) 
= Ofo(t' [ro Wek => o(e’)=a!] 
= ote gga ch t4yy, 

Similarly to(u)=a'tty, 

Thus ot and to agree on wand on F and consequently they 
agree on all of K=F(u). It follows that or=7o and so the Galois 
group G(K, F) 1s abelian. 

Remark. The above theorem implies that if F has all th roots 
of unity, then by adjoining one root of x*—a to F where oEF, we 
obtain the whole splitting field of x*—a and accordingly this must 
be a normal extension of F. 

Before going through the remaining part of this section stu- 
dents are advised to revise the concept of solvable groups given in 
§ 13 of chapter 3 on Groups (continued). 

Theorem 46 Let F be a field of characteristic 0 containing 
all nth roots of unity for every integer n. If p(x)EF[x] is solvable 
by radicals over F, then the Galois group over F of p(x) is a solvable 
group. 
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Proof. Let XK be the splitting field of p(x) over F and Iet 
G(K, F) be the Galois group of p(x) over F. It is given that p(x) 
is solvable by radicals over F. Therefore by the definition of 
solvability of a polynomial by radicals, there exists a sequence of 
fields 

FC Fy= F(a) C Fy = Fy(w2) C... G Fe Fy_a(wn) 
where OIE F, w2E Fy,..., "Fy, and where 
KC Fy. Without any loss of generality we may regard Fy aS a 
normal extension of F. [See our remark on page ‘53]. Since Fy 
is a normal extension of F, therefore F, is also a normal extension 
of any intermediate field. Thus F; is a normal extension of each 
F;. 


By our remark after theorem 45, each Ff; is a normal extension 
of F;.3. Also since F;, is a normal extension of #;.,, therefore Dy 
the fundamental theorem of Galois theory it follows that G(Fs, Fi) 
is a normal subgroup of G(Fe, fis). Now consider the chain 

GiF,, F)DG(F, Fy) DGFk, Fs)D...2 
G(Fx, Fr 1) D{e). oo (1) 

We have just mentioned that each subgroup in this chain is a 
norma! subgroup of the preceding one, Since F; is a normal exten- 
sion of F)~1, therefore by the fundamental theorem of Galois theory 
the Galois group G(F;, Fi-1) of F; over Fi-, is isomorphic to the 
quotient group G(Fy, Fi-1)/G(Fx Fi). But by theorem 45, GCF, Fi-1) 
is an abelian group and the isomorphic image of an abelian group 
is also ap abelian group. Therefore each quotient group 
G(F, Fi-1)/G( Fx, F;)) of the chain (i) is abelian. Hence by definition 
of a solvable group, the group G(F;, F) is so!vable. 

Now X is the splitting field of p(x) over F and so K is & 
normal extension of F. Also KC Fx. Therefore by the fundamental 
theorem of Galois theory G(Fk, K) isa normal subgroup of GlF,, F) 
and G(K, F) is isomorphic to G(Fr, F)/G(F, K). It follows that 
G(K, F) is ahomomorphic image of G(F,, F) which is a solvable 
group. But every homomorphic image of a solvable group is also 
a solvable group. {See corollary to theorem 3 page 242]. There- 
fore the group G(K, F) is solvable. Since G(K, F) is the Galois 
group of p(x) over F, therefore the proof of the theorem is com- 
plete. 

Note 1. The converse of the above theorem is also true ; 
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If the Galois group of p(x) over F is solvable, then p(x) is solva- 
ble by radicals aver F. 

Note 2. Theorem > and its converse are true even if F does 
not contain roots of unity. 

In the end of this sectien we shall give the famous theorem of 
Abel in connection with the :olvabjlity by radicals. First we shall 
explain the meaning of the gener:! polynomial of degree n over a 
field. 

Let F(ay,.... dn) be the field of rational functions, in the n 
variables a3,...,.@, over F. The particular polynomial 
p(x) =x" +a x"-1+.. +a, over the field F(a,,..., @,) is called the 
general polynomial of degree m over the field F. We say that it 
is solvable by radicals if it is sclvable by radicals over the field 
F(a;, ..., An). It can be easily shown that the Galois group of the 
polynomial p(x) =x"+ a\x""4+ ...+@, over F(a1, ..., Gn) iS Pa, the 
symmetric group of degree n. 

Theorem 47. (Abel’s theorem). The general polynomial of 
degree n > 5 is not solvable by radicals. (1.A.S. 1975) 

Proof. Let F(a,, ..., Qn) be the field of rational functions in 
the n variables ay, ..-, da. Then the Galois group of the polynomial 
P(X) = x®+ayx"14 . +a, over F(a;,..., Qn) iS Px, where P, is the 
symmetric group of degree nm. By theorem 5 page 244, Py is not a 
solvable group when 2 > 5. Therefore by theorem 46, the poly- 
nomial p(x) is not solvable by radicals over F(a, ...,@a) when 
a> 5. 

§ 10. Finite Fields. 

Finite field. Definition. A field having only a finite number 
of elements is called a finite field If p is a prime number, then the 
ring I, of integers modulo p is a field. This field has p elements 
and so it is an example of a finite field. We know that the charac- 
teristic of a field is either zero or a prime number. Suppose F is 
a finite field having nm elements. Since F is a group of order ” with 
respect to addition, therefore by a coroflary to Lagrange’s theorem 
we have 1+1+1+... upto times=0. So the characteristic of F 
cannot be zero. lence the characteristic of a finite field is always 
a prime number. 

Theorem 48. Ler F bea finite field with q elements and sup- 
pose thut FO K where K is also a finite field. Then K has q” ele- 
enents where neal: 7]. (Meerut 1978) 
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Proof. Since F is a sub-field of the field A, therefore K can 
be regarded as a vector space over the field 7. The number of ele- 
ments in the set K is finite. So the vector space A(F) is d.finitely 
finite dimensional. Let the dimension of the vector space K(/’) be 
n. Then [K: F]l=n. Let {f1, Be,.... nit bea basis of the vector 
space K(F). Then every element in Xcan be uniquely expressed 
in the form @1By-+-a2Be+ -.--+GnBe where dy, de,..., a, are all in F. 
Then the number of elements in K is the number of aiB; | a28.+-.. 
+ a,B, as the a, do, --, Qa range over F. Since F has q elements, 
therefore each of the n coefficients a’s can have q values. So K 
must have gq" elements. 


Theorem 49. Let F be a finite field. Then F has p™ elements 
where the prime number p is the characteristic of F. 

(Meerut 1972; Nagarjuna 79, 80; Banaras 71) 

Proof. Since F is a finite field, therefore the characteristic of 
F is a prime number, say, p. Now F is a field of characteristic p. 
Therefore F contains a sub-field Fy isamorphic to the field I, of 
integers modulo p. The field I, has p eiements. Therefore the field 
Fy has also p elements. Now F is a finite ficld and Fy is a subfield 
of F. Let [F: Fol=m. Then, by theorem 48, the number of ele- 
ments in F=p”. 

Theorem 50. /f the finite field F has q=p™ elements, then every 
ae F satisfies the relation a’=a (Nieerut 1981, 82P) 

Proof. Let a@F and a=v. We have 0°= 9. Therefore a=0 
satisfies the relation at=a. 

Now let a@&F and a0. The non-zero esements of the field F 
form a group With respect to multiplication. The identity element 
of this group is 1 and the order of this group is g -t. Therefore 
by a corollary to Lagrange’s theorem, we have 

a1} for all aé0 in F. week) 

Multiplying both sides of (1) by a, we get a?=-a, 

Thus we have af=a V¥ aGF. 

Corollary. Uf the finite field F has q=p™ elements, then the 
polynomial x*—x in F [x] factors in F[x] as 

x9-—x =TI1 x—+d). 
AG F. 
(Meerut 1980, 82P, Banaras 71) 

Proof. As proved in theorem 50, we have at=a ¥ a& F. 
Therefore every a in F satisfies the polynomial x*--x & F[x]. 
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Hence by factor theorem x —A is a divisor of x*—x for allA E F. 
Let a, ds,..-,a@¢ be the qg elements of the field F. Then the 
product (x—a,) (x—as)...(%—a_) is a divisor of x*—x, being a 
product of relatively prime polynomials each dividing x*—x. Now 
(x— a4) (x — a2)...(x—a,) is a monic polynomial of degree q and it 
is a divisor of the monic polynomial x*—x of degree q. Therefore 
we have 
x®—x=(xX—a) (x - d2)...(x—ag)= IT (x—-A). 
AGF 


Theorem 51. Any two finite fields having the same number of 
elements are isomorphic. (Meerut 1972 ; Nagarjuna 79, 80) 

Proof. Let F be a finite field of characteristic p. Let the 
number of elemenis in F be equal to q=p". First we shall show 
that F can be regarded as the splitting field of the polynomial 
x*—x€ I,[x] where I, is the field of integers modulo p. 

Since F isa field of finite characteristic p, therefore it con- 
tains a subfield Fy isomorphic tothe field I,. So, without any 
loss of generality, we can regard F as an extension of the field I,. 
Since the field F has g elements, therefore by theorem 50, we have 
at=a"NaeF. So every a in F satisfies the polynomial 
x*—x & I,[x]. Since the degree of the polynomial x*—x is q, 
therefore it can have at most g ivots in any extension field of Ip. 
But we have just shown that ali the g elemeuts of the field F are 
the roots of x*— x. Therefore we have x?—x= oe (x —A). Thus 

€ 


the polynomial x*¢—x € I,[x] splits in the field F. But this 
polynomial cannot split in any smaller field for that field wouid 
have to have all the roots of this polynomial and so would 
have to have at ieast g elements. Note that the roots of this 
polynomial are all distinct. [See theorem 27 on page 520]. 
Consequently F is the splitting field of x* —-x€ J,[x]. 

Now suppose that F* is any other finite field having gq=p* 
elements. Then as shown above F* is also the splitting field of 
x*—xEJ,[x]. But any two splitting fields of x?--x € I,{x] must 
be isomorphic. [See corollary to theorem 22 on page 512] 

Hence F*F. 

Theorem 52. For every prime number p und every positive 
integer m there exists a field having p™ elements. 

(Banaras 1972 ; Meerut 77, 80, 81) 
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Proof. Since p is a prime number, therefore I,, the ring of 
integers modulo P is a finite field of characteristic p. Consider 
the polynomial x? —x € I pix]. Let Kobe the splitting field of 
this polynomial. In Klet F={ae K: a?” = =2}. Tnen Fisa 
Subset of K and it Consists of those elements of K which 
are the roots of xP"—x. But by theorem 27 the roots of the 
polynomial x?” —x are all distinct and so this polynomia} has p™ 
distinct roots in the field K. Therefore the set F has p™ elements. 
We now claim that F is a subfield of K. Let a,b & F. Then 
aP" =q and bP” =b. Since the characteristic of the field K is p, 
therefore (a+h)?” =a?” +b?" =g+b. Thusa, bE F > at+beF. 
Also (abyP" =a?” bP” =ab, Therefore a,b € F.> abe F. 
Similarly we can show that ifa © F and 06 & F, then a/b € F. 
Consequently F is a subfield of K and so F itself is a field and it 
has p” elements. Thus we have shown that for every prime 
number p and every positive integer m there exists a field F having 
p™ elements. 


Theorem 53. For every prime nuniber p and every positive 
integer m there is a unique field having p™ elements. 
(Banaras 1972 ; Mecrut 76, 83 ; Audhra 77) 


Proof. As shown in theorem 52, for every prime number p 
and every positive integer m there exists a finite field having p™ 
elements. [Give the proof here]. Also by theorem 51, any two 
finite fields having the same number of elements are isomorphic. 
Hence for every prime number p and every positive integer m there 
exists a unique field having p™ elements. This field is sometimes 
Called the Galois field GF [pj. (Andhra 1977) 

Definition Let w be an nth root of unity. If sis the smallest 
positive integer such that w'=1, we shall say that s is the order of 
o. If the orderofwisn we shall callw a primitive nth root of 
unity. 

The following theorem will completely describe the structure 
Of the multiplicative group of the Galois field GF [p"]. Iu the 


proof of this theorem we shall use one result about abelian groups 
which we give in the form of the following Lemma. 


Lemma. In an abelian group the product ¢3C,...C, of elements 


560 . Medern Algebra 


c, whose orders are powers p,“' of distinct primes has order exactly 
pi‘ 1p." Pe Ph. 

The easy proof of this lemma has been left asan_ exercise for 
the reader. Show that the order divides A, but fails to divide A/p; 
for any i. 

Theorem 54. The multiplicative group of non-zero elements of 
G finite field is cyclic. (Banaras 1972) 

Proof. Let F bea finite field having g elements. The non- 
zero elements of Fform a group of order g~-1 with respect to 
multiplication. The identity element of this group is 1. Therefore 
we have a?~?=] for all a40 in F. Thus each non-zero element in 
F is a(q--1)th root of unity, ia the sense that it satisfies the equ- 
ation x*-!=]. Let Fo denote the set of non-zero elements of F. If 
we find an element a © Fy such that the order of a as an element 
of the multiplicative group Fe is g—1, then Fo will turn out to be 
acyclic group. (See theorem 5 on page 173 in the chapter 2 of 
Groups]. To achieve this aim let us write g—1 as product of 
powers of distinct primes 


q--L=paot ps2, ..p,& (0< pi < po <...< p,). 
For each /, pre is a divisor of g—1. Therefore the roots of 


xP=1, where P=p,%, are all roots of x*-2=1, hence all lie in F. 
Let us put Q=p,%— 1 Then of all the = pi! distinct roots of 


the equation x*=], exactly Q=p,&—! satisfy the equation x?=1, 
Therefore F contains at least one root c=c; of x?==1 which does 
not satisfy x?=1. Then c; G F is such that c,?=1 but ¢?1. 


Therefore the element c, has order P=p, in the multiplicative 
group of non-zero elements of F. By the above Lemma the product 


C1Cq...Cr iS an element of order py“1p3°2...p,©"=q—1. Thus ¢yC2...¢, 
is the required element of order q—1 of the multiplicative group 
of non-zero elements of F. Hence the multiplicative group of 
non-zero elements of F is cyclic. 

Theorem 55. Every finite field of characteristic p has an auto- 
morphism aea?, * (Meerut 1981) 

Proof. Let F be'a finite field of characteristic p. Let¢?: FoF 
such that ¢(@)=a4 ¥ ge F 
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¢ is one-one. Leta, b<& F. Then 
¢ (a)=¢ (b) > aP=bP > qr?—br=0 
=> (a--b)?=0 [Note that in a field of characteristic p, we have 
(a--b)? =a?— bP] 
=> a—b=0 = a=b = ¢ is 1—1. 
¢ is onto. Since the set F is finite, therefore ¢ is one-one => d 
is also onto. 
¢ preserves addition and multiplication. Leta, b&@F. Then 
¢ (a+b)=(a+by 
=aP+6? [Note that in a field of characteristic 
p, we have (a+ h)? =ae+ br] 
=¢ (a)+¢ (5). 
Also ¢(ab)=(ab)?=a’bh?=¢ (a) ¢ (bh). 
Hence ¢ is an automorphism of the field F. 
Corollary Ina finite field of characteristic p, every element 
has a p*" root. 
Theorem 56. /f Fis a finite field and «40, B+0 are two 
elements of F then we can find elements a and b in F such that 
1 +«a?-+ Bb? -=0. (Banaras 1971 ; Meerut 80, 82) 
Proof. Case 1. Suppose the characteristic of Fis 2. Then F 


has 2” elements and every element x in F satisfies ee ae [See 
theorem 50]. Thus every element in Fis a square of some element 
in F. In particular «-!=c? for some c € F. Taking a=c and 4=0, 
we have 

1+oa? + Bb*=1+ac?+ P0=1+ac?+0=—14+1=0. 

Note that if the characteristic of F is 2, then 14-1=—0. 

Case 2. Suppose the characteristic of F is a prime number P 
other than 2. Then F has p™ elements. Let Wa.={l +ax?: x © F}. 
Let us find the number of distinct clements in W,. For this pur- 
pose we should check that how often 1+ax*-=1+ay*, We have 

]}+ax%=1-+4 ay® 
=> ax*=ay® 
> ximy? [.- a0] 
> x= +). 

Thus for x40 we get from each pair x and —x one element 
in W,, and for x=0, we get 1 G Wy. Consequently Wy has 

p™—1 an p™+1 
1+—~— 5 
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distinct elements. Similarly we can show that Wa={— Px": x © F} 
m 
has aa distinct elements. Thus W, and Wz are subsets of F and 


each of them has more than half the elements of F. So the inter- 
section of W, and Wz cannot be empty. Let d© Wal) Ws. 

Since d& W,, therefore d=1+aa? for some ac&F. Further 
since d G Wg, therefore d= —pBb* for some 6 & F. Thus there 
exist a, b © F such that 1+-aa?= — Bb* => 1+ aa?-+ Pb?=0. 


Exercises 


1. (i) Define a field extension and the degree of a field extension. 
Find the degree and a basis of Q(+/2, +/3) over Q where Q 

‘5 the field of rational numbers. [Meerat 1980, 81, 82, 84P] 
Ans. Degree is 4, and a basis is {1, 2, V3,V2 V 3}- 

(ii) Determine the degree and a basis of the field of complex 
numbers over the field of real numbers. 
(Meerut 1980, 82P, $3) 
Prove that every complex number is algebraic over the field 


of real numbers. 

3. Find the relation between the fields Q (4/2) and Q (3++¥2) 
where Q is the field of rational numbers. (Meerat 1977) 
Ans. Q(o/2)=QG+¥ 2): 

Let Q denote the field of rational numbers, K =Q(+/5), 
L= K(4/7). Prove that [L: K]=2 and [K: Q]=2. What do 
you conclude about [L: Q)? Ans. [L: Q]=4. 
5S. Define splitting field of a polynomial. Show that given any 
non-zero polynomial f (x) over a field K, then any two split- 
ting fields of f (x) over K are isomorphic. (Meerut 1976, 77) 


6. Find the splitting field of x*—1 over the field Q of rational 
(Meerut 1978, 81, 82P) 


numbers. 
Ans. Q (i). 


Write the splitting fields of each of the following polynomials 
over the field Q of rational numbers. 
(i) x? —4, (ii) x*+4, (iii) x? —2, (iv) x*—1. (Meerut 1979) 

Ans. (i) Q, (ii) Q (i), (iii) Q(V2), (iv) Q (+ 32). 
8. Let F be the field of rational numbers. Determine the degree 


of the splitting field of the polynomial x?--1 over F. 
Ans. 6. 


9. Show that the polynomials x*+ 3 and x?—x-+1 have the same 


splitting field over F, the field of rational numbers. 
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10. Define splitting field of a polynomial over a field. Determine 


11. 


12. 


13. 


14. 


15. 


the splitting field of x‘—2 over the field of rational numb. rs. 
What is the degree of this splitting field ? ‘Meerut 1973; 
Ans. Splitting field is Q (2'/4, i) and its degree is 8. 

If a, 8 are constructible real numbers, prove that «4-8, « -B, 


a8 and «/B (80) are also constructible. (Meerut 1977) 
Prove that the set of all constructible real numbers form a 
subfield of the field of all real numbers. (Meerut 1976) 


(i) All non-constructible real numbers are irrational and all 
irrational numbers are non-constructible. Find fault with 
this statement. 

(ii) Give two irrational numbers, one of which. is constructi- 
ble and the other non-constructible (by straight edge and 
compass). (Meerut 1980) 

Which of the following angles are constructible and which not 

constructible ? 

10°, 15°, 1°. (Mecrut 1977, 79) 
Ans. 15° is constructible while 10° and 1° are not 
constructible. 

If a field Fhas g elements, then Fis a splitting field of x4—x 

over its prime subfield. (Meerut 1976, 79, 80) 
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